AEROSPACE STRUCTURAL ANALYSIS 


O. A. Bauchau 
Professor 
School of Aerospace Engineering 
Georgia Institute of Technology 


August 21, 2002 


Contents 


1 Basic Equations of Linear Elasticity 


Lt 


be? 


1.3 


1.4 


1.5 


Zeb 
ae 
2.3 
2.4 
2.9 
2.6 
20 


3.1 
3.2 
3.3 
3.4 


AEE VEOM CCI Ol Sih ese dev ate a: idm Soa en het ge eek Sik Bn Se ee Sa a ee Sr 
Tok t* he-state- of stress ata point. «2-2 se ee Ae eee ek pee ee 
1.1.2 Volume equilibrium equations ...............2.202000- 
iso pirice equilibrinm eQualione: «a2 46rd a See) ee Be og Beg 
IekA. “Whe: plane state.of stress” 2 yc: 2:38 ee OAS ES EES 
Analysis of the state of stress at a point ................204. 
Del 1 FOTAIIOH OL StRCeaeae sy, fg, eats tee ee Be Bg ek Re RS ea ass 
eee VTIMCIpAl Giresse a: tc: eieete dng Seeks ee Ghee gc ees Age oe ee a 
Ia: “Peele Sia les ME SITOSS face i Oy ee Be te shee Beet sha dete ok a cB 
he-concepe Gl Quran 5.2.4 2 °F 2h EOE od HR ee EEA GES 
lige dhe stab Sralivalaspolit. op oe gi bee Be eae ee eo ee ee 
Analysis of the state of strain at a point .................0.4. 
Asli HOP AION OL euraiten ee. 2. tau Weck: dc) Ge ok Bee ee oe Bo GP eg 
Ar. * Pe TInClpel Sirellie.” a 2 oy oe end ee & Br bok Bake PG ok aye § 
i423. Sobran. compatibility SqUaIONS. or. ese sg, Gh a aoe, ee ae aes 
iA A Measurement Of SiPalns:s ine ot -euoe Oh bse o Re eS Be Oe 
Monstitubive lawst £ -% 5-0 ag cal on ges teekoe Ghee ere aso. gs a Ge tee 
1.5.1 Homogeneous, isotropic, linear elastic materials ............ 


Tension and Compression 


Banwnder constant. axial force. a-2 6 oe ew RE AGES SS EO 
POO WDe BIT OB SE aay asec ders okt ae XO rete a WEL ae Seek Gr mo re ee clin he Br neh The Gor 
FLY PeTStALIC SYSTOMS <0 8 io ek on ee he a eA a ent as 
Une rial Si reeeees - fe, Go Listens ok: Whee tend ne Wnerke vk GN en Wg eB ho ae We He ac 
ii rime sane bese xt <n ea ae ce ak Ae ces ORO sce ity seat eee, OE es 
Tension or compression in two or three directions ............... 
balnite Veliant S- principles os “ya de!ke ce a eee be A ee eS pices a 


Euler-Bernoulli Beam Theory. 


The Euler-Bernoulli Assumptions ..............000000000% 
Implications of the Euler-Bernoulli assumptions ................ 
Dileds Tesultanis- + gue 4 -e & wae AMS eee a Ae la ae ee ee ee 
Beams subjected to axial loads: y-g)-o ai celnn: oon eo Gre ato es 
e420 Rinematic-déseription- a i-8°s..a ee eA eee ee ee pee eS 


31 
dl 
32 
34 
39 
37 
37 
40 


4 CONTENTS 
34:2 Sectional constitutive law 2.2.2 2 o-h4.9 4.864443 6 ee SGS SS 49 
oc. Equi beni eQuatOns> -2)..%se ia be geek GS eo ore GS See ee Se 50 
OA. Govern COUAONS ac Gn0k- oe § ag Bias eo ere BE Hes hd 50 
o4.0 “Phe sectional axial Shiriiess 25 <a. Sarge aed Seo, Sr See SBS wee 51 
3.4.6 The axial stress distribution ........... 0.0.00. eee eee 51 
Gace), JWG Siam emer eye hc. at eae te see te ot tee te te eo SE Oe ew aide bee oe Med 53 
ee “SCTINIIIOS.. ty era ee sae Agere eee Wess ake ee Re ee Wale eae nko Se eee 54 
Osea VEWOBISIIS: <4. 24.1 fe, Aes gs Whey SEV IR. Cp ee tls Ad said Beatle oS Md ee te oh oe 56 

3.5 Beams subjected to transverse loads... 2... 2... ee 58 
go... Komnematic description! 2:c:t:e34 oh ee GS AGN GEE BS 58 
go.2. “sectional Conshiputive lAW> 6. 6 ar oeige ee be AE ee eS week 59 
Jo.3oy “Equilibriiin equations: ~ ¢ 021i on fe 6 ace ee eee ee Gk ens ey hand 60 
Biase:  OVErMINO CG UAWOUS) eg ked ge ek eee Boe Se et Re eee 60 
3.5.5 The sectional bending stiffmess................2-.004.- 61 
g00.0.. Phe aodal stress distribubion’. £20 4a. dered, ek Some, ead Gane wd, 62 
3.5.7 Rational Design of beams under Bending ................ 64 
O:008. “Lhe Stral PMCIPY = 256 3-2 oie oe Bae ee bie 3 og cee ee bee 65 
De Sed. \ TM eR eo Ee at ae Bares ae he cderae ae ts Ra AO: oh che oe ute Ahad 66 
BOoLOs TOBIN: 428 4 & ok Sth hoe bMS aha aie alee a lect atk Ate eB Eee 72 

3.6 Variational formulation of beam problems ................... 77 
3.6.1 The weak form for beams under axial loads... .........2.2.. 78 
oar UE AMOS t-te, Se che ae we heh he es Me Ab ag Rh ann a ee hn ce gn oi ee he 79 
Closes JE TOBICMIG:- 0. gnu 58 condi tay.) Ab cee On 2 aye Aare eer ae ae 83 
3.6.4 The weak form for beams under transverse loads... .......2.. 84 
0.0.0". Problems tesa ise ais, bog eh ee gh Par ee we ee ted 88 
6:6:6 ‘The Principle of ‘Virtual Work ..... 4.42.44 444.5 $024 eG BOS 89 
3.6.7 The Principle of Minimum Total Potential Energy. .......... 90 
3.6.8 The Principle of Virtual Work: general solution procedure ..... . 93 
3.6.9 The Principle of Minimum Total Potential Energy: general solution 

PROCCUUTCY AS Fr ese ns s. ete acer ee ey BS oo hah eh ae 96 
BOs: Prob henis: (3.75 nm Se: ag a eens ht ep eae he eh lei dle hn a igi ott Bt bs ele od 103 

4 Three-Dimensional Beam Theory 109 

4) SKineiMmatiG Aesemphious 92-00% heave Gilk AltA A alte tet B atte tous 110 

Ad Secon) Const itve awe + os -e" awele eo ocala: MOE ne awe ae ek 111 

4.3 Sectional equilibrium equations ...............0.00 2.0200. 111 

AA. GOVERN EY CQURIONSS. 4h He tanto te tote tok: Bek ee ee Bee a a Bo GRP ao 114 

4.5 Decoupling the three-dimensional problem ..................-. 115 
4:5. Detmition of tie Gentroid: «ao. 40 4-6 % & oer oi won eG Ne Oe 115 
4.5.2 Definition of the principal axes of bending ............... 115 
4.5.3 Decoupled governing equations ..............-.2..24-. 116 

4:6° “Che principal axes.Ol WENGE 4 io 4-- kode eter ae Sel Sede ee len st We ae 117 

4.7 Summary of the three-dimensional beam theory ................ 119 

Me UAT LC <es. hoaet 4 fe as cy ine Sab ge Gee ater ant eo GF Nee hea ak eat ak: ea Gea ae Re ee 120 


CA et Ra 610) 01-1 6 (a a a OT RR ee 120 


CONTENTS 


5 Torsion 


5.1 


5.2 


5.3 


5.4 
5.9 
5.6 


6.1 


6.2 
6.3 


6.4 


6.5 
6.6 


AS 2 * AP PTOACh 2. who ask le EE wen EOE, ek HBS RE BE ORS Ea 
Asses. Jiscussion Of The Tests. 3 ang oo aide RS Bee aia Gre Med pede hk 
AS de, PEOWIEIMS, 4-o.42e-ie @ edhe Seok ceees hare BELE-k Glee wo 
Grsion: Gb-cireular Cylinders: 2 2.58 sve Ras eh Rack Back Oh Re w ee 
pilel> - deimematic description: 0.22 255 alent oie Ale peek Ae ete etek ee 
Bla” CPN SrG sent lGe Acco. ot SoM ete oe te he as Ue tad SS Genes ae re 
5.1.3 Sectional constitutive law .........0..020202. 020220000. 
pel. “Equilibrimm equations’ «p16 oc nce ms ee a GY ek Men ed be UE AR 
Oylsb.. GGOVeMMns CQUALIONS: 2 S.u28 2 ek ae She ale De at De ae a Ee 
5le6.- he torsional StIMNeSss * ig 2-2 5 20a a diea oS Alte BRS ae 
5: L¢ “he shearing strese distribution <.6s-0¢o<2-~ Sie ore AE ae 
Bel .8s Hehe strain cnerey 2.4573 eB a 5a eB og he eS ee ee ek Be 
5.1.9 Rational design of cylinders under torsion ............... 
Sireiethinder combining lOsd ine ss ue) heck w Dia A oe ae Gs 2 ey 
p.2.- Von Mises strength criterion: x5: alee ew Aled eis AL ea Stee et 
Bi Dee ROOMS: Bs gewe nate ita deere ae fete ke Ogun ine ee Saea in ta ats 
Torsion of bars with arbitrary cross-sections ................4. 
Dock) Saltit~Veriant SSOMIGIOM: ost ip. Pps he Wi a ae Maen ead bP eS AS 
Peds. « AREOW ICIS X20 ss east gene es eed Se GAR a BRS eh eet Pee i De 
Themembrane analogy; 2 x53 tee OE ORDER EERE EH EEG RSS 
Torsion of a thin rectangular section .......... 0000 2s 
Torsion of thin-walled open sections... .........0. 020202000. 
BG .b tere@blertigns - c,d Safe ua ca wh Agnes oe vel an bes ike Os a BO A AS se AA 
6 Thin-Walled Beams. 
Basic equations for thin-walled beams. ..............2. 2.000. 
6.4.) Whe thinswall assimpnon- 4.0% new oa pole lee Gad oe I eS 
Geb CS GReSS TOW SS 2s > ers te Bee es ace ee BY Hd oo Gr Ee ae ee Bee ty Bee 
Golo (Direse résultsntes so cle ele aby Bes od ole Re ele A 
G14. Joocal equilibrium equanion sa :3.4 2673 kk Oe ot Bk ae a Bo ee a 2 
6.1.5 Evaluation of sectional stiffmesses ...........0.....2-.. 
Bending of thinewalled beds: 4-4. 0 ea deka be Gard BR Golem re 
Shearing ef -thin-walled: beams. <i ee a eee ee ee a EG SS 
Gisck Shearine of open, Sections: 1.0.0 dig Dee id Bem edd 4 gS AH 
Oid-2: OheariNe Oh Closed SeOONG ous aA ae ode ae Dye ane 2p ese a do 
6.3.0 hearing of multi-cellular sections, 2. 2:5 4..09-4°4-4.48- 222s 4G 
Oras, SPO lemmas «12. a pare oi: Se Ae tanh ge dee ae Sate lee ae eh esd are et ge 
one Smear Center, 72, We dian ok ete aes od ee hr eee ei wha, ee as ee ON 
Grab + Preblenigy iy seis ee Ste Oe Ap ea i eet Bat ees oS ale dG AH 
Coupled bendine-torsion problems :2 << 400 a--e-2 KOs eee ad a 
‘Lerston, of thin-walled, beams: s,\.°5 2 2)5 ast ele Aled ee Alda ee aot 
6.62.1) * WOrsion Gr Open. SeChlONS: ‘aged accalsen: Agen ele tewe ee ate ee 


6.6.2. Torsion of closed section ............0 0.00 eee eee 


122 
124 
124 


127 
12x 
128 
130 
130 
131 
131 
132 
133 
134 
135 
135 
136 
138 
138 
139 
144 
146 
149 
151 
152 


6 CONTENTS 


6.6.3. Comparison of open and closed sections... ...........004.4 183 
6.6.4 Torsion of combined open and closed sections ............. 183 
6:6.5. “Lersion of multicellular sections; & 2 s.c-40< ee ee ws ed 185 
OsOs0> WP toblemice- «Ws tee etek ee ete ep Gen ea a Boi a eB 186 

6.7 Warping of thin-walled beams under torsion ...............04. 189 
6.7...» Warpineof open. sections 3-24-30 Scho ASE ERS SEES SS 190 
OsG2..” Warping of Closed: sechians: ee "a0 <25 4 ert eh et een ee Be eg 193 
6:3 . Warping of multi-celinlarsections |<. g'.-4-2-e Gene we eden ek kes 195 

6.8 Equivalence of the shear and twist centers .............0.2.0008.% 196 
6.0 Non-Gmilonm Orslon oe As gu -b ia 2 cata e Be es ay (eee Be eae oe, a 196 
O:Guby. JProblemig: ~~ By 2d Aer eee ee ec EE Ok OE eS ABR 202 

7 Variational and Energy Principles 205 
7.1 Mathematical Preliminaries ........... 2... 000. eee ee ees 205 
(ALM. ~ SeallOnary Poms -OF ATUNCHON <4. xn eae Ca dt alta od ah eS A 205 
Tad Vhatrancemultiplier meted: 4. 2.04. kote e eS tiwe ew Dp ae Gi foe 206 
71.3 Stationary point of a definite mteéeral 220. 0 nd-en Ao ee ae se 208 

i.2. Variational and energy: Principles. isc eas cod et ome Ae Aton eet es eS 211 
7.2.1 Review of the equations of linear elasticity ............... ZL 
Td “Ene principle of virial WO 3. oo oss de ak eg ts Ne el ad hn EE 213 
7.2.3 The principle of complementary virtual work. ..........2... 214 
7.2.4 The principle of minimum total potential energy... ......... 216 
28° “Tie Strain Cnerey iGo ace dss ene de ere Pee ee ee eo 218 
€.2.0: “Clapeyrom-s theorem” 4 :s- 4. ak 2. -ack oo eel ee ea es ees 219 
7.2.7 The principle of minimum complementary energy ........... 22k 
T2.8 - “Lneprinciplesok leash: Wore. -b :a22 se oe ee es Se tele ee el 224 
(29 *Castighane e theorems i226 kak SSS PAROS EE SS 224 

3 applications of Perey TMeorenise je -u a dees A bees ore ee wes 225 
7.3.1 Applications of Clapeyron’s theorem .................. 220 
7.3.2 Applications of Castigliano’s theorem ...............04.4 226 
didwor WE TOBIGMIS. -o 22 een Bard ao ce Sle ose eer ye Ser ee Ee 232 
(34 Reciprocity Thedtem. o..o°2 2.42 eh RSS AROS EEE SS 234 
Too-5> Nresewell ST MeGrert-. eq; ds rksas a a ee oe ett ae oe Oe gn Sd 235 

7.4 Applications of Variational and Energy Principles ............... 237 
(Ad sp Lesher ie promlenhs 4.018 fg yt eel eas A ae es Bae ie ee 237 

8 Buckling of Beams 243 
Sl “Ricid: barswith voor lorsional spring: 22g arqc2 21S wed Sean Gitek- ind Sue @ 243 
S. lcd) - Amialysis: of-a: pertect system. a. ae gos ee pe EW Ged we ad 243 
8.1.2 Analysis of an imperfect system ............0. 00000004 245 

6.2- “Bickline-o1beas” dese he ek elem oft eke eke ar Alen a Aeris oe le oS 248 
Belek - EQuilibrimini equanons. t::.4 2. os 2a oe SB Gerke 248 
8.2.2 Buckling of a pinned-pinned beam (Equilibrium approach) ..... . 250 
8.2.3. Buckling of a pinned-pinned beam (Imperfection approach). .... . 252 


8.2.4 Buckling of beams with various end conditions. ............ 255 


CONTENTS 


BLD a ErODIGIS., Sit) aa ae ee ee ee ae Ae ee oie et ea, he 3 


9 Vibration of Beams 


OA 


9.2 
9.3 


Analysis of a spring-mass system... 2.0... 
9.1.1 The homogeneous problem................0+.2.-0200:5 
Oil? AHEM Oreced: ProDleMy asa: Aes 8" 8 oe ok he on Os oh ee ely 5. es os 
Analysis of a simply supported beam ............ 0.00220 00. 
Uniform beams with various end conditions ...............0.. 
OS SIP POleMias (in, Henk ke et oe Meath gehen” Ge aeahin ee Sie he ae we she Mog 


10 Introduction to Composite Materials 


10.1 
10,2 
10.3 
10.4 
10.5 
10.6 


10.7 


10.8 
10.9 


Tat COC CWO tis, Yow. ares, Se 806 Ge! Se ee oS ROR GAS, Eire ae eee 
Conmiposi ema verial ss. 3) dec epee Ae atk oh te Vek oe eee ee ee Ss 
Siress-<dillision ins: COMpPOsite 24 254 Bx gn Ried Bae eas 2S ee Seek 
Constitutive laws for anisotropic materials ................0-2.4. 
Constitutive laws for a lamina in the S* system ................ 
Constitutive laws for a lamina in the S system ................. 
106.1 Retation of constitutive laws..2 s2 2, eects ole eed eke og oe 
Strength a transversely isotropiclamina ................0004 
10.7.1 Strength of a lamina under simple loading conditions ......... 
HO72° The T sainW failire-critertons «2228-0202 en ae Sn eat ee 
LOS “Bhicwreseryetachora in 220d: sce Pee Bae cok GSS Eee oe Alea te 
Lia ininaled COMipOsile- DALES - Ae an se has ee en Ee SBS RS He Ee 
Constitutive laws for laminated composite plates... ............. 
LOO ine anep lane Siiinese Wate. «fens at oo EM She Pere ee 
TGCOL 2s APTOS: Se Seat ete Sees 2 ene peck lee Se oR SON ao Se 
10:3: he bendinevetiliniess Matis « v.cek 4 s- a. & 4 dele oo dea ee eee 
HOO PTGDIGIMS? to BORE ieee ek dee ale SA oe PS hes Se pee et td 


257 


261 
261 
261 
263 
264 
267 
268 


CONTENTS 


Chapter 1 


Basic Equations of Linear Elasticity 


1.1 The concept of stress 


1.1.1 The state of stress at a point 


The state of stress in a solid body can be visualized by cutting the solid by a plane. The 
effect of the removed portion of the body is represented by forces acting on the remaining 
portion. Fig. 1.1 shows the body cut by a plane normal to the direction defined by the unit 
vector n. Consider now a small area da, located in this plane at point P. Let F,, be the 
force vector acting on that small element of area; this vector has units of forces, i.e. N. The 
stress vector T, acting at that point is defined as 


FE, 
Tn = pe (= i (1.1) 


The existence of the stress vector, i.e. the existence of this limit is a basic assumption of 
the theory of elasticity. The stress vector has units of force per unit area, i.e. Pa. The force 
and stress vectors are assumed to be applied at the centroid of the element of area on which 
they act. The total force acting on the differential element is 


Ey = day ahs (1.2) 


Of course, the force and stress vectors depend on the orientation of the element on which 
they act. A more detailed representation of the state of stress at point P can be visualized 
by cutting a differential element of volume around that point. Fig. 1.2 shows this differential 
element of volume bounded by faces normal to the axes i,, ig, and i3 of a Cartesian system 
S. Let 71, 7, and 73 be the stress vectors acting on the faces normal to ij, ig, and is3, 
respectively. The stress vector acting on each face is resolved along the reference frame S as 


Ty = 01 1, + T12 12 + 713 13; 








T2 = 721 11 + O2 lo + 723 13; (1.3) 





T3 = 731 ly + 732 lo + 03 13. 
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Figure 1.1: A solid body cut by a plane. 





Figure 1.2: Stress components acting on a differential element of volume. For clarity of the 
figure, the stress components acting on the faces normal to i, were not drawn. 


1.1. THE CONCEPT OF STRESS Ve 


The various stress components 01, T12, 713, etc. are called the engineering stress components. 
The stress components 0), 02, and a3 are normal to the faces on which they act, and are 
called direct, or normal stresses whereas the stress components 793, 713, Ti2, etc. are parallel 
to the faces on which they act and are called shearing stresses. 

Of course the stresses acting on two parallel faces are not equal. Consider, for instance, 
the two faces normal to i; and passing through points P and R. Since the distance dx, be- 
tween these two faces is infinitesimal, the corresponding stresses are 0, and 0, +00,/0x, dr, 
respectively. Similarly, the shearing stresses acting on those same faces are 7,2 and 713, and 
T12 + OT2/Ox, dx, and 713 + 0713/02, dx, respectively. 


1.1.2 Volume equilibrium equations 


The differential element of volume depicted in fig. 1.2 must be in equilibrium under the effect 
of the stresses acting on its six faces and body forces per unit volume b acting at its centroid. 
The components of this body force vector resolved in S are b = by i, + bg ig + b3 i3. These 
body forces could be gravity forces, inertial forces, or forces of an electric or magnetic origin. 
According to Newton’s law, the sum of all the forces acting on this differential element 
should vanish. Considering all the forces acting along the i, direction, yields 
—O71 dxodx3 + (« + Fade dxodx3 — T21 dx dx3 + @ + Fees) dx dx3 
Ox, Ox (1.4) 


—T31 dx1dxo + @ + seas) dx dx + by dxydt2dx3 = 0 
3 


After simplification, the equilibrium condition becomes 


relonl OT21 OT31 
See Fah, Pee fie, SE — 0. 1. 
Ai + Drs + Oi +b, =0 (1.5) 


The forces along the axes ig and i3 must vanish as well, and a similar reasoning yields the 
following equilibrium equations 


Oo1 O71 OT31 




















Ox, : Ox 0x3 by ~ " 
OT12 O02 OT39 

= 0; 1. 
Ox, Ox2 0x3 bo a ( 6) 
On13 OT23 003 5 me 
Ox, Ox 0x3 BS : 


which must be satisfied at all points inside the body. 

To satisfy all equilibrium requirements, the sum of all the moments acting on the differ- 
ential element of volume depicted in fig. 1.2 must also vanish. Starting with all the moments 
about axis i, yields 


2 Ox» 


O d 
T23 if + (rs + Fees) drydrs— 
1.7) 
d 0 d ( 
—T32 dx,di3—* = (r= + Fendes) dnd» = 0. 


2 0x3 
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ee 90° 


Figure 1.3: Reciprocity of the shearing stresses acting on two orthogonal faces. 


Neglecting higher order terms and simplifying reduces this equilibrium condition to 
T23 — T32 = 0. (1.8) 


Enforcing the vanishing of the sum of the moments about axes ig and i3 leads to similar 
equations 
Tag = 732; 713 = 731; T12 = Tai (1.9) 


The implication of these equalities are summarized by the principle of reciprocity of shearing 
stresses: ”The shearing stresses acting in the direction normal to the common edge of two 
orthogonal faces must be equal in magnitude and be simultaneously oriented toward or away 
from the common edge. Fig. 1.3 depicts this reciprocity principle. 


1.1.3 Surface equilibrium equations 


At the outer surface of the body, the internal stresses must be in equilibrium with the 
externally applied surface tractions. The applied surface traction vector t is resolved in the 
reference frame S as t = t; i, + ty ig + fs ig. Fig. 1.4 shows a tetrahedron bounded by three 
faces normal to axes i,, ig, and is, and by a fourth face which is a differential element of area 
da, of the outer surface of the body. The unit normal to this element of area is denoted n 
with components n = n; ij + Ng ig + N3 ig. 

Equilibrating the forces acting along the axis i, implies 























‘ dxod. dxyd. dad 
ty day, = 074 oa =F D1 pala — T31 < v2 = 0. (1.10) 
Dividing this equilibrium condition by the area da, yields 
A dx2dx3 dz,dx3 dx1dx» 
foes ; ddl 
no 2day, 2day, 2day ( ) 
Inspecting fig. 1.4 shows that 
i= dx2dx3 ine dx\dx3 see dx dx» (1.12) 


dan” Qda..* Qda, ” 
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Figure 1.4: A tetrahedron with one face along the outer surface of the body. 


and hence ft; = ny 01 + ng T21 + 3 731. It is convenient to define the surface traction 
ty =n, 0, +n 721 +73 731, and the surface equilibrium equation then simply writes t; = ty, 
i.e. the surface traction is equal to the prescribed surface traction. Considering the sum of 
the forces acting along the axes i,, ig, and iz yields the surface equilibrium equations 


=e. b= 4443 (1.13) 


where the surface tractions were defined as 


t, = ny 01+ N2 Ta, + 3 7315 
tg = 4 T12 + Nz 02+ N3 732} (1.14) 
t3 = 1 13 + Ng T23 + 13 03. 





A body is said to be in equilibrium if eqs. (1.7) are satisfied at all points inside the body, 
and eqs. (1.13) at all points of the external surface of the body. 

It is often important to consider the component of surface traction t,, normal to the outer 
surface of the body, where t, = t-n. This surface traction is found from eq. (1.14) as 


bn = nox + n30o + n303 + 2N9N3T23 + 2N1N3713 + 2N1N2T12. (1.15) 


The surface traction vector can then be resolved into its normal component and a component 
t, acting in the plane of the external surface, 7.e. t = t,n-+t,. The in-plane component is 


ts; =f — by n= (ty = nytn) ly + (to = Naty) lo + (t3 = n3tn) iz. (1.16) 
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1.1.4 The plane state of stress 


A particular state of stress of great partical importance is the plane state of stress. In this 
case, the only non vanishing stress components are 01, 02, and 712, and furthermore, these 
stress components are assumed to be independent of x3. This state of stress occurs, for 
instance, in a very thin plate subjected to loads applied in its own plane. 
The equations of equilibrium (1.7) considerably simplify in the plane stress case 
Oo 1 OT21 OT12 Oo 2 


vce ih see Ee =) 3S ee = 0. 1.1 
De Os + b; = 0; As + Dis + bo = 0 (1.17) 


Similar simplifications take place for the definition of the surface tractions eqs. (1.14) 
t) = 11 01 + M2 Tai; tg = M1 T12 + Ne O2, (1.18) 


and the surface equilibrium equations reduce to ty = t, and to = ty. For this two dimensional 
problem, the components of the normal vector are easily expressed in terms of the angle 0 
between axis 1, and the normal 


ny, =cosé; no =sind. (1.19) 
The normal component of surface traction (1.15) becomes 
tn = cos? 0; + sin? 6 02 + 2sin@ cos@ Ty, (1.20) 
and the in-plane component of the surface traction (1.16) is 


t; = sin 0 cos 0(a2 — 01) + (cos? 6 — sin? 6) Ty2 + 2712. (1.21) 


1.2 Analysis of the state of stress at a point 


The state of stress at a point has been characterized in the previous section by the axial 
and shearing stresses acting on the faces of a differential element of volume cut in the solid. 
The faces of this cube were cut normal to the axes of a Cartesian reference frame S, and 
the stress vector acting on these faces were resolved along the same axes. It is clear that 
the orientation of this reference frame is entirely arbitrary. A reference frame S* with unit 
vectors i,*, i,*, and i,* could have been selected, and an analysis identical to that of the 
previous section would have led to the definition of axial stresses of, 05, 03, and shearing 
stresses T33, T{3, Tj, etc. A typical equilibrium equation at a point of the body would write 

Oo; sh OF; in OTS; 


=v: 1.22 
OL OF “OR, eae eee) 











* 


where the notation (.)* is used to indicate the components of the corresponding quantity 
measured in S*. A typical surface traction would be defined as 
=n) of + 5 To +13 731. (123) 


Though expressed in different reference frames, eqs. (1.7) and (1.22) or (1.14) and (1.23) 
express the same equilibrium conditions for the body. Therefore, the stresses resolved in the 
two reference frames should be closely related. 
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Figure 1.5: Differential element with a face at an angle 6. 


1.2.1 Rotation of stresses 


We propose to relate the components of stresses in two different Cartesian systems S and 
S*. To simplify the derivation, a two dimensional case is considered first. 

Consider the differential element of triangular shape depicted in fig. 1.5. Two sides of 
the triangle are aligned with the axes i; and ig, and the last side is at an angle @. The stress 
components acting on the various face of the triangle are also depicted on the free body 
diagram. Summing up all the forces in the i,* direction gives: 


ds oj = dx,(o2sin8 + 72 c0s 8) + dxo(o1 cos @ + T12 sin 8), (1.24) 


where ds is the length of the face at an angle 6. Dividing this relationship by ds, and noting 
that dx,/ds = sin@ and dx2/ds = cos 9, yields: 


a} = cos” Ao, + sin? Oa2 + 2 sin @ cos O712. (1.25) 
A summation of the forces in the i,* direction gives: 
Ti = —sinOcos@ o, + sin@ cos 6 a2 + (cos? 6 — sin? 0) Tip. (1.26) 


The stress component o3 can be found by replacing @ by 6+ 7/2 in (1.25). In summary, 
these results can be written in a matrix form as: 


oF mat Din O1 
fe 2 2 
a. |= n m —22mn O2 |, (1.27) 
Tip —mn mn m?—n? T12 
where m = cos@ and n = sin é. 
This relation can be readily inverted to yield: 
o1 m= n%  —2mn Ci 
G3. | 3) ne - me 2mn On |: (1.28) 


T12 mn —mn m*—n? Tio 
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With the help of basic trigonometric identities, the transformation rules for stress compo- 
nents (1.27) write 














oi = a a oo “+? cos 24 + 712 sin 20; 
= oA 5 2 A #2 cos 20 — Ty. sin 20; (1.29) 
i= — sin 20 + T12 cos 20. 


This important result shows that the knowledge of the stress components 0), 02, and 712 
on two orthogonal faces allows the computation of the stress components acting on a face 
with an arbitrary orientation. In other words, the knowledge of the stress components on 
two orthogonal faces fully defines the state of stress at that point. 

Adding the axial stresses on two orthogonal faces yields the following result 


0, +02 =0; +9035; (1.30) 


which means that the sum of the axial stresses acting on two orthogonal faces is a constant 
for all orientations of these faces. 


1.2.2 Principal stresses 


The axial stress acting on a face can be viewed as a function of 0, the orientation angle 
for this face. It is interesting to find the orientation 6, corresponding to the maximum or 
minimum value of that stress. To that effect, the derivative of oj with respect to @ is set to 
zero 





do; — 
a Sg Te itt 20 nt Tig. 2 COS 205 = 0, (131) 
which leads to the condition 5 
712 
tan 26,, = ————_. 1.32 
an 20, ie ( ) 


This equation presents two solutions 6, and @,-+7/2 corresponding to two mutually orthogo- 
nal directions, called the principal stress directions. The maximum axial stress is found along 
one direction, and the minimum along the other. To define these orientations unequivoqually, 
it is convenient to introduce the following relationships 


0, — 02 
A 9, 


sin 20, = cos 26, = 


2 
01 — 092 
( 9 ) +n 


These relationships give a unique solution for @,. The maximum and minimum axial stresses, 
denoted oj, and o3,, respectively, act in the direction 6, and 6, + 1/2, respectively. These 
maximum and minimum axial stresses, called the principal stresses are found by introducing 
(1.33) into (1.29) to find 





(1.33) 


where 
1/2 





A= (1.34) 








se 0, +02 ‘Z 0, +02 








1.2, ANALYSIS OF THE STATE OF STRESS AT A POINT ct 


Note that the principal stresses are maximum and minimum values of the axial stress in 
an algebraic sense. It is however possible to have |o3,| > |oj,|. The shearing stress in the 
principal directions vanishes as can be verified by introducing (1.33) into (1.29). 

It is also interesting to find the orientation of the faces leading to the maximum value of 
the shearing stress. The orientation #, corresponding to this condition satisfies the following 


relation 
dts 01 — 09 





a =— 5 2cos 26, — Tyg 2sin 20, = 0, (1.36) 
or 9 
tan 20, = si tHe (1.37) 
01 — 09 


Here again, this equation presents two solutions 6, and 0,-+7/2 corresponding to two orthog- 
onal faces. An orientation is unequivocally defined with the help of the following notations 


O72: T12 





sin 20, = — <7 cos 26, = x" (1.38) 
Comparing (1.33) and (1.38) shows that 
1 
0, = Op — >. (1.39) 


This means that the faces on which the maximum shearing stresses occur are inclined at a 
45° angle with respect to the principal stress directions. The maximum shearing stress is 
found by introducing (1.38) into (1.29) to find 


ok ok 


[oa 5 (1.40) 
The axial stresses acting on these faces are found similarly 
o.to Oi, + 05 
Os = Os == aie — a (1.41) 





a 2 


1.2.3 Special states of stress 


A stress state of great practical importance is the state of pure shear characterized by prin- 
cipal stresses of equal magnitude but opposite signs, i.e. 03, = —o7, as depicted in fig. 1.6. 
The maximum shearing stress is found on faces inclined at a 45° angle with respect to the 
principal stress directions, and for (1.40) and (1.41) 


o* _% x * —_ * 2 
T12s = %1ps 1s = F25 = 0. (1.42) 


In other words, the only non vanishing stress components on faces oriented in the 6, direction 
are the shearing stresses. 

Another stress state of practical importance is the hydrostatic state of stress. In this 
case, the principal stresses are equal, i.e. oj, = 0, = p, where p is the hydrostatic pressure. 
It follows from (1.29) that the stresses acting on a face with an arbitrary orientation are 


O01 = 02 =D, 125 0. (1.43) 
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Figure 1.6: A differential element in a state of pure shear. 


1.3. The concept of strain 


1.3.1 The state of strain at a point 


The state of strain at a point is a characterization of the deformation in the neighborhood 
of a material point in a solid. From a physical standpoint, straining can be viewed as a 
combination of stretching of material lines, and angular distortion between these material 
lines. As a result, two types of quantities will be used to characterize the deformation at a 
point: the relative elongations €1, €9, €3, and the angular distortions y23, 713, and 712. 

Consider a point P of a solid in a reference state and three material lines intersecting at 
P chosen parallel to the axes i, i2, and i3 of a Cartesian reference frame S, and of length 
dx,, dv, and dx3, respectively. These material lines are shown in fig. 1.7, which also shows 
point P in the deformed configuration of the solid. The orientation of each material line has 
changed, as did their length. The displacement vector from the reference to the deformed 
configuration is denoted u. This vector has units of lenght, i.e. m, and its component in the 
reference frame are 


Uu= Ui i; + U2 Ip + U3 13. (1.44) 
The relative elongation ¢, of material line PQ is defined as 
IPQhace = [PQ] rer 
: IPQ|ret ( ) 


where the subscripts (.)rep and (.)aep are used to indicate the reference and deformed con- 
figurations, respectively. The relative elongation is a unitless quantity. The length of the 
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Figure 1.7: The neighbourhood of point P in the reference and deformed configurations. 


material lines in the reference and deformed configuration are 


[PQ] er = liy dx,| = dx; (1.46) 





Ox, Ox1 (an, Ox, ; Ox, 


The relative elongation becomes 


1/2 
Poles d — wal f pe eee oy | dx; (1.47) 
1 





Ou, Ou, Di Oug 2, Ouz ; Me 1 


aad 1 | Cae, (an, Ox, Ox, 


(1.48) 


A fundamental assumption of linear elasticity is that all displacement components remain 
very small so that second order terms can be neglected, i.e. 


Jur]<< 1; |u2l«K1; |u3| «1; 


Ou, U2 U3 Uy (1.49) 
—|<«1, |—|<1, || <1; |J—| <1; etc. 
lan | laa | lan | laa, | 
The expression for the relative elongation now reduces to 
Ou, Ou, 
€)%14+——-1l=—. 1.50 
: = onal Ox1 ( ) 


A similar reasoning applies to material lines PR and PS to yield the expressions for the 

various components of relative elongation 
Ou, Ou Juz 

= a3 €= 72-5 &3=7—. 1.51 

: Ox z Ox» 0x3 ( ) 

The angular distortion y23 between two material lines PR and PS is defined as the 
change of the initially straight angle, i.e. 

T 


03 = (RPS) det — 3 (1.52) 
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As for the relative elongation, the angular distortion is a unitless quantity. The sine of the 
angular distortion becomes 


sin 23 = sin ((RPS) act — 4 = cos(RPS) der. (1.53) 


The cosine of the angle between the two material lines is computed from the following 
trigonometric identity applied to triangle RPS in the deformed configuration 


IRS|3¢ = [PRiac¢ + |PSlac¢ — 2cos(RPS) ace|PRact|PS|cer- (1.54) 
The angular distortion becomes 


[PR [ac tr IPS |i. =~. IRS |i 
2|PR|aet|PS| ace 


23 = arcsin 





(1.55) 


The length of segment RS is readily evaluated 


Ou 2 


; , Ou 
IRS ier = | (i dz3 +u+ on ira) = (i dxz+u+ be irs) 





The lengths of segments PR and PS are evaluated in a manner similar to (1.47). The 
angular distortion becomes 


Ou2 , Ouz , Ou1 Our |, Ou2 Ou2 | Juz Juz 
0x3 ' 0x2 ' 0x2 0x3 ; 0x2 0x3 ' Ox2 0x3 


1/2 
[1 + 29a + (Bary? + (Bun? + (Bua?) [1+ 2800 + (Suny? + (Sua)? + (Sus)? 
(1.56) 
With the help of the small displacement assumption (1.49), this complex expression reduces 


to 








723 = arcsin 1/2 








Ouz 1 Gua 
0x3 0x2 so Ou2 I Ous 


duz 1 Ouz ~ : 
1+ a + Dee 0x3 Ox2 


Yo3 = arcsin 





(1.57) 


A similar reasoning applies to the other material lines to yield expressions for the various 
angular distortions 


Ouse Ous : Ou, Ouz : Ou, Ouse 


ps TE ah aes = es ee 1.58 
123 xs Sa. 13 Ozs aa Y12 an Bes ( ) 


The relative elongations (1.51) and angular distortions (1.58) characterize the state of 
deformation at a point. The relative elongations are also called direct strains or axial strains, 
whereas the angular distortions are also called shearing strains. It is important to note 
that the strain-displacement relationships (1.51) and (1.58) were obtained under the small 
displacement assumption (1.49). If the displacements become large, expressions (1.48) and 
(1.56) should be used. It is clear that the small displacement assumption implies that all 
strain components also remain very small 


leal« 1; lea] «1; les] K 15) yea] K 1; Iris] K 1; [ye] K 1; (1.59) 
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Consider the block of material defined by the three vectors PQ, PR, and PS. The 
volume of this block is dx,dxr2dxr3. After deformation, this volume becomes 


Vex (1 + é1)(1 + é2)(1 + €3) dxydt2dx3 ~ (1 +é€,+é€g+ €3) dx dx2dx3, (1.60) 
where the higher order strain quantities were neglected in view of (1.59). The relative change 
in volume is now 

(1 +€y+€g+ €3) dx dxr2dx3 = dx dzxodx3 


A= — ‘ 1.61 
dxydt2dxr3 a a = = ( ) 





The quantity A is known as the volumetric strain and measures the relative change in volume 
of the material. 


1.4 Analysis of the state of strain at a point 


The state of strain at a point has been characterized in the previous section by the relative 
elongation of three material lines and the angular distortion between them. The three 
material lines were selected parallel to the axes of the Cartesian reference frame S. It is 
clear that the orientation of this reference frame is entirely arbitrary. A reference frame S* 
with unit vectors i,*, i,*, and i,* could have been selected, and an analysis identical to that 
of the previous section would have led to the definition of relative elongations 











Out Ou Ous 
a ey 1.62 
“1 OF Pe On 0g seo?) 
and angular distortions 
Ous Ou Ou, . dus Ou; Our 
* 2 te 3. * 1 fe ‘oe * 1 se 2 (1.63) 


Though expressed in different reference frames, the strain displacements equations (1.51) 
and (1.58) or (1.62) and (1.63) both characterize the state of deformation at a point of 
the body. Therefore, the strain components resolved in the two reference frames should be 
closely related. 


1.4.1 Rotation of strains 


We propose to relate the components of strain in two different Cartesian systems S and S*. 
To simplify the derivation, a two dimensional case is considered first. Fig. 1.8 depicts the 
two axis systems S and S* defined in the previous sections, and an arbitrary point P. Let 
the coordinates of point P be (21, x2) and (aj, x5) in the S and S* systems, respectively. 
These coordinates are related as follows: 


“1 = xj cosd—x5sin8; x2= xj} sin0+25cosé. (1.64) 


Consider now the strain component ¢j in the S* system. The chain rule for derivatives 
yields: 
— Out Ouj Ox, , Juj Ox» 
~ Oct ~— Ox, Ox* Axe Ox*’ 





E| 
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Figure 1.8: Position of a point in two coordinate systems. 


Equations (1.64) show that 0x,/Oxj = cos@ and Ox2/0x} = sin@. The axial strain compo- 
nent now becomes: 

OUR 6) 2s got 
Da, + sin Ons 
The displacement components of point P denoted (ui, w2) and (uj, us) in the S and S* 
systems, respectively, are related through equations similar to (1.64), namely 








€; = cosé (1.65) 


u; =u,cosO+ugsind; us = —u,sind + u2cos 0. (1.66) 


Introducing these expressions into (1.65) yields the axial strain component <j in terms of the 
strain components in the S system 


e* = cos? €, + sin? @ €2 + sin@ cos 8 42. (1.67) 


Similar developments yield the various in-plane strain components. The results can be 
summarized in the following matrix equations 


ei m? n? mn E1 
oo n= = m? — —mn Eq |. (1.68) 
Vio —2mn 2mn m*—n? Y12 


These relations can be readily inverted to find 


Ey We ne —mn et 
ee |b on? ie mn ae (1.69) 


V12 2mn —2mn m?—-—n Yio 
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With the help of basic trigonometric identities, the strain transformations rules (1.68) 
are written in an alternative form 

















ey te €1-€ 
c= i 5 oe ae cos 20 + sin 20; 
Ey te. €1-€ 
a 5 Bt 5 * cos 26 — & sin 20; (1.70) 
: Ey —€ 
2 = aS sin 20 + 4 cos 26. 


This important result shows that the knowledge of the strain components €1, €2, and 712 in 
two orthogonal directions allows the computation of the strain components in an arbitrary 
orientation. In other words, the knowledge of the strain components in two orthogonal 
directions fully defines the state of strain at that point. 


1.4.2 Principal strains 


The relative elongation in an arbitrary direction 6 can be computed with the help of (1.70). 
It is interesting to find the orientation @, corresponding to the maximum or minimum relative 
elongation. To that effect, the derivative of ej with respect to @ is set to zero 





de* — 
= =22 5 “2 9 sin 20, + = 2cos 20, = 0, (1.71) 
which leads to the condition ‘ 
tan 26, = —~?_. (1.72) 
€, — €2 


This equation presents two solutions 6, and 6,+7/2 corresponding to two mutually orthogo- 

nal directions, called the principal strain directions. The maximum axial strain is found along 

one direction, and the minimum along the other. To define these orientation unequivoqually 

it is convenient to introduce the following relationships 
2 

sin 20, = nial ; cos 26, = 


A 


E1 — €2 
A 9 





(1.73) 


where 


- 1/2 
Ey —€ 
Pe |e ae? | 4 (1.74) 
2 2 
These relationships give a unique solution for 6,. The maximum and minimum axial strains, 
denoted ej, and €5,,, respectively, act in the direction 6, and 6, + 7/2, respectively. These 
maximum and minimum axial strains, called the principal strains are found by introducing 


(1.73) into (1.70) to find 





Beas EK te ee (1.75) 








The shearing strain in the principal directions vanishes as can be verified by introducing 
(1.73) into (1.70). 
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1.4.3 Strain compatibility equations 


The six components of strain are a function of three displacement components. Hence, the 

strain components are not independent and must satisfy a set of relationships called strain 

compatibility equations. Consider the following derivatives of the shear strain components 
0? 723 0? Oug OUR. = OP us 


Pug Ore O7E5 


Ox20xr3 Ox0x3°O73 OL’ Ox20x3 © O270x3 = Ox?  Ox2" 


This clearly implies that the shear and axial strain components are not independent. Con- 
sider now a different set of derivatives 
Ore; _ Ou, . 0723 = O7u2 O07 u3 ; 
02202X3 0210x2023" Ov, 0x10x3 0x02’ 





Oy13 Puy | uz On Puy | O07 U2 
Oxo OxeOx3 O21 Ory’ Ox3 ODT. -OX1O23” 
which imply 
Oey 0 (-2 | O13 a2) 


dx,0r3 OF, Ox, Ox 0x3 


This is another relationship between the shear and axial strain components. Similar rela- 
tionship can be obtained through cyclical permutations of the indices to yield the six strain 
compatibility equations 





























O23 _ eg | Ores 2 Ore i 0 (-2 | O13 32) . 

0x20%3 Or? 0x2? 02023 OX} Ox, Oxo  Ox3 )’ 

Orv13 = Oe, Wes Oéo i 0 ( O23 = O13 32) . (1.76) 
021023 Ore  On7" 0x03 ORs Ox, Or. O23)’ ‘ 
v2 = Oe, Peg Ores _ 0 07/23 OV13 OV 

O02,0%2 O22 Ox?’ “Ax,0r, O25 ( Ox, O% 7 | ; 


1.4.4 Measurement of strains 


The goal of the theory of elasticity is to predict the state of stress at any point of an elastic 
body, given the applied loading. Such predictions must be validated by measuring the 
state of stress at specific points, then comparing these measurements with the corresponding 
predictions. Unfortunately, no experimental device can measure stresses directly. An indirect 
measurement must be made by first measuring the state of strain, then computing the 
corresponding state of stress using the constitutive laws for the material. 

The relative elongation at the surface of a body can be measured with the help of strain 
gauges. This device consists of a very thin electric wire glued to the surface of the solid. 
As the solid deforms, the length of the wire is modified, thereby changing its resistivity. An 
accurate electrical measurement of this resistivity change yields an accurate estimate of the 
length change, which in turns, allows an accurate estimate of the relative elongation in the 
direction of the wire. Since strain quantities are often very small, strain measurements are 
often labled in micro-strains, which indicates a relative elongation of wm/m = 10~&m/m. 
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Figure 1.9: Three strain gauges at the surface of a solid. 


The complete state of strain at the surface of the body can be computed from the mea- 
surement of relative elongation in three distinct directions. Fig. 1.9 shows the external surface 
of a body with three strain gauges forming an equilateral triangle, a common arrangement 
for strain gauges. Let e,, e2, and e3 be the experimentally measured relative elongations in 
those three directions. With the help of (1.70) these measurements can be related to the 
strain components along the axes i, and ig 





_ PERE. 5 See. 























Ey 9 2 ’ 
be El + €2 , €1 oo cos(+2 x 60°) + = sin(+2 x 60°): (1.77) 
gee — 44 = cos(—2 x 60°) + = sin(—2 x 60°). 


The relationships can be inverted to yield the strain components in terms of the measured 
axial strains 


2 2 
Er =€1, Fg = 3 (c2 + €3 — =) fa V3 (€2 — €3). (1.78) 


The principal strain directions then follow from (1.73) 


= a 
sin 20, = aa cos 20, = a (1.79) 
and the principal strains are 
Elp =E+A; Ey =E—A, (1.80) 
where 
SC eRe 22 es BeS thee 38 1/2 
é= a A= 3 (ej + e5 + €3 — e2€3 — €1€3 — €1€2) : (1.81) 
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Figure 1.10: Various commonly used strain gauge arrangements. 


Various commonly used strain gauge arrangements are depicted in fig. 1.10. Note that a 
complete evaluation of the state of strain requires the knowledge of three strain components, 
and thus requires three independent measurements in three distinct directions. Combinations 
(a) and (c) of fig. 1.10 provide three independent measurements from which the strain state 
can be evaluated. Combinations (b) and (d) allow four independent measurements to be 
made in order to provide enough information in the event of one of the gauges being out 
of order. If the four gauges are properly working, the redundant information is used to 
compensate for experimental errors. 


1.5 Constitutive laws 


The solution of elasticity problems requires three types of relationships. First, the equi- 
librium equations discussed in section (1.1.2) then the strain-displacement relationships of 
section (1.3.1). Finally, the stresses and strains must be related through a set of constitu- 
tive laws. These constitutive laws characterize the mechanical behavior of the material and 
consist of a set of mathematical idealization of their observed behavior. 


Various types of constitutive laws exist to represent the many types of experimentally 
observed material behaviors. However, when the displacements and deformations of the 
body remain very small the stress-strain relationships are often assumed to be linear. 


1.5. CONSTITUTIVE LAWS 27 


1.5.1 Homogeneous, isotropic, linear elastic materials 


Consider the homogeneous, isotropic bar loaded by a single stress component o,, as depicted 
in fig. 1.11. For very small applied stresses, the stress-strain relationship is assumed to be 
linear. This implies 

0, =E 1, (1.82) 


where the coefficient of proportionality is called Young’s modulus. This coefficient has the 
same units as stress, ic. Pa. This linear relationship is known as Hoocke’s law. The 
elongation of the bar in the direction of the applied stress is accompanied by a lateral 
contraction, proportional to the applied stress. The resulting deformations are 


1 V V 

= So ee S— So) eg SSS 1.83 

LE O15 2 Bo 3 Eo ( ) 
where v is called Poisson’s ratio, a unit-less constant. 

If a stress component o2 were applied to the same material, similar deformations would 


result 
Vy 1 Vy 
€, = a 02; €2= E 02; €3>= Ee 02. (1.84) 


Note that the assumption of material isotropy implies identical values of Young’s modulus 
and Poisson’s ratio in (1.83) and (1.84). Similar relationships hold for an applied stress o3. 

When the three stress components are simultaneously applied, the resulting deformation 
is the sum of the deformations obtained for each stress component applied individually, 
because of the assumed linear behavior of the material. Hence, 





El = = [or = V(o2 ie 03)| ; 
we = [ox Se: (1.85) 
€3 = = [o3 = v(o1 + 02)| : 


Consider the state of pure shear described in section (1.2.3), and let the principal stresses 
be og = —0,, 03 = 0. The corresponding strain components then follow from the generalized 
Hoocke’s law (1.85) 





1l+yv 1l+v 
=e eo 
The shearing strain vanishes since the shearing stress is zero in the principal stress directions. 
In the analysis of the pure shear stress state, the state of stress on faces oriented at a 45° 
angle with respect to the principal stress directions was found to be 


eT 01; €2 = 01; V12 = 0. (1.86) 


Teen 0,2 a5; — 0: (1.87) 


On the other hand, the strains along the same orientations are readily obtained from (1.70), 


for 6, = —45° 
. ete l+v 7 P 
V128 = 9 =o, = 2 ic 0. (1.88) 
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Figure 1.11: Homogeneous bar loaded by a single stress component 0 


The relationship between 77, and yj,, is then obtained by comparing the above results to 
find 


* 1 * 
‘Yi2s = G T128) (1.89) 
where E 
Cj 1.90 
2(1+v)’ ay) 


is called the shearing modulus. Of course, the above reasoning could be repeated for a state 
of pure shear in various planes, leading to similar results 


1 1 1 a 91) 
“23 G 723; Y13 G 13; Y12 G 12 


Here again, the shearing modulus is the same in all directions due to the assumed isotropy 
of the material. The shearing strain-shearing stress relationships (1.91) were established for 
the case of pure shear. However, they remain valid for more complex stress states involving 
axial stresses, because, in view of (1.85), axial stresses create no shearing strains. Similarly, 
the generalized Hoocke’s law, eq. (1.85), was established when only axial stresses are applied. 
They do remain valid for more complex stress states involving shearing stresses because, in 
view of eq. (1.91), shearing stresses create no axial strains. The constitutive laws, eqs. (1.85) 
and (1.91) are often called the generalized Hoocke’s laws. 

In summary, a homogeneous, linear elastic, isotropic material is characterized by the 
constitutive laws (1.85) and (1.91). Only two material parameters are involved in these 
laws, Young’s modulus FE, and Poisson’s ratio v. The shearing modulus can be evaluated 
from (1.90). 
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The volumetric strain is readily evaluated with the help of eq. (1.61) 


1-2 
A=e,+e+63= ~ 





(0, + 02 +03) (1.92) 


In the special case of an applied hydrostatic pressure 0, = 02 = 03 = p, a linear relationship 
is found between the applied pressure and the resulting volumetric strain 


pS KS (1.93) 


where 1 
= 1.94 
ae) oo) 
is known is the bulk modulus of the material. When Poisson’s ratio approaches a value of 
1/2, the bulk modulus approaches infinity, implying the vanishing of the volumetric strain 
under an applied pressure. Such a material is called an incompressible material. Rubbers 
are nearly incompressible materials and metals undergoing plastic deformations are often 
assumed to be nearly incompressible. 
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Chapter 2 


Tension and Compression 


2.1 Bar under constant axial force 


Consider an idealized problem consisting of an infinitely long, homogeneous bar with constant 
properties along its span, as depicted in fig. 2.1, and subjected to end loads P. Since the 
axial load and physical properties are constant along the span, the deformation of the bar 
must be identical at all points along its span. Consider now an initially plane cross-section 
S. All the material particles which form S before deformation form the surface S’ after 
deformation. The symmetry of the problem requires the two halves of the deformed bar to 
be identical, resulting in the symmetry of the deformed cross-section with respect to mn. 
This condition can only be satisfied if the deformed cross-section is a plane that remains 
normal to the axis of the bar. 

For the more realistic problem of a bar of finite length, the above conclusion still holds 
except for the portions of the bar near the end points where a complex stress distribution will 
occur as a result of the load application mechanism. Consider now the section nm shown on 
fig. 2.1. Due to the homogeneity of the bar, the deformation must be identical at all points 
of the section, and the axial stress a, is then 


PR 


= _ 2.1 
O71 Q’ ( ) 


where ( is the cross sectional area of the bar. If 6 is the elongation of the bar of length L, 
the axial strain ¢, is 


gy = D (2.2) 


If the applied load is small enough, deformations and stresses are proportional, as implied 
by Hoocke’s law, eq. (1.82) 
01 = Key, (2.3) 


where FE is Young’s modulus. The elongation of the bar resulting from the application of 
the load is easily found as 


§= =. (2.4) 


ol 
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= 


Figure 2.1: Infinitely long bar under end loads. 


The above results are valid for both tensile and compressive load. However, in the case of 
compressive loads, the equilibrium configuration of the bar might become unstable as the 
load increases and the bar will buckle laterally. 


2.2 Allowable stress 


A central problem of structural analysis is to determine the optimal configuration of a struc- 
ture subjected to specific loads. The design will be influenced by many factors associated 
with various structural characteristics, such as 


ds 


The strength of the structure. When the local stress in the structure exceeds a specific 
value, the material will break or sustain permanent damage such as cracks or plastic 
deformations. 


. The elastic deformations of the structure under load. Even when subjected to small 


loads, a structure can present undersirable levels of elastic deformations. 


. The dynamics characteristics of the structure. If the structure is subjected to dynamic 


loads, the time history of its response becomes important. More often than not, its nat- 
ural frequencies must be carefully considered so as to avoid resonnance. For aerospace 
structures, aeroelastic phenomena such as flutter, will put stringent requirements on 
the natural torsional frequencies of wings and fuselages. 


. The stability characteristics of the structure. When parts of the structures are subjected 


to compressive loads, the equilibrium configuration can become unstable, resulting in 
buckling. During level flight, the upper skin of a wing of an aircraft is subjected 
to compressive loads. Avoiding buckling of this wing skin considerably affects wing 
design. 


. The time dependent deformations of the structure associated with creep of the consti- 


tutive materials. Creep considerations play an important role in aircraft engine design. 


The strength of a structure is the focus of the present section, although a good design 
must evaluate all the above characteristics. A structure is said to fail is it breaks, collapses, 
or develops significant permanent damage. Clearly, the applied service loads must be less, 
and often much less, than those corresponding to failure. The main reason for decreasing 
service loads is due to the numerous incertainties about the problem. Among these are 
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1. The actual magnitude of the applied service loads is not accurately known. In an 
aircraft, maneuver loads or those associated with a rough landing condition cannot 
be precisely evaluated. Accidental overloads might also take place during flight or 
maintenance of the aircraft. 


2. The strength of materials presents statistical characteristics. Measurements of the 
strengths of two nominally identical samples of aluminum will be different due to 
material inhomogeneities, processing difference, and experimental errors, 


3. Manufacturing variability also plays an important role. For instance, machining fittings 
of complex shapes is a delicate operation. Dimensional tolerances might vary from part 
to part; the strength of the resulting material might not be equal to that measured in 
laboratory samples, and quality control sometimes fails to detect some types of defects 
in the manufactured part. 


4. The strength of the material might decrease in time due corrosion, wear, of the presence 
of a chemically agressive environment such as fuels or solvents. 


5. Finally, if failure is predicted based on the value of internal stresses in the structure, 
the predicted value of these stresses might be very different from their actual value. 
This is due to the fact that internal stresses are evaluated from the applied loads based 
on simplifying assumptions. 


Consequently, service loads must be limited to a conservative level, and as the incertainty 
about the problem increases, so must the level of conservatism in the design. It is common 
practice to account fot all these incertainties by defining a load factor 

load factor = eee (2.5) 

service load 

Of course, the load factor should be larger than unity, and is sometimes as large as 10. 
Engineering judgment must be carrefully exercised in choosing this load factor. If a low 
value is selected, the likelihood of accidental failure will increase, whereas for low values, the 
design might be too expensive or too heavy for its intended purpose. 

The load factor might be viewed as a factor of safety with respect to failure: limiting 
the service loads to a fraction of the failure loads implies a safe operation of the structure. 
However, using the load factor as a factor of safety is not always practical because the failure 
load is often unknown. Indeed, it is not pratical, nor cost effective to test all stuctures to 
failure to determine the failure load. A more common approach is to compute the local 
stresses induced by the applied loads and limit the these local stresses to an allowable level. 


This can be written as 


yield stress 


allowable stress = (2.6) 


safety factor 
or - 
y 
allow — 5 Debs 
Oall Pa ( ) 


where Oallow is the allowable stress, o, the yield stress of the material, and n the factor 
of safety. This definition is adquate for ductile material, 7.e. materials undergoinging large 
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strains before failure. Once the yield stress is reached, permanent deformation occur. On the 
other hand, brittle material, such as concrete, stone, or ceramic materials, will fail without 
appreciable prior deformations. For such materials, the following definition of the allowable 
stress is more appropriate 
ultimate stress 
allowable stress = ————_——__, (2.8) 
safety factor 
where the ultimate stress is the failure stress for the material. 
In summary, the stress level o that a structure is subjected to during service should be 
smaller than the allowable stress, leading to the following strength criterion 


oO = O allow: (2.9) 


For some materials, the allowable stress in tension and in compression are different, and the 
actual stress level should then be compared to the appropriate allowable stress. 


2.3. Hyperstatic systems 


It is often the case that the forces acting in the components of a structure cannot be deter- 
mined by the sole equations of equilibrium of the system. Such systems are called statically 
indeterminate or hyperstatic structures. Fig. 2.2 shows a three bar truss subjected to a load 
P at point O where the three bars are connected together. The cross-sectional areas of 
the homogeneous bars are Q4, Qg, and Qc, for the bars attached at points A, B, and C, 
respectively, with Q4 = Qc. Let F'4, Fp, and Fo be the forces acting in the bars attached at 
points A, B, and C, respectively. Expressing the horizontal equilibrium of the forces acting 
on a free body diagram of the entire structure yields F'4 = Fo, as expected by the symmetry 
of the problem. Vertical equilibrium then yields Fy + 2F'\4cosQ = P. The two unknown 
forces F’'g and F', cannot be solely determined from equilibrium considerations. 

If Ag is the elongation of the vertical bar, see fig. 2.2, the elongations in the other bars 
are Ay = Ac = AgcosQ@, assuming these elongations are much smaller than the length of 
the bars. The strains, and corresponding stresses are then 





Ap EpAg 
= — = 2.10 
ep ey OB | (2.10) 
for the vertical bar, and 
A 20 E,A 20 
ee eae Rae (11) 


L , L i 
for the other two bars. Eg is Young’s modulus for the vertical bar, and Ey, = Ec that for 
the other two. The forces in the bars now become 





QpEpA QyzE,A 20 
Fp = p93 = Fa = Fo = O40, = #2. 12) 
These relationships show that the forces in the bars remain in the following proportion 
EyQa 
F4 = Fg cos’ © 2.13 
it 'B COS E.On (2.13) 
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Figure 2.2: Three bar truss. 


Introducing this result into the vertical equilibrium equation then yields 


P 
cos? Q —— 
EpQp 
It is interesting to note that the force in the bar now depends on the applied load P and ori- 
entation angle 0, as expected, but also on the cross-sectional areas and bar elastic properties. 


If the properties of all three bars are identical the load simplifies to 


ie 


Fz = ——————~.. 
B 14+2cos? 0 


(2.15) 

It is often the case that hyperstatic system are more structurally efficient than isostatic 
systems. On the other hand, they present two important drawbacks: they are sensitive to 
dimensional imperfections and thermal loading. Assume that the vertical bar is too long. 
The only way to assemble the system would then be compress the vertical bar, assemble it, 
then release the system. Even when no loads are applied, the system will be subjected to 
initial stresses present in all three bars (compressive stresses in the vertical bar, and tensile 
stresses in the inclined bars). Initial stresses are also called residual stresses. If the system 
is unequally heated, internal stresses will also appear due to the resulting unequal length of 
the bars. 


2.4 Thermal stresses 


When an sample of material is heated its dimensions will change. Under heat, a homoge- 
neous, isotropic material will expand equally in all directions and 


2 =e(AP), (2.16) 
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where €7 is called the thermal strain and a the coefficient of thermal expansion which is, 
in general a function of AT, the increase in temperature. For most materials thermal ex- 
pansion results from temperature increases, whereas temperature decreases result in thermal 
shrinkage. In that case the coefficient of thermal expansion is a positive mumber. There 
are, however, notable exceptions: the transition from water to ice under decreasing temper- 
ature is accompanied by an incresase in volume. For small temperature changes, it is often 
adequate to assume that the coefficient of thermal expansion is a constant, 2.e. 


e° =o AT. Qin) 


It is important to note that thermal strains do not generate any internal stresses, in contrast 
with mechanical strains that are related to internal stresses through the material constitutive 
laws. 

Consider again the three bar truss depicted in fig. 2.2, but this time there are no applied 
loads. Assume now that the system was assembled when all components were at common 
temperature 7) and that no initial stress was present at that point. Now, the vertical bar is 
heated to a temperature 7; > 7p. This situation is equivalent to the vertical bar being too 
long by an amount a(T7, — 7y)L. This thermal effect give rise to mechanical strains, and the 
associated mechanical stresses. The elongation of the vertical bar is now 


Ag Sai AT eny, (2.18) 


where A,,, is the elongation due to the unknown mechanical forces that will appear in the 
system. The strains in the system are 


A A 20 
ER= a EA=EC= = (2.19) 
The corresponding stresses are 
EAn EA 20 
OB = <a CAS 66 = ee (2.20) 


For simplicity, the properties of all three bars are assumed to be identical. Note that the 
sole mechanical part of the elongation contributes to the stressing of the vertical bar. The 
forces in the bar are now 


QE(Ap —aLl AT QEA a 
DEAS erat) = — ) Fa = Fo = 904 = 3 — 2 


The vertical equilibrium equation is now Fg + 2F'4cosO = 0, and introducing the forces 
yields 


Fz = Qop = (2.21) 


al AT 
eS 2.22 
BY 1+ 20s? © ( ) 
The force in the bars becomes 
EQaAT EQaAT 

Pp=- ae. Pa= ——__. (2.23) 

—— 2 e(1 + ——.— 

r 2008" 3. mer Tos. 


As expected, the force in the vertical bar is compressive, in contrast with the tensile loads 
present in the inclined bars. 
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Figure 2.3: Thin ring under internal pressure. 


2.5 Thin rings and tubes 


Consider the thin-walled ring of radius R subjected to an internal pressure p, as depicted 
in fig. 2.3. This could also model a unit length section of a thin-walled tube of the same 
dimensions. As a result of the internal pressure, a hoop force N will act in the ring. The free 
body diagram of the upper part of the ring shown in fig. 2.3 yields the following equilibriun 
equation for the forces acting in the vertical direction 


a /2 
2N = af pRsiné dé = 2pR, (2.24) 
0 


or N = pR. For thin-walled rings, it is reasonable to assume that the hoop stresses are 
uniformly distributed through the thickness of the wall, 7.e. N = eon, where e is the wall 
thickness and o, the hoop stress. The hoop stress is now easily related to the applied pressure 


R 
ee (2.25) 
e€ 
For a linear elastic material, the hoop strain €, is then 
on pR 
5 ae 2.26 
a=. tee 20) 
and the radius of the ring increases by an amount 
R?2 
i (2.27) 


Ee~ 
2.6 ‘Tension or compression in two or three directions 
Consider now a pressure vessel consisting of a cylindrical tube closed by sphirical end caps, 


as depicted in fig. 2.4. The resultant F' of the pressure loading on the end caps is independent 
of their shape and is equal to pw R?. For a thin-walled pressure vessel one can again assume 
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Figure 2.4: Pressure vessel under internal pressure. 


that the stresses along the axis of the vessel o, will be uniformly distributed through the 
wall thickness 

prR?  pR_ op 
~ ORe 2e 2° 
It should be noted that a radial stress component a, also exist. This stress acts along the 
radius of the cylindrical part of the vessel. o, = —p on the internal surface of the vessel, 
and o, = 0 on the external surface. In most practical designs the ratio R/e is a very large 
quantity and hence o, < op, = 204. Consequently, the radial stress is generally ignored. 

If the material can be asssumed to behave as a linear elastic material, Hoocke’s law, 
eq. (1.85) implies 





(2.28) 


a 


1 On 1 On 1 


Vy 
— —_— — — C= = aon =S_—_— —- — . 2.2 
fh= Fz (On — VO) E (1 5) f= Fz (Oa — VOc) E iS V) (2.29) 
Finally, the radial and longitudinal changes in vessel dimensions are 
Roy, V Lop, 1 
— = es _ — — a — — ; 2: 
AR = Rey E (1 5) Ripe E (5 V) (2.30) 


respectively. 

Another situation that gives rise to stresses in more than one direction is depicted in 
fig. 2.5, where a sample of elastic material, confined in an infinitely rigid cylinder, is subjected 
to an applied stress 03. Since the cylinder canot deform, ¢, = €2 = 0. The first two equation 
of Hoocke’s law, eqs. (1.85), become 

Vy 





0, = 02> 03. (2:31) 


l-vp 
Introducing these results into the third equation of Hoocke’s law then yields 
(1+v)(1 — 2v) 

EQ -v) 
The apparent modulus of elasticity of the sample is defined as FE, = 03/€3, and 
=y) 

(1+ v)(1—- 2v) 
As Poisson’s ratio approaches 1/2, the normalized apparent modulus of elasticity E,/E 


increases rapidly, as shown in fig. 2.6. For v = 0.45, E,/E = 3.79, i.e. the apparent 
modulus of the sample is 3.79 times that of the material. 


é; = 03. (2:32,) 


E,=e3= (2.33) 
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Figure 2.5: Confined sample of elastic material. 
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Figure 2.6: Apparent modulus of elasticity versus Poisson’s ratio. 
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Figure 2.7: Body subjected to a set of self-equilibrating loads 


2.7 Saint-Venant’s principle 


Consider a body subjected to a set of self-equilibrating loads, as depicted in fig. 2.7. In the 
vicinity of the applied loads, internal stresses will arise, as expected. However, since the 
net resultant of the applied load vanishes, it seems resonable to expect their net effect to 
decrease away from their point of application. In other words, the effect of a set of self- 
equilibrating loads is expected to be localized. Typically, if the loads are applied over an 
area of characteristic dimension 6, the affected zone approximately extends a distance 6 in 
all directions from the point of application. 

This behavior has been observed experimentally, and is known as Saint-Venant’s Princi- 
ple. It can be stated as follows: If a set of self-equilibrating loads are applied on a body over 
an area of characteristic dimension 6, the internal stresses resulting from these loads are 
only significant over a portion of the body of approximate characteristic dimension 6. Note 
that this principle is rather vague, as it deals with “approximate” characteristic dimensions. 
It allows qualitative rather that quantitative conclusions to be drawn. 

An important application of Saint-Venant’s principle deal with end effects in bars and 
beams. In section 2.1, the stress distribution in bars subjected to end loads was studied. It 
is clear that the assumed uniform stress ditribution over the cross-section of the bar is only 
valid far away from the end section of the bar. Consider fig. 2.8 where the end section of a 
bar of height h is subjected to a concentrated load P. This concentrated load is statically 
equivalent to a distributed load po = P/h plus a set of self-equilibrating loads, as depicted 
on the figure. Saint-Venant’s principle implies that the self-equilibrating set of loads only 
affect a small zone of length h near the end of the bar. 

The stress distribution in the bar, namely the uniform axial stress distribution of eq.(2.1), 
is identical whether the bar is subjected to end distributed or concentrated loads, except in 
the two end zones of length h. If the end loads are applied as a uniform distribution, the axial 
stresses in the bar are uniformly distributed over the cross-section at all sections. On the 
other hand, if the end loads are concentrated loads, the axial stresses in the bar are uniformly 
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Figure 2.8: Bar subjected to an end concentrated load. 


distributed over the cross-section only in the central portion of the beam. Near the end points 
a complex state of stress will arise; indeed, the axial stress should grow to infinity right at 
the point of application of the concentrated load. These end zones approximately extend 
a distance h at either end of the beam. The solution discussed in section 2.1 is sometimes 
called the central solution, t.e. the solution valid in the central portion of the bar, away from 
the end zones. 
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Chapter 3 


Euler-Bernoulli Beam Theory. 


Beam theory plays an important role in structural analysis as it provides the designer with a 
simple tool to analyze numerous structures. A beam can be defined as a structure having one 
of its dimensions much larger than the other two. The axis of the beam is defined along that 
longer dimension, and a cross-section normal to this axis is assumed to smoothly vary along 
the span of the beam. Civil engineering structures often consist of an assembly of structural 
elements such as T or I beams that can be viewed as beam grids. A large number of machine 
parts also are beam-like structures: lever arms, shafts, etc. Finally, several aeronautical 
structures such as wings and fuselages can also be treated as thin-walled box beams. 

Even though more sophisticated tools, such as the finite element method, are now widely 
available for the stress analysis of complex structures, beam models are often used at a 
pre-design stage as they provide valuable insight into the behavior of the structure. 

Several beam theories exist based on various assumptions and leading to various levels of 
accuracy. A fundamental assumption of the Euler-Bernoulli beam theory is that the cross- 
section of the beam is infinitely rigid in its own plane. As a result, the in-plane displacement 
field can be represented by two rigid body translations and one rigid body rotation. 

This fundamental assumption only deals with in-plane displacements of the cross-section. 
Two additional assumptions deal with the out-of-plane displacements of the section: during 
deformation, the cross-section is assumed to remain plane and normal to the deformed axis 
of the beam. The implications of these assumptions are examined in the next section. 


3.1 The Euler-Bernoulli Assumptions 


Consider the idealized problem of an infinitely long beam with constant properties along 
its span depicted in fig. 3.1 subjected to end bending moments Q. The cross-section of the 
beam is assumed to present a plane of symmetry (the plane of the figure), and bending is 
taking place in that plane of symmetry. 

The bending moment and physical properties are constant along the span. Hence, the 
deformation of the beam must be identical at all points along its axis resulting in a constant 
curvature. This means that the beam deforms into a circle of center O. Consider now an 
initially plane cross-section S. All the material particles which form S before deformation 
form the surface S’ after deformation. The symmetry of the problem requires the two halves 
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Figure 3.1: Infinitely long beam under end bending moments. 


of the beam to be identical resulting in the symmetry of the deformed cross-section with 
respect to mn. This condition can only be satisfied if the deformed cross-section is in a 
plane containing the center of curvature O. This shows that the cross-section remains plane 
after deformation, and also remains normal to the deformed axis of the beam. 

For more realistic problem, e.g. finite length beams with specific boundary conditions 
and applied loads, the symmetry argument that helped us in the idealized problem of an 
infinitely long beam is no longer applicable. However, by analogy, the following kinematic 
assumptions will be made: 

Assumption 1: The cross-section is infinitely rigid in its own plane. 

Assumption 2: The cross-section of a beam remains plane after deformation. 

Assumption 3: The cross-section remains normal to the deformed axis of the beam. 

These assumptions are known as the Euler-Bernoulli assumptions for beams. Experi- 
mental measurements show that these assumptions are valid for long, slender beams made 
of isotropic materials with solid cross-sections. When one ore more of theses conditions are 
not met, the predictions of Euler-Bernoulli beam theory might be erroneous. 

The mathematical and physical implications of the Euler-Bernoulli assumptions will now 
be discussed in detail. 


3.2. Implications of the Euler-Bernoulli assumptions 


Consider a set of unit vectors i,,i2, and i3 with coordinates 71,72, and x3. This set of axes 
is attached at a point of the beam cross-section, i, is along the axis of the beam, and ig and 
iz define the plane of the cross-section. Let wi (#1, %2, 3), U2(@1, 2, 13), and u3(x1, 22,73) be 
the displacement of an arbitrary point of the beam in the i;, ig, and ig directions, respectively. 

The first Euler-Bernoulli assumption states that the cross-section is indeformable in its 
own plane. Hence, the displacement field in the plane of the cross-section solely consists of 
two rigid body translations U2(xz,) and U3(21) 
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Figure 3.2: Decomposition of the axial displacement field. 


U2(X1,%2, £3) = Up(2x1); U3(@1, £2,073) = U3(x1); (3.1) 


The second Euler-Bernoulli assumption states that the cross-section remains plane after 
deformation. This implies an axial displacement field consisting of a rigid body translation 
U,(x1), and two rigid body rotations ®2(x,) and ®3(2x,), as depicted in fig. 3.2 


U1(21, Lo, £3) = Uy (x1) + (x3 — £3.) Bo(X1) — (Lo — Loe) 3(x1); (322) 


where £9. and x3. are the coordinates of the centroid of the section, a point as yet unde- 
termined. Note the sign convention: the rigid body translations of the cross-section U;(21), 
Up(x1), and U3(x,) are positive in the direction of the axes ij, ig, and i3, respectively; the 
rigid body rotations of the cross-section ®2(x,) and ®3(2) are positive about the axes iy 
and i, respectively. Fig. 3.3 depicts these various sign conventions. 

The third Euler-Bernoulli assumption states the the cross-section remains normal to the 
deformed axis of the beam. This implies the equality of the slope of the beam and of the 
rotation of the section, as depicted in fig. 3.4 
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Figure 3.4: Beam slope and cross-sectional rotation. 


where the notation (.)’ expresses a derivative with respect to x;. The minus sign in the second 
equation is a consequence of the sign convention on sectional displacements and rotations. 
Eqs. (3.3) can be used to eliminate the sectional rotation from the axial displacement field. 
The complete displacement field for Euler-Bernoulli beams writes 


u1(#1, @2, 23) = Ui (a1) — (a3 — a&3c)U3 (21) — (#2 — @ae)U3(21); 


U2(@1, £2, 3) = U2(2x1); (3.4) 
us(@1, £2, 03) = Us(z1). 
Clearly, the complete three-dimensional displacement field of the beam can be expressed in 
terms of three sectional displacements U;(x,), U2(xz1), U3(x1) and their span-wise derivative. 
This important simplification resulting from the basic Euler-Bernoulli assumptions allows 
the development of a one-dimensional beam theory. 
The strain field can be evaluated from the displacement field defined by eqs. (3.4) 


— Ou2 | . — Ouz 3 — Ouz Ouz 4 
62 = ae =U, €3>= De =0; Yo3= oe ces = 0; (3.5) 
<a Our Oug _ nn. — Ou Ous oes 6 
Y12 = Day 5 : 0; 13 = 5 5 Nx, 0; (3. ) 


0 ; ”" " 
er = ae = U; (x1) — (£3 — £3¢)U3 (41) — (2 — Lae)U3 (21). 
1 
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At this point it is convenient to introduce the following notation for the sectional strains: 
€1(%1) =Uj(21); Ke(a1) = —U3 (x1); &3(t1) = UZ (21). (3.7) 


where €, is the sectional axial strain, and Kg and «3 the sectional curvature about the axes 
ig and i3, respectively. With the help of these sectional strains, the axial strain distribution 
writes: 

E1(%1, £2, £3) = €1(21) + (€3 — Lgc)Ka(X1) — (T2 — Lae) K3 (2X1); (3.8) 


The vanishing of the in-plane strain field is implied by eq. (3.5), and is a direct consequence 
of assuming the cross-section to be infinitely rigid in its own plane; the vanishing of the 
transverse shearing strain field is implied by eq. 3.6, and is a direct consequence of assuming 
the cross-section to remain normal to the deformed axis of the beam; and finally, a linear 
distribution of axial strains over the cross-section is implied by eq. 3.8, a direct consequence 
of assuming the cross-section to remain plane. Clearly, assuming a strain field of the form 
(3.5), (3.6), and (3.8) is entirely equivalent to the Euler-Bernoulli assumptions. 


3.3 Stress resultants 


The goal of a beam theory is to obtain a model of the three-dimensional beam structure 
which only involves sectional quantities, i.e. quantities solely dependent on the span-wise 
variable 71. 

In the above section, the Euler-Bernoulli assumptions were shown to allow the descrip- 
tion of the complete three-dimensional displacement field (3.4) of the beam in terms of three 
sectional displacements U;(x1), U2(a1), and U3(#1), and their span-wise derivatives. Simi- 
larly, the complete three-dimensional strain field, eqs. (3.5), (3.6), and (3.8) is expressed in 
terms of sectional strains. 

In this section, the three-dimensional stress field of the beam will be described in terms 
of sectional stresses called stress resultants. Three forces are defined: the axial force F\ (x1) 
along the i, axis of the beam, and the transverse shearing forces F(x) and F3(2,) along 
the ig and i3 axes, respectively. They are defined as follows 


F,(21) = [oles a2.) dQ. (3.9) 


P(e) = f rala,t2, 1) dQ; F3(2) = f rialerte.2s) dQ, (3.10) 
Q Q 


where (2 is the cross-sectional area of the beam. Next, two moments are defined: the bending 
moments Mj(2,) and M3(2x,) along the ig and i3 axes, respectively. They are defined as 
follows 


Mo(21) = i. X3 01(#1, £2, 23) dQ; M3(21) = - [vs 01(@1, £2, £3) aQ. (3.11) 
Q Q 


Note the minus sign in the definition of M3(x,) which is necessary to give a positive bending 
moment about the iz axis. 
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Figure 3.5: Sign convention for the sectional stress resultants. 


In the above definitions, the bending moments were computed with respect to the origin of 
the axes. However, it will be advantageous in some cases to compute the bending moments 
about an axes parallel to ig and i3 passing through a specific point of the cross-section. 
Specifically we define the bending moments about the centroid of the section as 


Mea) = [ (e-2 01(%1,22,%3) dQ; Ms(a1) = —- [ (e220 01(%1, £2, 23) dQ. (3.12) 


The sign convention for the forces and moments is depicted in fig. 3.5. 


3.4 Beams subjected to axial loads 


Consider a beam subjected to distributed axial loads p; as well as a concentrated axial load 
P, applied at the tip of the beam, for instance, as depicted in fig. 3.6. The units of the 
distributed axial load are N/m, whereas the units of the concentrated axial load are N. 
Under the effect of these loads the beam will extend, creating an axial displacement field 
U,(2,). Furthermore, axial forces and axial stresses will be generated in the beam. This 
section focuses on the determination of these various quantities corresponding to a given 
loading applied on the beam. 


3.4.1 Kinematic description 


The three Euler-Bernoulli assumptions described above are made, and furthermore, it seems 
reasonable to assume that axial loads only cause axial displacement of the section. In other 
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Figure 3.6: Beam subjected to axial loads. 
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Figure 3.7: Axial displacement distribution. 


words, the displacement field eq. (3.4) reduces to 
U1(21, £2, 23) = U1 (2x1); U(21, Lo, 23) = 0; U3(X1, £2, X3) = 0, (3.13) 
and the corresponding axial strain field is 
€1(21, £2, £3) = (1). (3.14) 


These very simple results are illustrated in fig. 3.7. 


3.4.2 Sectional constitutive law 


At this point, beams made of a linear elastic, isotropic material are considered. Hoocke’s 
law (1.85) describes the constitutive relationships for this type of materials. Since the cross- 
section does not deform in its own plane, the stresses 02 and 033 acting in the plane of the 
section are far smaller than the axial stresses 0; and Hoocke’s law reduces to 


01(21, £2, £3) =F €1(X1, £2, £3). (3.15) 


Introducing the axial strain distribution eq. (3.14) yields the axial stress distribution over 
the cross-section 
01(#1, £2, 23) =f €1(21). (3.16) 


The axial force in the beam can be obtained by introducing this axial stress distribution into 
(3.9) to find 


F(a.) = fe aa) e1(x1) = S €1(21). (3.17) 
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Figure 3.8: Axial forces acting on an infinitesimal slice of the beam. 


Since the sectional axial strain €;(2,) only varies along the span of the beam, if was factored 
out of the integral over the section. The azial stiffness S of the beam was defined as 


S= | E dQ. (3.18) 


Relationship (3.17) is the constitutive law for the axial behavior of the beam. It expresses 
the proportionality between the axial force and the sectional axial strain, with a constant 
of proportionality called the axial stiffness. This constitutive law is written at the sectional 
level, whereas Hoocke’s law eq. (3.15) is written at the local, infinitesimal level. 


3.4.3 Equilibrium equations 


To complete the derivation, equilibrium equations must be derived for this problem. An 
infinitesimal slice of the beam of length dx, is depicted in fig. 3.8. A free body diagram of 
this slice yields the following equation of equilibrium 


ak 
dx, 


3.4.4 Governing equations 


Finally, the governing equation of the problem is found by introducing the axial force (3.17) 
into the equilibrium eq. (3.19) and recalling the definition of the sectional axial strain eq. (3.7) 


d dU, 
3 on. 2 
in s | D1 (3.20) 
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This second order differential equation can be solved for the axial displacement field Uj; (21) 
given the axial load distribution p;(2,). 

Two boundary conditions are required for the solution of eq. (3.20), one at each end of 
the beam. Typical boundary conditions are: 


1. A fixed (or clamped) end allows no axial displacement, i.e.: 


U; =0: (3.21) 


2. A free (unloaded) end corresponds to F, = 0, which in view of eq. (3.17) writes 


a 


= 0: 3.22 


3. Finally, if the end of the beam is subjected to a concentrated load P,;, the boundary 
condition is F; = P,, which becomes: 


dU, 
— =P. 3.23 
2 dx, , ( ) 


3.4.5 The sectional axial stiffness 


The axial stiffness S' of the section characterizes the stiffness of the beam when subjected to 
axial loads. If the beam is made of a homogeneous material, Young’s modulus is identical 
at all points on the section and can be factored out of integral (3.18), to yield 


S=EQ (3.24) 


On the other hand, if the section is made of several different materials, the axial stiffness 
must be computed according to eq. (3.18). An important case is that of a rectangular section 
of width b made of layered materials of different stiffnesses, as depicted in fig. 3.9. Assuming 
the material to be homogeneous within each layer with a Young modulus E" in layer i, the 
axial stiffness becomes 


S=)> > El fe -> Ellp (cb) — gli) (3.25) 
i=l 


where n is the number of layers, 1! is the cross-sectional area of layer i, and wl and x5 bd 


the coordinates of the bottom, and top planes, respectively, defining layer 7. This expression 
clearly shows that the axial stiffness iS; a ee average of the Young’s modulus of the 
various layers. The weighting factor af x5 is the thickness of the layer. 


3.4.6 The axial stress distribution 


The determination of the local axial stress a, for a given axial load p, is of primary interest 
to the designer. This can be readily obtained by eliminating the axial strain from eqs. (3.16) 
and (3.17) to find 


E 
Files) (3.26) 


01(X1, £2, £3) = 
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Figure 3.9: Cross-section of a beam with various layered materials. 


If the beam is made of a homogeneous material, the axial stiffness is given by eq. (3.24), 
and eq. (3.26) then reduces to 


F\ (21) 
Qo 





01 (£1, £2, £3) = (3.27) 
The axial stress is uniformly distributed over the section, and its value is independent of 
Young’s modulus. 

In contrast, the axial stress distribution for sections with various layers will vary from 
layer to layer. Indeed, (3.26) becomes 


o! (x1, x2, 23) = Ea a) 





(3.28) 


where ol indicates the axial stress in layer 7. This relationship implies that the axial stress 
in layer 7 is proportional to the modulus of that layer. Note that according to eq. (3.14) 
the axial strain distribution is uniform over the section, i.e. each layer is equally strained. 
However, the layer with a stiffer material will develop higher axial stresses. The axial stress 
distribution for homogeneous and layered sections are depicted in fig. 3.10. 

Once the local axial stress has been determined, a strength criterion is applied to deter- 
mine whether the structure can sustain the applied loads. Introducing eq. (3.26) into the 
strength criterion yields E/S' |F\(x1)| < offs, or ofjoe. Since the axial force varies along the 
span of the beam, this condition must be checked at all point along the span. In practice, it 
is convenient to first determine the maximum tensile and compressive axial force, denoted 
Fyens and Fyn, respectively, then apply the strength criterion 


1 max 1 max? 


E E 
SIF Soft, SIAR] < ote (3.29) 


S allow? 1 max! — ‘allow’ 
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Figure 3.10: Axial stress distribution for sections made of homogeneous and layered materi- 
als. 


If the axial force is compressive, buckling of the beam becomes another possible failure mode. 
The maximum compressive load that a beam can sustain before lateral buckling occurs is 
discussed in another chapter. 

If the section consists of layers made of various materials, the strength of each layer will, 
in general, be different, and the strength criterion becomes 





[i] 
god Ee comp comp{i] 
eel O allow ’ S a max < O allow ’ (3.30) 
tens[i compli te : 2 
where ofensl and oa [are the allowable stresses for layer i in tension and compresssion, 


respectively. The strength criterion must be checked for each material layer. 


3.4.7 The strain energy 


Consider an infinitesimal slice of the beam acted upon by an axial force F. Under the effect 
of this force, the end cross-sections of the slice displace of a differential amount dU . If this 
deformation is proportional to the applied force, the work dW done by the axial force as it 
increases from zero to its present value F{ is 

1 dU. 

aye = = 5M Wi =5 6 —* day 
dxy 

This work is given by the area under the force-axial strain curve depicted in fig. 3.11. Intro- 
ducing the sectional constitutive law, eq. (3.17), and the strain displacement relationship, 
eq. (3.7), leads to 


1 
dW Sé day. (3.31) 
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Figure 3.11: The axial force-axial strain curve for a linear elastic slice of the beam. 


The work done by the force is stored in the slice of the beam in the form of elastic deformation 
energy, or strain energy. The quantity 


1 
a(e,) = 5 Ses; (3.32) 


is known as the strain energy density function. Eq. (3.31) expresses the fact that the work 
done by the axial force equals the amount of strain energy stored in the slice of the beam. 
The total work done by the axial force distribution in the beam is now 


L 
W = ; i: SO dar = AG (3.33) 


0 
and equals the total amount of strain energy stored in the beam, A(e,). 
Sometimes, it is preferable to express the deformation energy stored in the beam in terms 
of the axial force by using eq. (3.7), to find 
L 72 


Ala) = f SL dey = BUA). (3.34) 


b(F,) = F?/2S is known as the stress energy density function. B(F,) is the total deformation 
energy stored in the beam expressed in terms of the axial force, also called complementary 
energy. 


3.4.8 Examples 
Example 1: Beam under a uniform axial load 


Consider the uniform, clamped beam of length L depicted in fig. 3.6 subjected to a uniform 
axial loading pi(x1) = po. The governing differential equation is given by eq. (3.20), and for 
the particular case at hand, writes 

PU, 

dx? = —Po; 
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Figure 3.12: A helicopter blade rotating at an angular speed 1. 


dU, 





Qzr, = 0, =; @r, = L, S— =0. 
dx, 
The solution of this differential equation is 
_ DoL? Ly 1 L1\9 
v= PL) 5]. (3.35) 


Example 2: Tapered beam under centrifugal load 


A helicopter blade of length ZL is rotating at an angular velocity ] about the iy axis, as 
depicted in fig. 3.12. The blade is homogeneous and its cross-section linearly tapers from an 
area Ag at the root to A, at the tip, i.e. 


x 
A(x1) = Ap + (Ay — Ao) a = Ay (1-57). 


Consequently, the axial stiffness varies along the beam span, S(#,) = E-A(x,), where F is 
Young’s modulus. Due to the centrifugal loading associated with the rotation, the blade is 
subjected to a distributed load 


pi(z1) = pA(21)O7 21, 


where p is the material density. The governing differential equation for this problem becomes 


d xy au, ry 2 

eee Ai 5 Ai as 

dx ol a1) dx p ol aD) nn 

@zr, = 0, U, = 0; Qr,=L, gel oy 
dx 


It is convenient to use the nondimensional span variable 7 = x,/L to write these equations 
in a more compact form 


273 


(a —n/2) Uy = ( - 02/2) 
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@n7=0, U,=0; Cra a0; 


where the notation ()/ denotes a derivative with respect to 7. This differential equation can 
be integrated once, and with the help of the boundary condition at the tip of the blade 
becomes 
Eee 
pO? L ag ig ps ae 
| Ce =e 





a = 
, E 1-7/2 E 


A second integration then yields 





por? i 7 
U, = Int —---+2In(1- 2], 3.36 
tage Og ae el) (3.36) 


where the boundary condition at the root of the blade was used to evaluate the integration 
constant. Finally, the axial force in the blade is readily obtained from eq. (3.17) 


1 2 3 
F, = pAgQ?L? E = 5 + el . (3.37) 


Note the appearence of a trancendental function, the logarithm function, in the axial dis- 
placement expression. This is due to span-wise variation in axial stiffness. In practical 
applications, structures are subjected to complex loading conditions, and the structural 
properties vary dramatically along the span. Consequently, the integration of the governing 
differential equations becomes increasigly difficult, if not impossible. 


3.4.9 Problems 
Problem 3.1 


Fig. 3.13 depicts an aluminum rectangular box beam of height h = 0.30 m, width b = 0.15 m, flange 
thickness tg = 12 x 107°? m, and web thickness t,, = 5 x 10~°3 m. The beam is reinforced by two 
layers of unidirectional composite material of thickness t, = 4 x 107°? m. The section is subjected 
to an axial load F; = 600 x 103N. The Young’s moduli for the aluminum and unidirectional 
composite are E, = 73 GPa and E, = 140 GPa, respectively. 


1. Find the distribution of axial stress over the cross-section and sketch it. 


2. Find the magnitude and location of the maximum axial stress in the aluminum and composite 
layer. 


3. Assume the applied loads grow in a proportional manner, i.e. the applied loads are AF}, 
AMs, and AM. If the allowable stress for the aluminum and unidirectional composite are 
callow — 400 MPa and o2low = 1500 M Pa, respectively, find the maximum loading factor 


AMax: 


4. Sketch the distribution of axial strain over the cross-section. 
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Figure 3.13: Cross-section of a reinforced rectangular box beam. 





Figure 3.14: Cross-section of a reinforced I beam. 
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Figure 3.15: Beam subjected to transverse loads. 


Problem 3.2 


Fig. 3.14 depicts an aluminum I beam of height h = 0.25 m, width b = 0.2 m, flange thickness 
ta = 16 x 10~°? m, and web thickness t,, = 12 x 107°? m. The beam is reinforced by two layers 
of unidirectional composite material of thickness t, = 5 x 107°? m. The section is subjected to an 
axial force F, = 500 x 10? N. The Young’s moduli for the aluminum and unidirectional composite 
are EF, = 73 GPa and FE, = 140 GPa, respectively. 


1. Find the distribution of axial stress over the cross-section and sketch it. 


2. Find the magnitude and location of the maximum axial stress in the aluminum and composite 
layer. If the allowable stress for the aluminum and unidirectional composite are c2llow = 
400 MPa and o@!ew — 1500 MPa, respectively, find the maximum axial force the section 


can carry. 


3. Sketch the distribution of axial strain over the cross-section. 


3.5 Beams subjected to transverse loads 


Consider a beam subjected to distributed transverse loads p2(x1) as well as a concentrated 
transverse load P: applied at the tip of the beam, for instance, as depicted in fig. 3.15. 
Under the effect of these applied loads, the beam will bend, creating transverse displacement 
and curvature fields. Moreover, bending moments, transverse shear forces, and axial and 
transverse shearing stresses will be generated in the beam. 


3.5.1 Kinematic description 


To simplify the analysis, we will assume that the plane (ij, i) is a plane of symmetry of the 
structure. Since the loads are applied in this plane of symmetry, the response of the beam 
will be entirely contained in that plane. 

The three Euler-Bernoulli assumptions discussed in the previous sections are made, and 
furthermore, it seems reasonable to assume that transverse loads only cause transverse dis- 
placement and curvature of the section. The displacement field, eq. (3.4) then reduces to 


U1(L1, 2, L3) = —(x9 = Lae)U5 (21); (3.38) 


U2(X1, 2, L3) = U2(2#1); U3(21, 2, £3) = 0. (3.39) 
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Figure 3.16: Axial displacement distribution. 


This displacement field is depicted in fig. 3.16. The only non vanishing strain component is 


€1(21, Lo, £3) = —(L2o — Loe)K3 (21). (3.40) 


3.5.2 Sectional constitutive law 


Beams made of linear elastic materials are considered once more. Since the section does 
not deform in its own plane, Hoocke’s law once again reduces to (3.15). The axial stress 
distribution becomes 

01(@1, 2,23) = —E (x2 — X2¢)K3(L1). (3.41) 


The sectional axial force (3.9) is evaluated as 


Ce i Bes v0] aCe (3.42) 


Since the beam is subjected to transverse loads only, this axial force should vanish as can be 
proved by a simple equilibrium argument. On the other hand, the curvature «3(2,) is not 
zero, and hence, the bracketed term should vanish. Solving for x2, yields 
1 Sy 
fae EF xrodQ = —. 3.43 
v2 S [ v2 S ( ) 

This defines the coordinate x2, of the centroid of the section. 

The centroidal bending moment (3.12) can be evaluated by introducing the axial stress 
distribution eq. (3.41) to find 


M3 (21) = [fe (to — re) K3(%1) = I, K3(21), (3.44) 


where the curvature «3(x1) was factored out of the integral over the section. The centroidal 
bending stiffness about the axis i3 was defined as 


Ie5 = i) E (xo —= Loe)7dQ (3.45) 
Q 
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Figure 3.17: Bending moments and shear forces acting on an infinitesimal slice of the beam. 


Relationship (3.44) is the constitutive law for the bending behavior of the beam. It expresses 
the proportionality between the bending moment and the curvature, with a constant of 
proportionality called the bending stiffness. Both bending moment and bending stiffness are 
computed about the centroid. 


3.5.3 Equilibrium equations 


Equilibrium equations are derived to complete the formulation. An infinitesimal slice of the 
beam of length dx, is depicted in fig. 3.17. A free body diagram of this slice yields the 
following equations of equilibrium 


dF) dMé 
Fe Pes 
dx, 





Fy = 0. 3.46 
dx, ms 2 ( ) 


The transverse shearing force F) is readily eliminated from these two equilibrium equations 
to yield the bending moment equilibrium equation 


d2 Me 


3.5.4 Governing equations 


Finally, the governing equations are found by introducing the bending moment eq. (3.44) 
into the equation of equilibrium eq. (3.47), and recalling the expression for the curvature 
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eq. (3.7) : ; 
d d°U. 
i ed = pr (3.48) 
This fourth order differential equation can be solved for the transverse displacement field 
U2(x1) given the distribution of transverse loading py. 
Four boundary conditions are required for the solution of eq. (3.48), two at each end of 
the beam. Typical boundary conditions are 


1. A clamped end restricts both transverse displacement and rotation of the section. Since 
the rotation of the section and the slope of the beam are equal, eq. (3.3), we find 


dU 
Us = Oe =O, 3.49 


2. A simply supported (or pinned) end requires a zero transverse displacement, but the 
slope of the beam is arbitrary. The pin can not take a bending moment implying a 
second boundary condition: Ms = 0. Using eq. (3.44) and the definition of curvature, 
eq. (3.7) yields 

dU, 


2 ) d2x, 





(3.50) 


3. At a free (or unloaded) end, both bending moment and shear force must vanish, i.e. 
for eqs. (3.44) and (3.46) 


2 2 
EG = eae] =° (3.51) 


dx, es dz, os d?x, 
4. At an end loaded by a concentrated transverse load P2, the shear force must equal the 
applied load, and the bending momemt still vanishes 








2 2 
iss | - e TT iy (3.52) 


dx, oo d2x, d2x1 


3.5.5 The sectional bending stiffness 


The bending stiffness /$, of the section characterizes the stiffness of the beam when subjected 
to bending. If the beam is made of a homogeneous material, Young’s modulus is identical at 
all points on the section and can be factored out of the definition of the centroid, eq. (3.43), 
to yield 


1 


This relationship shows that when the beam is made of a homogeneous material, the centroid 
is coincident with the center of mass of the cross-section. Similarly, Young’s modulus can be 
factored out of the definition of the bending stiffness (3.45) to yield 


If = EB Shs, (3.54) 
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where 
Je | (12 — Zoe)7dQ. (3.55) 
Q 


JS, is a purely geometric quantity known as the second moment of inertia of the section, 
computed about the centroid. 

On the other hand, if the section is made of several different materials, the bending 
stiffness must be computed according to (3.45). An important case is that of a rectangular 
section of width b made of layered materials of different stiffnesses, as depicted in fig. 3.9. 
Assuming the material to be homogeneous within each layer with a Young modulus E! in 
layer 7, the bending stiffness becomes 


133 = ee fe (2 — 22¢)*dQ" 
i=1 


or 
y= 0m iin) = (@R)7] = ae [Cw = (ag!) + 3. [03279 — 2 
i=1 
If the centroid is located at the origin of the axes, i.e. if x2, = 0, this expression reduces to 
i= S EM | af*4)# — (off). (3.56) 
i=1 


From this expression it is clear that the bending stiffness is a weighted average of the Young’s 
moduli of the various layer. The weighting factor cary: _ (x$})°] strongly biases the 
average in favor of the outermost layers (for which oft and wl) are large), whereas the 
layers near the centroid contribute little to the overall bending stiffness (2) and wl are 


nearly zero). 


3.5.6 The axial stress distribution 


The determination the local axial stress a; for a given transverse load p2 is of primary interest 

to the designer. This can be readily obtained by eliminating the curvature from eqs. (3.41) 

and (3.44) to find 

M3(«1) 
I33 





01(21, £2, £3) = —-F (x9 = L2) (3.57) 


If the beam is made of a homogeneous material, the bending stiffness is given by eqs. (3.54) 
and (3.57) then reduces to 


M3(21) 


eee (3.58) 
J33 


O1(21, £2, £3) = —(L2 — Lee) 


The axial stress is linearly distributed over the section, and is independent of Young’s modu- 
lus. For a positive bending moment, the maximum tensile axial stress is found at the point of 
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Figure 3.18: Axial stress distributions in homogenous and layered sections. 
the section the furthest below from the centroid, i.e. at the point for which v2" = rq — X¢ 
is minimum, whereas the maximum compressive axial stress is found at the point of the 
section the furthest above from the centroid, 7.e. at the point for which v}* = x2 — ©, is 
maximum. 
In contrast, the axial stress distribution for sections with various layers will be linear 
within each layer. Indeed, (3.57) becomes 


M3 («1) 
I33 
Note that according to (3.40) the axial strain distribution is linear over the section, in 
contrast with the axial stress which is piece-wise linear. The axial stress distribution for 

homogeneous and layered sections are depicted in fig. 3.18. 
Once the local axial stress has been determined, a strength criterion is applied to deter- 


mine whether the structure can sustain the applied loads. Combining the strength criterion, 
eq. (???), and eq. (3.57) yields E|u?**||M$(x1)|/Ig, < offs? and Elug"™||MS(x1)|/Is < otsns 


ol (x1, £2, 23) = —E') (xq — 2) (3.59) 














allow allow 
for a positive bending moment. The strength criterion becomes 
Elvp*| Eipm| 
2 c max comp 2 c max tens 
Ie | M3 | = O allow? Te | M3 | < O allow? (3.60) 
33 33 
where Ms ™* is the maximum positive bending moment in the beam and 
Elvm| : Flees) ! 
2 c min tens 2 c min comp 
Te | M3 | < Callow? Te | M3 | < O allow? (3.61) 
33 33 


where M§ ™” is the minimum negative bending moment in the beam. If the section is such 
that |u| = |vP**|, and/or if the material presents equal tensile and compressive strength, 
one or more of these four strength criteria might become redundant. 
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Figure 3.19: A rectangular section, and the ideal section. 


Of course, if the section consists of layers made of various materials, the strength of each 
layer will, in general, be different. Furthermore, the maximum stress does not necessarily 
occur at the points with the largest distance to the centroid, as illustrated in fig. 3.18. In 
such case, the axial stress must be computed at the top and bottom locations of each ply, 
then the strength criterion is applied. 


3.5.7 Rational Design of beams under Bending 


The axial stress distribution of a beam under bending is given by (3.41). The axial stress 
clearly vanishes along a straight line passing through the centroid and parallel to the axis 
iz. This line is called the neutral axis of the beam. As a result, the material located near 
the neutral axis carries almost no stresses, and contributes little to the overall load carrying 
capability of the beam. 


A similar conclusion can be drawn from examining the centroidal bending stiffness (3.45): 
the integrand vanishes along the neutral axis. This means that the material located near 
the neutral axis contributes little to the bending stiffness of the beam. Clearly, the rational 
design of a beam under bending calls for the removal of the material located at and near the 
neutral axis. 


Consider first the case of a beam made of homogeneous material. Two different cross- 
sections are depicted in fig. 3.19: the first section is a rectangle of width b and height h, 
and the second is composed of two flanges each of width b and height h/2 separated by 
a distance 2d. Both sections have the same mass per unit span m = bhp where p is the 
material density. Clearly, the second section is an idealization since no material connects the 
two flanges. In practical designs, a thin web would be used to keep the two flanges in their 
respective positions. 


The ratio of the centroidal bending stiffnesses of the two sections denoted Jigea; and Lyect. 
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for the ideal and rectangular sections, respectively, is 





3 
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When d < A the bending stiffness of the ideal section is much larger than that of the 
rectangular section. Indeed, for d/h = 10, Tigeat/Irect. & 12(d/h)? = 1200. 

The ratio of the maximum axial stress in the two sections denoted of@@* and a?i2% for the 
rectangular and ideal sections, respectively, is found as 





1 
max po M, Tideal srt 122 
Orect. = 2 = 4 h (3 63) 
max h 1 do ; 
ideal Tree doa. +e q)Ms 2 + 2(F) 


For d/h = 10, om2ax /anes = 6(d/h) = 60. In other words, if the same material used for the 
two sections, the ideal section can carry a 60 times larger bending moment, although the 
two beams have the same amount of material. 

This example shows that the rational design of a beam in bending calls for a section with 
the largest possible height, and the concentration of all the material as far as possible from 
the neutral axis. In practical situations the ideal section cannot be used. A web is necessary 
to connect the two flanges resulting in an I beam design. The maximum height of the section 
is often limited by other design considerations. Furthermore, as the height of the section 
increases, it becomes prone to instabilities such as web buckling. 


3.5.8 The strain energy 


Consider an infinitesimal slice of the beam acted upon by a bending moment Ms. Under 
the effect of this moment, the end cross-sections of the slice rotate of a differential amount 
d(dU2/dx,). If this deformation is proportional to the applied moment, the work dW done 
by the bending moment as it increases from zero to its present value MS is 

1 dU 1) 2320S 


Wi VES eS 
3 ( ) 9 3 dx? 


9 dz, dz. 


This work is given by the area under the bending moment-curvature curve. Introducing the 
sectional constitutive law, eq. (3.44), and the curvature displacement relationship, eq. (3.7), 
leads to 


if 
dW = 5 Tega a ais (3.64) 


The work done by the bending moment is stored in the slice of the beam in the form of 
strain energy, and the quantity 
i Chord 
a(kK3) = 9 33/3, (3.65) 
is known as the strain energy density function under curvature. Eq. (3.64) expresses the fact 
that the work done by the bending moment equals the amount of strain energy stored in the 
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Figure 3.20: Simply supported beam under a uniform transverse load. 


slice of the beam. The total work done by the bending moment distribution in the beam is 
now 


1 L 
W= ah Is,K3 dz, = A(ks), (3.66) 


and equal the total amount of strain energy stored in the beam, A(x«3). 
Sometimes, it is preferable to express the deformation energy stored in the beam in terms 
of the bending moment by using eq. (3.44), to find 





L M2 

As) = f 2 dx, = B(M8). (3.67) 
0 2153 

b(Ms) = Ms?/2Is, is known as the stress energy density function. B(M$) is the total 

deformation energy stored in the beam expressed in terms of the bending moment, also 

called complementary energy. 


3.5.9 Examples 
Example 1: Simply supported beam under a uniform load 


Consider a simply supported, uniform beam of length L subjected to a uniform transverse 
loading p2(z1) = po, as depicted in fig. 3.20. For this problem, the governing equation, 
eq. (3.48) becomes 

edz... : 

33 at = Po; 


d?U, d?U, 
@rz,=0, U=IS = 0; @rz,=L, Us, = IS, = 
os , : Sane : i ; a oe da? 


where the boundary conditions expresses the vanishing of the tranverse displacement and 
bending moment at the two end supports. The solution of this differential equation is 





= 0, 


Ly Ly 
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Figure 3.21: Simply supported beam with one concentrated load. 


The bending moment distribution then follows from eq. (3.44) 





pol? 5 ay T1\9 
Ms = BA ean 
=P [)-2) (3.69) 
As expected, the bending moment is maximum at mid-span, M$,,,, = pol?/8. The ax- 


ial stress at any point in the beam can then be obtained form the formulas developed in 
section 3.5.6. 


Example 2: Simply supported beam with concentrated load 


Consider now a simply supported, uniform beam of length L subjected to a concentrated 
load P acting at a distance aL from the end supports, as depicted in fig. 3.21. The bending 
moment distribution can be readily obtained from simple equilibrium considerations. A free 
body diagram of the entire beam reveals that the reaction forces are (1 — a)P and aP, at 
the left and right end supports, respectively. Next, the equilibrium condition for a free body 
diagram of a piece of the beam extending from the left support to a location 0 < x1 < aL 
yields 
Ms = —(1-—a@)Px, = —(1-—a)PLn, 


where 7 = 2;/L is the nondimensional variable along the span of the beam. Similarly, a free 
body diagram of a piece of the beam extending from the left support to a location 7; > aL 
leads to 

Ms = -—aP(L — 21) = —aPL(1— 7). 


The bending moment curvature relationship, eq. (3.44), is now integrated twice to yield 


3 
aye | “0-2 sepeoy Deyke 


Ua(n) = = - 2 3 
133 -a ($F) +c + Cs a<n<l 


’ 


where C, C2, C3 and C4 are four integration constants to be evaluated from the boundary 
conditions. U2(0) = U2(1) = 0 because the beam is simply supported at the two ends, and 
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Figure 3.22: Simply supported beam with two concentrated loads. 


furthermore, at 7 = a, both displacement and slope of the beam must be continuous. These 
four conditions are sufficient to determine the four integration constants to yield 





PL? { —(1—a)n?+a(2—a)(l—a)n, 0<n<a 
Val) = bls { a(n? — 37’) +a(2+a7)n-a®?; a<n<1’ ny 
The bending moment distribution then follows 
ine Sox — aia) isa sa 


Finally, the shear force distribution reflects the values of the reactions forces at the end 
supports 
l-—a); 0<n<a 


og ale ea s (3.72) 


Fi(a) = Pf | 
At 7 =a, the shear force presents a discontinuity that is equal to the applied concentrated 
load at that point. 


Example 3: Simply supported beam with concentrated loads 


Consider now a simply supported, uniform beam of length L subjected to two concentrated 
loads acting at a distance aL from the end supports, as depicted in fig. 3.22. It is clear 
that this problem presents discontinuities in the transverse shear force for distribution due 
the presence of the concentrated loads. The bending moment distribution can be readily 
obtained from simple equilibrium considerations. A free body diagram of the entire beam 
reveals that the reaction forces at the end supports must each equal P. Next, the equilibrium 
condition for a free body diagram of a piece of the beam extending from the left support to 
a location 0 < x, < aL yields 
Ma = =P ei. 


Similarly, a free body diagram of a piece of the beam extending from the left support to a 
location al < x, < L/2 leads to 


MS = P(a# — aL) — Pr, = —Pal. 
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The bending moment curvature relationship, eq. (3.44), is now integrated twice to yield 


P 3 
SASSI he) ge Bice 0<2,<aLl 
REje. ~S, | 
—ab— + Csi + Ca; al <2, 172 


where Ci, Co, C3 and Cy, are four integration constants. Two of these constants can be 
computed from the boundary conditions: the simple support at the root, U2(0) = 0, and the 
symmetry condition at mid-span, dU2/dx,(L/2) = 0. The other two integration constants 
are found by imposing the continuity of the displacement and of its derivative at 7; = aL. 
The transverse displacement distribution becomes 

pri { [3(a-0?)(2)-(4)]; 0<a <a 


U2(x1) = L L 


6153 |-a" a 3a(=) = 3a(—)?] ‘i Ch eee Ly 
The bending moment distribution then follows 


(>); 0<a,<ab 


ME£(x) = Pu ae 

-—a; ab<a,<L/2 
This result can be easily verified: the portion of the beam between the two concentrated loads 
is subjected to a constant bending moment aL P, and hence, the shear force vanishes. At 
x, = aL the shear force jumps from F2 = P, immediately to the left, to Fz = 0, immediately 
to the right. This jump is of course equal to the force applied at that point. 

The problem could also be solved using the governing differential equation, eq. (3.48). 
However, two separate problems should be solved, one for 0 < x, < aL, and another for 
al < 2, < L/2. The integration of these two, fourth order equations will generate a 
total of eight integration constants to be computed from four boundary conditions, and four 
continuity conditions at x; = al. The boudary conditions at the root are U2(0) = 0 and 
d?U,/dx7(0) = 0, corresponding to the vanishing of the displacement and bending moment; 
at mid-span dU2/d2,(L/2) = 0 and d?U,/dx}(L/2) = 0, corresponding to the symmetry 
conditions of vanishing slope and shear force. At x; = aL continuity of displacement, slope 
and bending moment is required together with with the enforcement of a jump in shear force. 
The approach used above is clearly less laborious. 


Example 3: Simply supported beam with two elastic spring supports 


A simply supported beam of span L is supported by two spring of stiffness k located at 
stations x; = aL and (1 —a)L, and is subjected to a uniform transverse loading po, as 
depicted in fig. 3.23. At first, the springs are replace by two unknown forces F’ acting 
downward at 7; = L/3 and 2L/3. The transverse displacement distribution is then readily 
obtained by superposing the displacement field for a beam under uniform loading (example 
1) and that of a beam under two concentrated forces (example 3) 
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Figure 3.23: Simply supported beam with two elastic spring supports. 


where 7 = x) /L if the nondimensional coordinate along the beam axis. The unknown force 
F acts on the spring, and hence F’ = kU2(a). Introducing the above expresssion for U2(aL) 
provides an additional equation to evaluate the unknown for F’ 


EF 1 k*(a4 — 203 1 
_ik (a a’ + a) sy (3.73) 
pol 46+k*(3a?—4a3) 4 





where k* = kL*/IS, is the nondimensional spring stiffness. The transverse displacement 
distribution now becomes 








Gy = pol* [ n*—(2—p) oP +[1—-3pla—o7)) 9, O<n<ae (3.74) 
‘i 2ATS, ni — 2n? + 3ap 47+ (1-30) n+ a8, a<n<1/2 ~ s 
The bending moment distribution then follows from eq. (3.44) 
sv Be [Pl p/2) 9 Osseo 
Finally, the shear force distribution is obtained from eq. (3.46) 
_ pol f -(1-p/2); O<n<a 
Fin) =~ ‘ 2n — 1; a<n<1/2- 30) 


As anticipated, this distribution presents a discontinuity due to the concentrated forces the 
springs apply to the beam. Indeed, the shear forces immediately to the left and right of 
the spring located at 7 = a, denoted Fy and F»,, respectively are such that Fo, — Fo = 
poL/4 = F. 


Example 4: Simply supported beam on an elastic foundation 


The last example deals with a simply supported beam of length L subjected to a uniform 
transverse load pg, as depicted in fig. 3.24. The beam is supported by an elastic foundation 
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Figure 3.24: Simply supported beam on an elastic foundation. 


of distributed stiffness k. For this problem, the governing equation is 


_ dUy 
33 Get = pi(21); 
d?U2 d?U, 
O77 = 0° Lei SU: Ors i ee): 
Ly ’ 2 33 dix? ’ XY ’ 2 33 dx? 


The total applied load p;(21) = po — k U2(x1), where the first term accounts for the applied 
load, and the second corresponds to the distributed restoring force of the elastic foundation. 
The governing equation can be recast as 
kie ie 

=, 
I33 I33 
Oy = 0, Uz =05 =0: Oya], hea UF =U, 


where 7 = x,/L if the nondimensional coordinate along the beam, and ()/ denotes a derivative 
with respect to 7. The characteristic equation corresponding to the governing homogenous 
differential equations is z4 + kL*/I$, = 0 with characteristic roots 








vs fe 
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where 2 = /—1. The general solution of the differential equation now writes 


poL* 
able? 





Us(n) = A ett 4 B et-On 4 CO e-otn 4. p eat-in 


where A, B, C, and D are four integration constants. Using the relationships between 
the exponential function with imaginary and real exponents, and the trigonometric and 
hyperbolic functions, respectively, this expression can be written as 


Uz = coshan(C, cosan+ Cz sinan) + sinhan(C3 cosan+C, sinan) + i 


ie: CHAPTER 3. EULER-BERNOULLI BEAM THEORY. 


where C1, C2, C3, and Cy, form a different set of integration constants that can be evaluated 
from the four boundary conditions to find 


HB [1 — cosha cosan+ (sinha sinhan cosan—sina coshan sinan)|, (3.77) 
Po 





where jz = (cosha—cosa)/(sin? a+sinh? a), and k* = kL*/Is, is the nondimensional elastic 
foundation stiffness. The bending moment distribution now follows from eq. (3.44) 
Mg _ 20° 
po L2 ox 
This example clearly demonstrate that the solution of beam problems can rapidly become 
quite difficult. The simple addition of an elastic foundation to the beam significantly com- 


plicates the solution process that often becomes unmanageable when realistic structural 
problems are considered. 








[1 —cosha cosan+ p(sinha sinhan cosan—sina coshan sinan)|. (3.78) 


3.5.10 Problems 
Problem 3.3 


Fig. 3.14 depicts an aluminum I beam of height h = 0.25 m, width b = 0.2 m, flange thickness 
tg = 16 x 10-3 m, and web thickness t,, = 12 x 107°? m. The beam is reinforced by two layers 
of unidirectional composite material of thickness t. = 5 x 107~°3 m. The section is subjected to a 
bending moment M§ = 200 x 10? Nm. The Young’s moduli for the aluminum and unidirectional 
composite are E, = 73 GPa and E. = 140 GPa, respectively. 


1. Find the distribution of axial stress over the cross-section and sketch it. 


2. Find the magnitude and location of the maximum axial stress in the aluminum and composite 
layer. If the allowable stress for the aluminum and unidirectional composite are cow = 
400 MPa and o2low = 1500 MPa, respectively, find the maximum bending moment the 


section can carry. 


3. Sketch the distribution of axial strain over the cross-section. 


Problem 3.4 


Fig. 3.13 depicts an aluminum rectangular box beam of height h = 0.30 m, width 6 = 0.15 m, 
flange thickness tg = 12 x 10~°° m, and web thickness t,, = 5 x 107°? m. The beam is reinforced 
by two layers of unidirectional composite material of thickness tg = 4 x 10~°% m. The section 
is subjected to an axial load F, = 600 x 10°N, and bending moments MS = 50 x 10° N.m, 
MS = 120 x 10° N.m. The Young’s moduli for the aluminum and unidirectional composite are 
FE, = 73 GPa and E, = 140 GPa, respectively. 


1. Find the distribution of axial stress over the cross-section and sketch it. 


2. Find the magnitude and location of the maximum axial stress in the aluminum and composite 
layer. If the allowable stress for the aluminum and unidirectional composite are a2/ow = 
400 MPa and o@l&w — 1500 MPa, respectively, find the maximum loading the section can 


carry. 


3. Sketch the distribution of axial strain over the cross-section. 
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Figure 3.25: Cantilevered beam with tip support and torsional spring. 
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Figure 3.26: Simply supported beam with mid-span spring featuring a clearance A. 


Problem 3.5 


Consider a cantilevered beam of span L with a tip support and a torsional spring of stiffness 
constant k, as depicted in fig. 3.25. 


1. Find and plot the transverse displacement distribution of this beam under a uniform trans- 
verse load po. 


2. Find and plot the distribution of bending moment in the beam. 


3. Find the location and magnitude of the maximum bending moment in the beam as a function 


of k* = kL/I8s. 


4. Discuss your results when k* — 0 and k* — oo. 


Problem 3.6 


Consider the uniform beam with simply supported ends as depicted in fig. 3.26. A spring of stiffness 
constant k is acting at mid-span (k* = kL/I§,). A uniform load po is acting over the beam span 
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Figure 3.27: Simply supported beam with varying bending stiffness. 


of length L. The unstressed length of the spring is such that it fall a distance A short of reaching 
the beam (A* = AI$,/(poL*)). 


1. Find and plot the transverse displacement distribution for this beam. 

2. Find and plot the corresponding distribution of bending moment. 

3. What value of A* that will minimize the maximum bending moment in the beam. 
Hint: replace the spring by an unknown for F' acting at mid-span. This force can then be evaluated 
by equating the beam mid-span displacment with that of the spring. 
Problem 3.7 


A simply supported beam of span L is subjected to forces of magnitude P located at stations 
x, = aL and (1 — a)L, as depicted in fig. 3.27. The beam has a bending stiffness J and is 
reinforced in its central portion where its bending stiffness is I,. 


1. Find the exact solution of the problem from the solution of the governing differential equation 
and associated boundary conditions. 


2. Plot the distribution of transverse displacement for the beam. Use ,/Ip = 2 and a = 0.3. 
3. Plot the distribution of bending moment for the beam. 


4. Plot the distribution of shear force for the beam. 


Problem 3.8 


The lower beam depicted in fig. 3.28 is of length 22 and is simply supported at both ends. The 
upper beam of length L + a is cantilevered at the root, supported by the lower beam at point A, 
and subjected to a uniform tranverse loading po. Both upper and lower beams have a uniform 
bending stiffness Jp. 


1. Find the exact solution for the transverse deflection of the lower beam under a mid-span 
concentrated load. Show that the lower beam can be replaced by a concentrated spring of 


stiffness constant 
61 


Keg = cm 
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Figure 3.29: Cantilevered beam with concentrated spring. 


2. Find the exact solution of the problem from the solutions of the governing differential equa- 
tions and associated boundary conditions for both upper and lower beams. Replace the 
interaction between the beams by a force X, yet unknown. The magnitude of this force is 
found by equating the displacements of the upper and lower beams at point A. 


3. Plot the distribution of transverse displacement for both beams. Use L/a = 2. 
4. Plot the distribution of bending moment for both beams. 


5. Plot the distribution of shear force for both beams. 


Problem 3.9 


The cantilevered beam depicted in fig. 3.29 is of length L, uniform bending stiffness J33, and is 
subjected to a uniform distributed load po. A concentrated spring of stiffness constant k is connected 
to the beam at a distance a from its root. 


1. Find the exact solution of the problem from the solution of the governing differential equations 
and associated boundary conditions for the cantilevered beam. It will be necessary to solve 
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Figure 3.30: Cantilevered beam with intermediate elastic support. 


the problem in two parts, for the segments to the right and left of the spring, then applying 
continuity conditions at this point. It will be convenient to define the non-dimensional spring 
constant 

_ ka? 


pas 
I33 


. Plot the distribution of transverse displacement for both beams. Use L/a = 3 and k* = 100. 
. Plot the distribution of bending moment for both beams. 
. Plot the distribution of shear force for both beams. 


. Find the value of &* that will minimuze the maximum bending moment in the beam. 


Problem 3.10 


The cantilevered beam depicted in fig. 3.30 is subjected to a tip load P. The tip of a second 
cantilevered beam contacts the first at point A. The lower and upper beams have a uniform bending 
stiffness [33 and are of length L and aL, respectively. 


1. 


Find the displacement fields for the two beams by solving of the governing differential equa- 
tions and associated boundary conditions. 


. Plot the distribution of transverse displacement, bending moment, and shear force for both 


beams. Use a = 1/2. 


. Find the magnitude and location of the maximum bending moment in the beams. Plot these 


quantities as a function of a. 


Problem 3.11 


The two simply supported beam shown in fig. 3.31 are connected by an intermediate roller located 
a distance aL from the left support. The upper beam is subjected to a uniform loading po. Both 
beams have a uniform bending stiffness I33. 


1. 


2: 


Find the displacement fields for the two beams by solving of the governing differential equa- 
tions and associated boundary conditions. 


Plot the distribution of transverse displacement, bending moment, and shear force for both 
beams. Use a = 1/3. 
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Figure 3.31: Superposed simply supported beams. 


3. Find the magnitude and location of the maximum bending moment in the beams. Plot these 
quantities as a function of a. 


3.6 Variational formulation of beam problems 


The above sections have described the classical approach to beam theory which involves three 
major ingredients: a differential equation of equilibrium, a sectional constitutive law, and a 
strain displacement relationship. The differential equations of equilibrium were derived from 
Newton’s law stating that the sum of the forces acting on a differential element of the system 
should vanish. The sectional constitutive laws were obtained by integrating the material 
contitutive laws expressed on a differential element of the material over the beam cross- 
section, resulting in relationships between stress resultants and sectional strains. Finally the 
strain displacement relationship stemed from the kinematic assumptions underlying Euler- 
Bernoulli beam theory. 


Solutions of these governing differential equations provide an exact solution of Euler- 
Bernoulli beam problem. In practical situations, structures are subjected to complex loading 
conditions, and the sectional stifnesses, such as axial or bending stiffnesses, vary drastically 
over the beam span. Consequently, the governing differential equations become increasingly 
difficult to solve, and in most practical situations, it is nearly impossible to find closed form 
solutions. 


In this section, variational formulations are introduced for beam problems. In these 
formulations, the differential equations of equilibrium are replaced by an integral, or weak 
statement, and the one to one equivalence of the two approaches is established. In view of 
this equivalence, it is clear that exact solutions of a problem are equally difficult to obtain 
using either approaches. However, variational formulations lead to a systematic procedure 
for obtaining approximate solutions to complex problems. In fact, variational formulations 
are the basis for the finite element method (FEM) which has become the tool of choice for 
the analysis of complex aerospace structures. Altough approximate, FEM solutions often 
are very accurate and reliable. 
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3.6.1 The weak form for beams under axial loads 


In the previous sections, the differential equation of equilibrium of a beam under axial loads, 
eq. (3.19), was derived. This equation holds at all points over the span of the beam, i.e. for 
x; € [0, L}. At the loaded end of the beam, equilibrium requires the internal force to equal 
the externally applied load, F\(L) = P;. These two equilibrium requirements are repeated 
here dF 

a =-pi, 21 € (0, L}; 

Beh: eH. 

These equations are known as the strong statement of equilibrium. From this statement, the 
following integral can be constructed 


i —w(21) Se tos dx, + [w(L) (Fi - P,)], = 0. (3.80) 


(3.79) 


dx, 


Note that if the beam is in equilibrium eqs. (3.79) hold, and eq. (3.80) is satisfied for all 
arbitrary functions w(a,). Next, an integration by parts is performed on the first term 
appearing in the integral 


i E 
dF’ dw 
i —w(%)F dx, = | ae dx, = [wFils : 
Introducing this result into eq. (3.80) leads to 
L dw L 
0 1 0 


Since w(21) is an entirely arbitrary function, w(0) = 0 can be selected and this choice yields 


L L 
| aU dx = i WP dx a w(L)P, = 0, 
0 dx, 


: (3.82) 
for all arbitrary w(x) such that w(0) = 0. 


This integral is known as the weak statement of equilibrium. It is now clear that the strong 
statement, eq. (3.79), implies the weak statement, eq. (3.82). On the other hand, it is easily 
shown that the weak statement implies the strong statement. Indeed, the weak statement 
implies eq. (3.81), which in turns implies eq. (3.80) by reversing the integration by parts 
process. Finally, the strong statement of equilibrium is implied by eq. (3.80) because this 
equation must hold for all arbitrary choices of w(21). 

In summary, the strong statement, eq. (3.79), and the weak statement, eq. (3.82), are 
two entirely equivalent statements that both express the equilibrium conditions for the beam 
under axial loads. The arbitrary functions w(2,) are often called weighting functions or test 
functions. 

If the beam were to be clamped at the right end and subjected to an axial load at te 
left end, the above reasoning would still hold. However, the last term of the weak state- 
ment would read w(0)P,, and the integral would vanish for all w(#,) such that w(L) = 0. 
More generally, geometric boundary conditions are defined as those boundary conditions 
that restrict allowable displacements, such as the clamping of the beam at a point. The inte- 
gral appearing in the weak statement should vanish for all w(2,) that satisfy the geometric 
boundary conditions. 
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3.6.2 Examples 
Example 1: Beam under a uniform axial load 


Consider the uniform, clamped beam of length L depicted in fig. 3.6 subjected to a uniform 
axial loading pi(21) = po. The solution of this problem presented in section 3.4.8 was based 
on the strong statement of equilibrium. Note that this equation of equilibrium is not sufficient 
to lead to the solution of the problem; it must be complemented by a contitutive law and a 
strain displacement relationship. The solution of the same problem will now be derived with 
the help of the weak statement of equilibrium, eq. (3.82). Here again, this statement must 
be complemented by a contitutive law, eq. (3.17), and a strain displacement relationship, 


eq. (3.7) to yield 
” dw ., dU : 
wag et dx, -f wpo dx, = 0. 
0 dx, dxy 0 


This integral must vanish for all arbitrary functions w(x ) such that w(0) = 0. At this point, 
the following forms will be assumed for the solution U;(x,) and test functions w(21) 


U,(a1) = ax, + ba?; w(r1) =ar,+ Bx, (3.83) 


where a and b are two unknown coefficients, and the coefficients a and ( are arbitrary 
since w(21) is itself an arbitrary function. Note that for this choice, the solution satisfies 
the geometric boundary condition U,(0) = 0, and the test functions satisfy the conditions 
w(0) = 0. With these approximations, the weak statement becomes 


L i 
ti S(a + 28x 1)(a + 2621) dx, — | po(az, + Gx?) dz, = 0. 
0 0 


After expansion and integration we find 





he Ee i ioe Ee 
S feat + 2ab a 28a 5 1 ABb | — Po (a5 + B= =); (3.84) 


It is customary to write this equation in a matrix form 


ae a yi aby Oe lh. 
La ISL | 7 gayy|[g|-be alot? | tis [=o Gao) 
The two by two matrix of stiffness coefficients is called the stiffness matrix K, and the array 


of loading coefficients the load vector Q 


any fy E ee Q = pol” eal: (3.86) 


The array of displacement coefficients is called the solution vector q and the array of test 
function coefficients the test vector w 


a=|$|. w= |S. (3.87) 
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With all these definitions, the weak statement, eq. (3.85) becomes 
w! [kK q—Q] =0. (3.88) 


The test functions can be chosen arbitrarily, as implied by weak statement, eq. (3.82). This 
means that the coefficients a and ( of the test function are arbitrary. In particular, we can 
select a = 1,3 =0 or a= 0, = 1 to find two equations 


[1 0] [Kaq-Q]=0, |0 1] [Kq-Q)=0. (3.89) 
Combining these two equations leads to 
I [K q—-Q]=0, (3.90) 


where J is a two by two identity matrix. Of course, the identity matrix can be dropped to 
yield a set of algebraic equations for the solution vector 


Kq=Q. (3.91) 
The solution of this equation is simply q = K~! Q, or 
S 
a ee i » [1/2 
b | ~ SL Ih A 3 | pon 1/3 | S22 


which yields the solution vector a = poL/S, b = —po/(2S). Introducing these coefficients 
into the assumed solution, eq. (3.83) leads to 








_ Pol Po 9 _ Pol* Ie Py] . (3.93) 


Us geet a eT 
The solution is identical to that found with the strong equilibrium statement, eq. (3.35). 
However, the solution process was sharply different for the two approaches. The strong 
equilibrium statement leads to differential equations that must be solved to obtain the solu- 
tion. On the other hand, the solution of the problem based on the weak statement involves 
the evaluation of integrals over the beam span and the solution of a set of linear, algebraic 
equations. 


Example 2: Tapered beam under centrifugal load 


A helicopter blade of length Z is rotating at an angular velocity ] about the ig axis, as 
depicted in fig. 3.12. The solution of this problem presented in section 3.4.8 was based on 
the strong statement of equilibrium. The solution of the same problem will now be derived 
with the help of the weak statement of equilibrium. For the case at hand, it writes 


E Es 

i CLA ae day -{ w pA(a1)07%x, dr, = 0. (3.94) 
0 dxy dx, 0 

Introducing the nondimensional span variable then leads to 


EBAg 


1 1 
i w (1- aU; dn — pAg? L? | w (n- 5) dn = 0. 
0 0 
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The solution U;(x,) and test functions w(x ,) are assumed to be of the following form 
Ui(n) = ant by"; w(n) = an + Bn’. (3.95) 
With these approximations, the weak statement becomes 


E'Ao 
L 





1 1 2 
i (a -+26n)(1 — 2)(a + 2bn) dy — pAgPL? | (an BPG = de ='0: (3.98) 
0 2 0 2 


This expression is then expanded and integrated, then the results are recast into a matrix 
from to find ei / / / 
a 0 3 4 2 3 22 272 5 24 
ee? Be 5/6 IF Aas Ee 
With these definitions, the weak statement is again of the form of eq. (3.88). Following the 
same steps as those detailed in the previous example, the weak statement then leads to a set 
of linear equations, eq.(3.91). The displacement vector is now 


| =a lee a8] passat Pao (3.97) 


which yields the solution vector a = 53pQ?L?/(130E), b = —19pQ?L3/(130£). Introducing 
these coefficients into the assumed solution, eq. (3.95) leads to 


pL (53 ae 
ins oe Hts eee 3.98 
1 e iso” To” 28) 





This solution is clearly different from that obtained from the strong statement of equilib- 
rium, eq. (3.36). Indeed, eq. (3.36) is an exact solution of the problem, whereas eq. (3.98) 
is an approximate solution. The approximation was introduced by assuming the form of 
the solution and test function in eq. (3.95). Clearly, the assumed polynomial form of the 
solution cannot possibly represent the exact solution of the problem, eq. (3.36), which in- 
volves trancendental functions. Furthermore, the weak statement, eq. (3.82), requires the 
vanishing of an integral for all arbitrary choices of the test function. Again, the assumed 
polynomial form of the test function cannot possibly represent all arbitrary choices of test 
functions. Within the framework of this approximation, the solution process determines the 
values of the unknown coefficients a and b that provide the “best overall match” with the 
exact solution. Detailed mathematical analyses of the solution procedure [1, 2] can be used 
to prove that under certain restrictions, the approximate solution does converge to the exact 
solution as the number of unknown coefficients increases. 

Although only two unknown coefficients were used here, it is interesting to note that the 
approximate solution is close agreement with the exact solution, as shown in fig. 3.32 which 
depicts the distribution of nondimensional axial displacement over the span of the beam. 
Table 3.1 compares the predictions of the two approaches at various locations along the span 
of the blade. 

Finally, the axial forces in the blade are obtained by introducing eq. (3.98) into eq. (3.17) 
to find 

pAogQ? L? 


2 
= REO (106 — 1297 + 387°) . (3.99) 
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Figure 3.32: Nondimensional axial displacement EU, /(pQ?L*) versus nondimensional span. 
The solid and dashed lines correspond to the solutions from the strong and weak equilibrium 
statements, respectively. 








EU, /(pQ°L") | BU, /(pQ7L*) | Fy/(pAgQ?L*) | Fi/(pAgQ°L*) 
7 = 0.8 7 = 1.0 7 = 0.5 7 = 0.8 
Strong Statement 0.2426 0.2601 0.2292 0.0987 
Weak Statement 0.2326 0.2615 0.1962 0.1043 
difference -4.1% 0.54% -14% 5.6% 





























Table 3.1: Comparison of the exact and approximate solutions. 
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Figure 3.33: Nondimensional axial force F;/(AppQ?L*) versus nondimensional span. The 
solid and dashed lines correspond to the solutions from the strong and weak equilibrium 
statements, respectively. 


Fig. 3.33 compares the axial forces predicted by the two approaches. This result is of course 
different from that obtained from the strong statement, eq. (3.37). However, the two so- 
lutions are in reasonable agreement as shown in fig. 3.33 that depicts the distribution of 
nondimensional axial force along the span of the blade. Table 3.1 lists the predictions of the 
two approaches at various locations along the span of the blade. It is interesting to note that 
the correlation in predicted displacements is clearly better than for predicted axial forces. 


3.6.3 Problems 


Problem 3.12 


A helicopter blade of length LZ is rotating at an angular velocity 2 about the ig axis, see fig 3.12. 
The blade is homogeneous and its cross-section linearly tapers from an area Ag at the root to A, 
at the tip, A(z.) = Ao + (Ai — Ao)a1/L. Select Ap = 2 Aj. 


1. Solve the governing differential equations of this problem to find the axial displacement Uj (21) 
and the axial load F\(z1). 


2. Find an approximate solution of the problem using a weak formulation. Select the following 
forms for the displacement field Uy(a1) = a 21 +b x? and test function w(x1) = a 21+ 6 22. 


3. Compare the solution obtained in parts (1) and (2). Plot the exact and approximate axial 
displacement fields U;(21) on the same plot. Plot the exact and approximate axial force 
F\(x1) on the same plot. 
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Figure 3.34: Tapered beam subjected to gravity loads 


4. Comment on your results. How would you improve the approximate solution? 


Hint: A mass M rotating about and axis ig at an angular velocity 2 is subjected to a centrifugal 
force F, = MQ?r, where r is the distance between the mass and the axis of rotation. Hence, the 
helicopter blade is subjected to an axial load per unit span p;(a1) = pA(x1)Q?2x1, where p is the 
material density. 


Problem 3.13 


Consider the tapered beam of circular cross-section subjected to gravity loads, as shown in fig. 3.34. 
The root section is of radius r9, whereas the tip section has a radius r9/2. The radius linearly tapers 
along the length of the beam, r(a1) = ro{1—2x1/(2L)]. The acceleration of gravity is g, the material 
Young’s modulus & and density p. 


1. Solve the governing differential equations of this problem to find the axial displacement U (1) 
and the axial load F\(21). 


2. Find an approximate solution of the problem using a weak formulation. Select the following 
forms for the displacement field U(x) = a 21 +6 x7 and test function w(r1) = a 21+ 8 23. 


3. Compare the solution obtained in parts (1) and (2). Plot the exact and approximate axial 
displacement fields Uj(21) on the same plot. Plot the exact and approximate axial force 
F\(a1) on the same plot. 


3.6.4 The weak form for beams under transverse loads 


The differential equation of equilibrium of a beam under transverse loads, eq. (3.47), was 
derived earlier. This equation holds at all points over the span of the beam, i.e. for x, € 
(0, L]. At the loaded end of the beam, equilibrium requires the shear force to equal the 
applied transverse load, F>(L) = P2, and the bending moment must vanish, Ms = 0. These 
two equilibrium requirements are repeated here 


d? Ms 


aa 
Fy = Py, Ms = 0, r=L. 
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These equations are known as the strong statement of equilibrium and are used to construct 
the following integral statement 


L 2h Ac 
d° M. dw... 
| w(21) ie pa dx; + [w(L) (Fo — Po), + Ee Ms] =. (3.101) 
0 te dx, * 
Note that if the beam is in equilibrium eqs. (3.100) hold, and eq. (3.101) is satisfied for 
all arbitrary functions w(x,). Next, an integration by parts is performed on the first term 
appearing in the integral 


L 2 Fc L Me Me 
| a dt = -{ aus Spe ws i 
0 0 


axe dx, dx, 








The integration by parts is repeated for the first term on the right hand side of the equation 
and eq. (3.46) is introduced in the boundary term to yield 


" d? Ms dw dw - L 
Fe 8 de= | oY Me ae, — | Me] —[wR. 
| oy) dar} a | Gee fe I, Flo 


Introducing this result into eq. (3.101) leads to 


» Pw : dw 
i; ae Ms da. -{ wp. dr, — w(L)P, — —(0) M$(0) — w(0)F2(0) = 0. (3.102) 
0 aby 0 dx 


Since w(21) is an entirely arbitrary function, w(0) = dw/dzx,(0) = 0 can be selected and this 
choice yields 


L Cw L 
— Ms dz -{ wp2 dx, — w(L)P, = 0, 
[ 3 O41 aor 2 (3.103) 


die 
for all arbitrary w(21) such that w(0) = dw/dx,(0) = 0. 


This integral is known as the weak statement of equilibrium. It is now clear that the strong 
statement, eq. (3.100), implies the weak statement, eq. (3.103). On the other hand, it is easily 
shown that the weak statement implies the strong statement. Indeed, the weak statement 
implies eq. (3.102), which in turns implies eq. (3.101) by reversing the integration by parts 
processes. Finally, the strong statement of equilibrium is implied by eq. (3.101) because this 
equation must hold for all arbitrary choices of w(21). 

In summary, the strong statement, eq. (3.100), and the weak statement, eq. (3.103), are 
two entirely equivalent statements that both express the equilibrium conditions for the beam 
under transverse loads. 

The above reasoning still holds if different boundary conditions were applied to the prob- 
lem. The test function, or its derivative, should vanish at those locations where the transverse 
displacement, or rotation, of the beam are prescribed, respectively. More generally, the inte- 
gral appearing in the weak statement should vanish for all w(x) that satisfy the geometric 
boundary conditions. 
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Example 1: Simply supported beam under a uniform load 


Consider a simply supported, uniform beam of length L subjected to a uniform transverse 
loading p2(z1) = po, as depicted in fig. 3.20. The solution of this problem presented in 
section 3.5.9 was based on the strong statement of equilibrium. Note that this equation of 
equilibrium is not sufficient to lead to the solution of the problem; it must be complemented 
with a contitutive law and a strain displacement relationship. The solution of the same 
problem will now be derived with the help of the weak statement of equilibrium, eq. (3.103). 
Here again, this statement must be complemented by a contitutive law, eq. (3.44), and a 
strain displacement relationship, eq. (3.7) to yield 


L 2 2 i 

d*w d Up 

— I$; — = dx - dz, =0 
: dx? 33 dx? Xy [ WPo XY ’ 

This integral must vanish for all arbitrary w(x,) such that w(0) = w(L) = 0. The following 

forms will be assumed for the solution U2(x,) and the test functions w(2,) 


3 3 
U2(21) = a, sin — + a3 sin a? w(a1) = a, sin — + a3 sin i (3.104) 








where a and b are two unknown coefficients, and the coefficients a and ( are arbitrary 
since w(#) is itself an arbitrary function. Note that for this choice, the solution satisfies 
the geometric boundary conditions U2(0) = U2(L) = 0, and the test functions satisfy the 
conditions w(0) = w(L) = 0. With these approximations, the weak statement becomes 








iiss Ts [—ai (4) sin "2 — a3(2")? sin ana | [—-ai (4) sin "1 — a3(3) sin Snr | dx, 


0 E Ei L L E z 
i 
— fj po [or sin + a3 sin 3] da, = 0. 


This expression is now expanded and integrated, then the results are recast into a matrix 
from as 

o lee oO Q- 2poL 1 

~~ PES "30°28! |? oT Tae 


With these definitions, the weak statement is again of the form of eq. (3.88), and the weak 
statement then implies a set of linear equations, eq.(3.91). The displacement vector is now 


he Vo 2 FAL epee) A 

a3 fa odes 0 &l T 1/3 ; 
which yields the solution vector a, = 4p9L*/(m°IS3), a3 = 4poL*/(2437°Is3). Introducing 
these coefficients into the assumed solution, eq. (3.95) leads to 














Uz, = sin — + —~sin (3.105) 


— ApoL* [. may Ts 2 S8ne; 
L 243 L 


57 c 
wel ss 


This solution is clearly different from that obtained from the strong statement of equilibrium, 
eq. (3.68). Indeed, eq. (3.68) is an exact solution of the problem, whereas eq. (3.105) is 
an approximate solution. The approximation was introduced by assuming the form of the 
solution and test function in eq. (3.104). 
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Figure 3.35: Transverse displacement U2 (top figure) and discrepancy between approximate 
and exact solutions (bottom figure) versus nondimensional span. Exact solution: solid line; 
Approximate solution: dashed line (case 1), dash-dotted line (case 2). 


Fig. 3.35 depicts the distribution of nondimensional transverse displacement I§,U2/(poL*) 
over the span of the beam for both exact and approximate solutions. Two approximate so- 
lutions are shown: case 1 only includes the term in sin72z,/L, whereas case 2 represents the 
complete expression in eq. (3.105). At the scale of the figure, the exact and approximate 
solutions are indistinguishable. The lower portion of the figure shows the discrepancy be- 
tween the exact solution and both approximate solutions. The excellent agreement between 
the various solutions is also apparent in table 3.2. 


Finally, the bending moment distribution is obtained by introducing eq. (3.105) into 


























Tea] aL") | FeUa lol) | ME[pol?) | MET @0E”) 
7 = 0.25 7 = 0.5 7 = 0.25 7 = 0.5 
Strong Statement | 9.277 x 10~°° | 13.02 x 10-°° | 0.09375 0.125 
Weak Statement | 9.243 x 10~°8 | 13.07 x 10-°3 | 0.09122 0.129 
case 1 (-0.4%) (0.4%) (-2.7%) (3.2%) 
Weak Statement | 9.281 x 10~° | 13.02 x 107° 0.0946 0.124 
case 2 (0.04%) (-0.03%) (0.9%) (-0.8%) 











Table 3.2: Comparison of the exact and approximate solutions. 
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Figure 3.36: Bending moment Ms versus nondimensional span. Exact solution: solid line; 
Approximate solution: dashed line (case 1), dash-dotted line (case 2). 


eq. (3.44) to find 

Ano? [ . 12x, Ps Ib nora 
— nh — — sin 
ae i ee Re aD 
Fig. 3.36 compares the bending moments predicted by the two approaches. Here again, 


excellent agreement is observed between the various solutions, as confirmed by table 3.2. 








M3 (3.106) 


3.6.5 Problems 
Problem 3.14 


Consider a simply supported, uniform beam of length L subjected to a uniform transverse loading 
p2(x1) = po, as depicted in fig. 3.20. 


1. Solve the governing differential equations of this problem to find the transverse displacement 
Uo(x1), the bending moment M§(x1,), and the shear force F2(1). 


2. Find an approximate solution of the problem using a weak formulation. Select the following 
forms for the displacement field U2(21) = yo a; sin(2i—1)7a1/L and test function w(a#1) = 
Nmax 7 > 
ya ogsin(2i — 1) wai) Lh. 


3. Plot the exact and approximate transverse displacement fields U2(x1) on the same plot. For 
the approximate solutions use Nmax = 1, 2, 3, 4, and 5. 


4. Plot the exact and approximate bending moments M§(x1) on the same plot. 
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5. Plot the exact and approximate shear forces F2(xz ) on the same plot. 


3.6.6 The Principle of Virtual Work 


The weak statement of equilibrium was introduced in the above section. This statement 
involves arbitrary test or weighting functions w(2,) that satisfy the geometric boundary 
conditions, and is ideally suited for the derivation of approximate solutions of beam prob- 
lems, as demonstrated in the examples. The weak statement was introduced through a 
purely mathematical process, and consequently, its physical interpretation is not clear at 
this point. To help cast the weak statement in a more physical framework, the test functions 
are interpreted as follows 


where the right hand side read: “arbitrary variation in displacements” or “virtual displace- 
ments”. Note that eq. (3.107) is purely a matter of notation: the test functions are arbitrary 
functions that satisfies the geometric boundary conditions, and the virtual displacements are 
arbitrary displacements that satisfy the geometric boundary conditions. The two notations 
are entirely equivalent, although the latter carries a more physical meaning. Introducing this 
new notation into the weak statement of equilibrium, eq. (3.82), yields 


ce Ha a = SU dr; + 6U,(L)P. 
: aE ) dv, = : 1(@1) py AX, + 1( ) 1; (3.108) 


for all arbitrary 6U,(a1) that satisfy the geometric boundary conditions. 


The work done by a force equals the product of this force by the displacement of its 
point of application in the direction of the force. Hence, the work done by the tip load P, is 
P,U,(L). It is then logical to interpret the term 6U;(L)P, as the virtual work performed by 
the tip load P,. Similarly, the work done by the distributed load p, is We U,(21) p; dx, and 


i dU,(a1) py dx, is then the virtual work done by this distributed load. In summary, the 
right hand side of eq. (3.108) can be interpreted as the virtual work done by the externally 
applied loads. The left hand side of this equation corresponds to the the virtual work done 
by the axial for F,. Indeed te F, dU, = fe dU,/dx, F, dx; is the work done by the axial 


force, and de 6(dU,/dx,)F dx; is then the virtual work expression. 
Eq. (3.108) can thus be interpreted as follows 


Principle 1 (Principle of Virtual Work) A beam is in equilibrium if the virtual work 
done by the internal forces equals the virtual work done by the externally applied loads, for 
all arbitrary virtual displacements that satisfy the geometric boundary conditions. 


This statement is known as the Principle of Virtual Work. It is clear that the principle of 
virtual work is entirely equivalent to the weak statement of equilibrium, which in turns, was 
shown in section 3.6.1 to be entirely equivalent to the equilibrium conditions for the beam. 
Hence, the principle of virtual work is simply a statement of equilibrium of the beam, and 
to solve practical problems, it must be complemented with a contitutive law and a strain 
displacement relationship. 
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A more physical interpretation of the weak statement of equilibrium for beams un- 
der transverse loads, eq. (3.103), is found by introducing virtual transverse displacements 
dU2(x1). This leads to 


PUR L 
i ) (— dx? 2 ) M3 d¢7,.= i dU2(21) P2 dx, + 6U2(L )Po, 
0 


for all arbitrary ST that satisfy the geometric boundary conditions. 


(3.109) 


The right hand side of this expression clearly represents the vitual work done by the applied 
distributed load pz and tip concentrated load P,. The work done by the bending moment 
is Ni M§ d(dU2/dz1) = ies d?U2/dx} M§ dx. Hence, the left hand side of the expression 
can be iteroicied as the virtual work done by the bending moment. As a result, although 
the expressions of the principle of virtual work for beams under axial loads, eq. (3.108), 
and transverse loads, eq. (3.109), are different, their physical interpretation is identical, 
Principle 1. 

Approximate solutions for beam problems can be obtained from the principle of virtual 
work by following a procedure identical to that used with the weak statement of equilibrium. 
Consider, for instance, the first example of section 3.6.4. The principle of virtual work writes 


* du, , dy : 
[5 Bs Fae = [a0 ver) wo dey 


The following forms are then assumed for the solution U;(x,) and the virtual displacements 
ou, (x1) 
Uy(41) =aa,+b27; 6U,(21) = ba 2+ 68 22, (3110) 


where a and b are two unknown coefficients, and da@ and 6@ are arbitrary coefficients since the 
virtual displacement is itself arbitrary. These expressions should be compared with eq. (3.83). 
The rest of the procedure is identical to that outlined in section 3.6.4, and identical results 
are obtained. 


3.6.7 The Principle of Minimum Total Potential Energy 


The principle of virtual work developed in the above section is solely a statement of equilib- 
rium of the beam and must be complemented with a contitutive law and a strain displacement 
relationship to solve practical problems. In fact, the statement of the principle, eqs. (3.108) 
or (3.109), does not involve the stiffness characteristics of the structure, nor the strains. It is 
often convenient to incorporate all the information required for the solution of a problem into 
one single statement. To this effect, the constitutive law, eq. (3.17), and the strain displace- 
ment relationship, eq. (3.7), are introduced into the principle of virtual work, eq. (3.108) to 
find 


L L 
[5 B sB an = [oye m1 an + 004(0)P, (3.111) 
0 dx, dx, 0 


The integral on the left hand side can expressed as follows 


* dui, qi Pe Vd 2, dUres HP al 
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1/2 Se? is the strain energy density function, a(e,), defined in eq. (3.32). As discussed in 
section 3.4.7, if a differential element of the beam is deformed by an axial strain €,, the 
elastic energy stored in the slice of the beam is 1/2 Se?. The total amount of elastic energy 
stored in the deformed beam is then A(e€;) a a(€,) dx,. Hence, 


i 54) gg =f a(e,) dz, = 5A(E;). 


dx, dx, 


Eq. (3.111) now becomes 


L 
iC if SU dy POU (3.112) 
0 


This statement is interpreted as follows 


Principle 2 A beam is in equilibrium if virtual changes in the total strain energy equal the 
virtual work done by the externally applied loads, for all arbitrary virtual displacements that 
satisfy the geometric boundary conditions. 


An even more compact statement of this priciple can be obtained if the externally applied 
loads are assumed to be derived from a potential, that is 
Oo ow 


P= 


aoe ee 3.113 
OU," OU,’ ( ) 


pi(x1) = 


where @ is the potential of the distributed loads, and V the potential of the concentrated load. 
The term on right hand side of eq. (3.112) now becomes 


Ow 


O 
hee dU, (21) Pi dx, + dU,(L) = = dU ( (x1) OG dx, — dU, (L lau, 


OU, 
25 “ diy + wv = 60, 
where © is the total potential of the externally applied loads. Introducing this result in 


eq. (3.112) yields 
dA(E1) = —d®. 


Finally, the total potential energy I of the system is defined 
I=A+6, (3.114) 


and clearly 
él =0. (3.115) 


This statement is interpreted as follows 
Principle 3 (Principle of Minimum Total Potential Energy) A beam is in equilib- 


rium if the total potential energy is a minimum with respect to all arbitrary choices of virtual 
displacements that satisfy the geometric boundary conditions. 
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For beam subjected transverse loads, the total potential energy is still given by eq. (3.114). 
The strain energy is due to curvature, and the total strain energy in the beam is given by 
eq. (3.66). The total potential of the applied load combines the potentials of the distributed 
and concentrated transverse loads, 

Od ow 


ee. SP 11 
aus”? e216) 


p2(x1) = OU»’ 


respectively. The statement of the principle of minimum total potential energy, Principle 3, 
remains unchanged. 

The three principles derived thus far all express the equilibrium conditions for the beam, 
since all were derived from the weak statement of equilibrium. However, these principles are 
not all equivalent. The weak statement of equilibrium and the principle of virtual work are 
entirely equivalent and solely express equilibrium conditions for the beam; they provide no 
information about either constitutive law or strain displacement relationship. Equilibrium 
conditions stem from applying Newton’s Law to structures: the sum of all the forces acting 
on a differential element of the structure must vanish. Since Newton’s Law always applies 
to any structure, so do the weak statement of equilibrium and the principle of virtual work. 

On the other hand, the principle of minimum total potential energy is also a statement 
of equilibrium, but both constitutive law and strain displacement relationship have been 
worked into the statement of the principle. The principle of minimum total potential energy 
summarizes in a single, concise statement all the information required for the solution of 
structural problems. However, it is important to note that assumptions were made in the 
derivation of this principle. First, the existence of a strain energy density function was as- 
sumed. For linear elastic material behavior these function are given by eqs. (3.32) and (3.65), 
for beam under axial and transverse loads, respectively. Strain energy density functions ex- 
ist for more general material behavior such as nonlinear elastic or hyper-elastic materials. 
However, they do not always exist: for instance if a beam is bent past the elastic limit for the 
material, plastic deformation occur. In this platic regime, no strain energy density function 
exists. Similarly, visco-elastic and visco-plastic material behavior do not give rise to strain 
energy density functions. 

The second assumption made in the derivation of the principle of minimum total potential 
energy is that the applied load are derived from a potential. Many types of loading can indeed 
be derived from a potential. For instance, the potentials corresponding to a tip transverse 
load or a distributed load are V = —P,U2(L), and ¢ = —po(x1)U2(x1), respectively. Gravity 
loads are also derived from a potential. If the gravity vector g = g ig, the potential of the 
gravity loads is @ = m(x1)gU2(x1), where m(x,) is the mass per unit span of the beam. The 
resulting distributed gravity loading is pp = —m(a1)g, as expected. On the other hand, some 
types of loading of importance to aerospace structures, such as aerodynamic loads acting on 
a wing, cannot be derived from a potential. 

In summary, the weak statement of equilibrium and the principle of virtual work are 
the most general principles as they apply to all structural problem. Constitutive laws and 
strain displacement relationships must complement these priciples for the solution of specific 
problems. Applications of the principle of minimum total potential energy are limited to 
problem involving materials with constitutive laws that give rise to a strain energy density 
function, and applied loads that are derived from a potential. Finally, principle 2 is usefull 
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when a strain energy density function exist, but applied loads cannot be derived from a 
potential. 


3.6.8 The Principle of Virtual Work: general solution procedure 


The examples presented in the previous sections have demonstrated that approximate solu- 
tions of complex structural problem can be derived from the principle of virtual work. In 
this section, the solution procedure is described in general terms to underline the salient 
features of the method. The first step of the solution procedure is to assume specific forms 
for the displacements and virtual displacements 


Ui(21) = S/ hi(a1) i; dU; (21) = > 9i(1) Wi, (3.117) 


w=1 


where the qg; are unknown coefficients, often called degrees of freedom, that determine the 
solution of the problem, and the w; a set of arbitrary coefficients reflecting the arbitrary 
nature of the virtual displacements. The functions h;(7 ) and g;(x,) are sets of arbitrary 
functions called shape functions that each satisfy the geometric boundary conditions. In the 
examples treated in the previous sections, monomials or trigonometric functions have been 
selected as shape functions. Polynomial or trancendental functions can also be used so long 
as they form a set of linearly independent functions that satisfy the geometric boundary 
conditions. It is customary to select the same shape functions for both displacements and 
virtual displacement, i.e hi(a1) = gi(xi). Although this is a convenient choice, it is not 
required by the principle of virtual work. Expression (3.117) represent an approximation to 
the problem: the solution is assumed to consists of the linear combination of a finite number 
of shape functions, the magnitude of each coefficient q; indicates how much the corresponding 
shape function contributes to the final solution. For the exact solution, U;(2,) must be 
determined at each x; € [0, Z], i.e. at an infinite number of points; the solution is said to 
present an infinite number of degrees of freedom. Clearly, assumption (3.117) reduces the 
number of degrees of freedom from infinity to N. 

The same remarks can be made about the assumed form of the virtual displacements. The 
principle of virtual work requires that the virtual work done by the internal forces be equal to 
that done by the externally applied forces for all arbitrary choices of the virtual displacements 
that satisfy the geometric boundary conditions. This clearly calls for virtual displacements 
involving an infinite number of degrees of freedom. Here again, assumption (3.117) reduces 
the number of choices for the virtual displacements from infinity to N. 

It is convenient to recast the expressions for the assumed displacements and virtual 
displacements, eq. (3.117), to a matrix form 


Ui(01) = A(xa1) q;  6U, (21) = A(x) w, (3.118) 
where q? = |q%,¢2,-*: ,¢n| is the N dimensional solution array that stores the N degrees 
of freedom of the problem, and w? = |wj,w2,---,wy| the array of arbitrary coefficients 


representing the virtual displacements. The displacement interpolation matrix, H(x,), is 
defined as 


(21) = [hi (a1), he(21), h3(@1),°-* , Ana) ]- (3.119) 
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As is customary, the same shape functions were chosen to be identical for both displacements 
and virtual displacement, i.e. h;(x1) = g;(1), leading to identical interpolation matrices for 
both quantities. 

Next, the assumed displacements are introduced in the strain displacement relationship, 
eq. (3.7), to find the axial strain distribution 


€1(t1) = B(21) q, (3.120) 
where the strain interpolation matrix is 
B(a1) = [hi (a1), A (a1), h(a), ++ , Aly]. (3.121) 


It is clear that virtual strains are written in a similar manner 


sc 


du,’ = B(x) w. (3.122) 


With these notations, the principle of virtual work becomes 
Eb E 
| w’ B’SBq dx; = | w! H’p, dv, +w' AH! (L)P,. (3:123) 
0 0 
Clearly, the array of coefficients q and w can be extracted from the integrals, to yield 


L L 
w! i. B'SB an q=w | HT yp, a + wl H?(L)P,. (3.124) 
0 0 


The stiffmess matrix is defined as 
L 
ie | Bay GeO aa: (3.125) 
0 


Note that for a given choice of the shape function the stiffness matrix is an array of coefficients 
that can be obtained by integration along the beam span. Each entry of the matrix can be 
viewed as an average of the axial stiffness distribution weighted by products the assumed 
axial strain distributions. Next, the load vector is introduced 


Q = [ H? (x1)pi(a1) dx + HT (L)P,. (3.126) 


Here again, for a given choice of the shape function, the load vector is an array of coefficients 
that can be obtained by integration along the beam span. Each entry of the load vector 
corresponds to an average of the applied load distribution weighted by the various shape 
functions. This leads to the following compact expression of the principle 


w’ [kK q—Q] =0. (3.127) 


Since the array w can be chosen arbitrarily, the following N choices are selected: w’ = 
|1,0,0,--- ,0], w7 = [0,1,0,--- ,0|, w7 = [0,0,1,--- ,0], and finally w7 = |0,0,0,--- ,1]. 
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Each new choice give rise to a new equation, and the combination of this collection of N 
equations writes 


Ly [K q— Q] =0, (3.128) 


where [y indicates the N x N identity matrix. Of course, this identity matrix can be dropped 
to yield a set of algebraic equations for the solution vector 


K q=Q, (3.129) 


the solution of which simply is q = K~' Q. Once the degrees of freedom stored in the 
solution vector q are found, the solution of the problem, eq. (3.117), is entirely determined. 
The strains then follow from eq. (3.120), and finally, the constitutive law yields the internal 
forces. 

The general solution procedure using the principle of virtual work can be summarized by 
the following steps 


1. Select a set of shapes functions h;(x,) that satisfy the geometric boundary conditions. 


2. Construct the displacement interpolation matrix, eq. (3.119), and strain interpolation 
matrix, eq. (3.121). 


3. Compute the N x N stiffness matrix K according to eq. (3.125) and load vector Q 
from eq. (3.126). 


4. Solve the N x N set of linear equations kK q = Q for the solution vector q. 


5. Determine the strain distribution from eq. (3.120), and the internal forces from the 
constitutive law, eq. (3.17). 


From a mathematical stand point, this procedure involves the following types of opera- 
tion: integrations over the beam span for evaluating the stiffness matrix and load vector, the 
solution of a set of linear algebraic equations to obtain the solution vector, and linear algebra 
operations for the determination of the strain and internal force distributions. Of course, the 
process become increasingly tedious as the number of degrees of freedom increases. However, 
all the required operations are easily performed on a computer using numerical integration 
procedures for the evaluation of the stiffness matrix and load vector, and standard linear 
algebra software packages for all remaining operations. 

The general method was presented for beams under axial loads, but a nearly identical 
process can be developed for beams subjected to transverse loads. At first, specific forms for 
the transverse displacements and virtual displacements are assumed 


Up(21) = So Ai(e1) Gi 6U2(«1) = me hi(ay) wi. (3.130) 


w=1 


The displacement field is then Uj(#,) = H(x,) q, where the displacement interpolation 
matrix is here again given by eq. (3.119). Next, the curvatures are computed from eq. (3.7) 
to find «3 = B(x,) q where the strain interpolation matrix is 


B(a1) = [ht (11), ho (#1), hg (a1), +++ Rind. (3.131) 
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The rest of the procedure then mirors that presented above with the stiffness matrix and 
load vector defined as 


oS [ B(x)" I$3(41)B(21) day, (3.132) 
and . 
Q= [ H? (x1)po(x1) da, + H7(L)Py, (3133) 


respectively. 

It is interesting to note that the entire solution process is automated once the shape func- 
tions have been selected. For instance, example 1 of section 3.6.1 is an axial load problem and 
is characterized by a displacement interpolation matrix H(a,) = |x,, x7] and corresponding 
strain interpolation matrix B(x,) = |1, 271]. On the other hand, example 1 of section 3.6.4 
is a transverse load problem with corresponding quantities H(x,) = |sinaa,/L, sin 3a21/L| 
and B(2) = —(7/L)?|sinrz1/L, 9sin3721/L}. 


3.6.9 The Principle of Minimum Total Potential Energy: general 
solution procedure 

The principle of minimum total potential energy also leads to a general procedure for obtain- 

ing approximate solutions of structural problem. The methodology closely mirors that used 


in conjunction with the principle of virtual work. The first step of the solution procedure is 
to assume a specific form for the displacements field 


Ui(r1) = hi(x1) qi; (3.134) 


Next, the strain are expressed in terms of the assumed displacements, resulting in eq. (3.120), 
with the strain interpolation matrix defined in eq. (3.121). The total strain energy in the 
beam is now 


Tf 1 ' 1 
Ala) = 5 | be dty= 5 q’ i: BoB an| cS q' Ka, (3.135) 
0 0 


where the stiffness matrix K is identical to that defined in eq. (3.125). Next, the total 
potential of the externally applied loads becomes 


L 
d= fe dx; + UV =—q’ / HA" (x1)pi(21) ay —q' H'(L)P,=—-q?Q. = (3.136) 
0 0 


Here again, the load vector Q is equal to that found earlier, eq. (3.126). The total potential 
energy of the system, eq. (3.114), now simply writes 


Mi(q) = 5 a" Ka—a'Q. (3.137) 


According to the principle of minimum total potential energy, Principle 3, this expression 
should be a minimum with respect to all possible choice of the displacements. The possible 
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choices of displacements are now limited to the choice of the degrees of freedom q. In other 
words, the total potential energy is now a sole function of q, i.e. II = II(q). The minimum 
of a function of several variables is found by setting its derivatives equal to zero. Hence, the 
condition for minimization of II is 


oll 
—= kq—Q=0. 3.138 
Sq 7d Q (3.138) 
The solution vector q must satisfy a set of linear algebraic equations, identical to that found 
based of the principle of virtual work, eq. (3.129). 
The general solution procedure using the principle of minimum total potential energy 
can be summarized by the following steps 


1. Select a set of shapes functions h;(x,) that satisfy the geometric boundary conditions. 


2. Construct the displacement interpolation matrix, eq. (3.119), and strain interpolation 
matrix, eq. (3.121). 


3. Compute the total strain energy of the system A(q) = 1/2 q’ Kq, where the stiffness 
matrix is given by eq. (3.125). 


4. Compute the total potential of the externally applied loads ®(q) = —q?Q, where the 
load vector Q is given by eq. (3.126). 


5. Solve the set of linear equations kK q = Q for the solution vector q. 


6. Determine the strain distribution from eq. (3.120), and the internal forces from the 
constitutive law, eq. (3.17). 


The solution procedures based on the principle of virtual work and principle of minimum 
total potential energy are obviously closely related. Although the physical interpretation of 
the intermediate quantities is different, the major elements of the procedures, namely the 
stiffness matrix and load vector, are identical, and and so are the final solutions. 

The general method presented here for beams under axial loads, can be readily applied 
for beams subjected to transverse loads, by using the appropriate expressions for the stiffness 
matrix, eq. (3.132), and load vector, eq. (3.133). 

When the structural system to be analyzed comprises several elastic components, such 
as beams and springs, the strain energies of the various elastic elements are simply added 
together to find the total strain energy. Consider, for instance a beam with a concentrated 
spring at location 7; = aL subjected to transverse loads. The system now consists of the 
beam and spring, and the total strain energy is 


Tf tat ba Wass ‘ee 
A=5 lis (Gar)? des + 5 RU(OL). (3.139) 
The stiffness matrix is now K = K,+ K,, where K;j is associated with the strain energy of 
the beam in bending, and K, with the strain energy stored in the spring. K; is given by 
eq. (3.132), and the strain energy in the spring gives rise to K, 


1 1 1 
5 kU3 (aL) = 5 q’ [H*(aL)kH(aL)] q= 5 q’ K, q. (3.140) 
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Example 1: Simply supported beam with two elastic spring supports 


Fig. 3.23 depicts a simply supported beam of span L supported by two spring of stiffness k 
located at stations x; = aL and (1 — a)L, and subjected to a uniform transverse loading 
po. This problem was treated as example 3 of section 3.5.9, where the exact solution of the 
problem was obtained. This problem will now be analyzed with the principle of minimum 
total potential energy. The system under consideration consists of an elastic beam and two 
elastic spring. The strain energy for beam in bending is given by eq. (3.66), whereas the 
strain energy for the springs is 


1 1 
A, = 5 kU3(aL) + 5 kU3((1 —a)L), 


where k is the spring stiffness constant. The strain energy for the entire system is then the 
sum to the strain energies for the various components of the system 


Ep? Ses i eee Pi on 
The displacement interpolation matrix is now selected as 
H = |sin7n, sin37n, sin 57], 


where 7 is the nondimensional span variable. Note that the shape functions satisfy the 
geometric boundary conditions h;(0) = h;(1) = 0. The corresponding strain interpolation 
matrix becomes 

B=-—n"|sinrn, 3’?sin37n, 5? sin 5rn|. 


The stiffmess matrix for the beam then become 





[¢ ik T¢ a4 1 0 0 
Ky= 8 [ Bay" Bto) y= BE | 0 34 0 
9 0. -0' 5? 
The stiffness matrix associated with the spring is 
K, = H"(a)kH(a) + H"(1—a)kH(1—a) 
sin? Ta sin7a@ sin37a = sinza sindr7a 
= 2k] sin37a sin7a sin? 37a sin37a sin d7a 
sindOwa sinta sind7a sin37a sin? 57a 
The stiffmess matrix for the entire structure is now 
x 
a +2k* sin?ra =. 2k* sinta sin3ra =. 2k* sintma sind5ara 
L533 Beat 


+2k* sin? 32a 2k*sin3aa sind5ra |; 
474 
+ 2k* sin? 53a 





hj ths = * Sj i 
b+ 73 | 2k" sin3ra sin ra 5 


2k* sin 57a sinta 2k*sind5ra sin 37a 
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where k* = kL3/TIS, is the nondimensional spring stiffness. Next, the load vector associated 
with the uniform transverse load is computed 


1 


1 
2 
Gar ip Hj) dye 03 
0 aN 


The solution of the problem is then obtained by solving the linear set of equations K q = Q 
to yield the degrees of freedom q. This step is most easily performed numerically, since the 
inversion of the 3 x 3 stiffness matrix is a rather arduous task. If a single shape function had 
been selected, i.e. if H = |sina7]|, the solution would simply write 


= poLl* 2 
ae Is, (24/2 + 2k* sin? ra) 





The exact solution of the problem, eq. (3.74), will now be compared with the above 
approximate solution. Three cases, denoted case 1, 2, and 38, will be examined, correspond- 
ing to the displacement interpolation matrices H = |sinan|, H = |sinan, sin3an|, and 
H = |sinan, sin3an, sind5an|, respectively. Fig. 3.37 shows the nondimensional trans- 
verse displacement I$,U2/(poL*) for the exact and approximate solutions with the following 
choice of the parameters: a = 0.3 and k* = 10*. Due to the symmetry of the problem, the 
solution is presented over a half span only. Excellent correlation is observed between the 
exact and approximate solutions; at the scale of the figure, the predictions for cases 2 and 
3 are on top of the exact solution. Table. 3.3 quantifies the observed errors for the various 
approximations. 

The exact distribution of bending moment is given by eq. (3.75), and fig. 3.38 depicts 
the nondimensional bending moment M$§/(poL*) for the various solutions. Note that the 
exact solution presents a cusp at 7 = 0.3. This feature is not reproduced by the approximate 
solutions that consist of a sum of smooth functions. However, as the number of degrees 
of freedom increases, the quality of the approximation improves, as detailed in table 3.3. 
The errors in bending moments are much larger than those observed for the transverse 
displacements. 

Finally, fig. 3.39 shows the nondimensional shear force F)/(poL) for the exact solution, 
eq. (3.76), and the approximate solutions. The exact shear force distribution presents a 
discontinuity at 7 = 0.3 corresponding to the concentrated force the spring applies to the 
beam. Here again, this feature cannot be reproduced by the approximate solutions that 
consist of a sum of smooth functions. As the number of degrees of freedom increases, the 
approximate solution converge to shear force value corresponding to the average of the exact 
shear forces to the left and right of the discontinuity. However, this convergence is quite 
slow, as detailed in table 3.3. The larger errors observed in the predictions of bending 
moments and shear forces are expected since these quantities are obtained from higher order 
derivatives of the displacements. 


Example 2: Simply supported beam on an elastic foundation 


Consider a simply supported beam of length L subjected to a uniform transverse load po and 
supported by an elastic foundation of distributed stiffness k, as depicted in fig. 3.24. This 
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Figure 3.37: Transverse displacement [§,U2/(poL*) for the exact and approximate solutions 
versus nondimensional span. Exact solution: solid line; approximate solution case 1: dashed 
line, case 2: dash-dotted line, case 3: dotted line. 









































Exact | Case 1| Case 2| Case 3 
Solution | Error | Error Error 
‘Transverse 
displacement [10~°°] 
y= 015 5.6351 3.9% | -0.50% | -0.050% 
7 = 0.30 3.9068 | 0.03% | 0.003% | 0.0001% 
7=045 11.882 | -2.6% | -0.3% | -0.08% 
Bending 
moment [10~°] 
g=045 -5.1476 | -1.9% | -7.5% 3.6% 
7 = 0.30 12.205 | -42.% | -19.% -14.% 
7 = 0.45 -6.5452 | 6.1% | -3.6% 2.4% 
Shearing 
force [10~°?] 
7 = 0.15 -4.0683 | 64.% | -4.9% 51% 
7 = 0.30 0.9320 | -160.% | 14.% 35.% 
n = 0.45 5.000 95.% 6.9% 9.75% 














Table 3.3: Comparison of the exact and approximate solutions. 
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Figure 3.38: Bending moment M$/(p)L*) for the exact and approximate solutions versus 
nondimensional span. Exact solution: solid line; approximate solution case 1: dashed line, 
case 2: dash-dotted line, case 3: dotted line. 
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Figure 3.39: Shear force F)/(poL) for the exact and approximate solutions versus nondimen- 
sional span. Exact solution: solid line; approximate solution case 1: dashed line, case 2: 
dash-dotted line, case 3: dotted line. 
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problem was treated as example 4 of section 3.5.9, where the exact solution of the problem 
was obtained. The strain energy for beam in bending is given by eq. (3.66), whereas the 
strain energy for the elastic foundation is 


1 fe 
Ass => i; kU? (21) dz. 
2 Jo 
The strain energy for the entire system is then 


Tf 2c. 3dr Us bye 
A= a 33 ( dx? a dx + 3 i; kU3 (21) dx. 





The displacement interpolation matrix is now selected as 
H = |sin7n, sin3rn, sin 57n], 


where 7 is the nondimensional span variable. Note that the shape functions satisfy the 
geometric boundary conditions h;(0) = h;(1) = 0. The corresponding strain interpolation 
matrix becomes 

B=-—n*|sintn, 3’ sin3rn, 5° sin 5rn|. 


The stiffmess matrix for the beam then become 


10 

Te 1 [£74 
Kk, = 2 | Bln)’ Bln) dn = 2 0 3 
at (Ben) dn = S| o 


rs 
oo 





So 
On 
iS 


The stiffness matrix associated with the elastic foundation is 


1 kL 100 
Ky =kL [HT )H(n) ay =] 0 1 0 
0 00 1 
The stiffness matrix for the entire structure is now 
Ie 1 m+ + k* 0 0 
KS hot Kero o O 34x44 k* 0 , 
0 0 Son ak 


where k* = kL*/IS, is the nondimensional distributed stiffness. Next, the load vector asso- 
ciated with the uniform transverse load is computed 


1 


1 
2 
OF | H(a) dy — pp | 173 
0 ™! 1/5 


The solution of the problem is then obtained by solving the linear set of equations K q = Q 
to yield the degrees of freedom q. The solution for the transverse displacement writes 


sin 577 
5(5424 + k*) 


sin 377 
3(34a4 + k*) 


[33;U2 4 | sinwn 
m4 + k* 


poL4 = T 
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Figure 3.40: Transverse displacement I$,U2/(poL*) for the exact and approximate solutions 
versus nondimensional span. Exact solution: solid line; approximate solution case 1: dashed 
line, case 2: dash-dotted line. 


The exact solution of the problem, eq. (3.77), will now be compared with the above ap- 
proximate solution. Two cases, denoted case 1 and 2, will be examined, corresponding to the 
displacement interpolation matrices H = |sin an, sin3an|, and H = |sin7n, sin3an, sin 57n], 
respectively. Fig. 3.40 shows the nondimensional transverse displacement I$;U2/(poL*) for 
the exact and approximate solutions when k* = 8 x 10°. Good correlation is observed and 
quantitative results are shown in Table. 3.4. 

The exact distribution of bending moment is given by eq. (3.78), and fig. 3.41 depicts the 
nondimensional bending moment M$/(poL*) for the various solutions. Here again, the errors 
in bending moments are much larger than those observed for the transverse displacements. 
However, as the number of degrees of freedom increases, the quality of the approximation 
improves, as shown in table 3.4. 


3.6.10 Problems 
Problem 3.15 


A simply supported beam of span L is supported by two spring of stiffness k located at stations 
x, = aL and (1—a)L, and is subjected to a uniform transverse loading po, as depicted in fig. 3.23. 
Use the Principle of Minimum Total Potential Energy to find an approximate solution for this 


problem using the following assumed transverse displacement field Uz = S7/'™4* ap sin(2n—1)ra1/L. 
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Exact | Case 1 | Case 2 

Solution | Error | Error 
‘Transverse 

displacement [10~%*] 

7 = 0.50 1.3364 | -2.3% | 0.4% 

Bending 
moment [107°] 
y= 010 -3.5381 | -32.% | -6.4% 








Table 3.4: Comparison of the exact and approximate solutions. 
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Figure 3.41: Bending moment Mé/(poL*) for the exact and approximate solutions versus 
nondimensional span. Exact solution: solid line; approximate solution case 1: dashed line, 
case 2: dash-dotted line. 
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Figure 3.42: Simply supported beam with mid-span and end point springs. 


. Find the exact solution of the problem from the solution of the governing differential equation 


and associated boundary conditions. 


. Find the approximate displacements distribution for the problem. On a single graph, plot 


the exact solution and the approximate solutions using an increasing number of terms in the 
series, i.e. plots with nmar = 1,2,3,4,5. Quantify the error in maximum displacement as 
Nmax increases. Use k* = RELATE = 10* and a = 0.3. 


. Find the approximate bending moment distribution for the problem. On a single graph, plot 


the exact solution and the approximate solutions using an increasing number of terms in the 
series, i.e. plots with nmar = 1,2,3,4,5. Quantify the error in maximum bending moment 
aS Nmax Increases. 


. Check the overall equilibrium of the problem for both the exact and approximate solutions. 


In view of the symmetry of the problem, overall equilibrium implies ppl = 2R + 2kU2(L/3), 
where R is the reaction at either end of the beam, and kU2(L/3) the force either elastic 
spring. Comment on your results. 


. Based on a simple free body diagram, show that for the exact solution the shear force presents 


a discontinuity at the elastic springs. What happens in your approximate solution? Comment 
and explain your results. On a single graph, plot the exact solution and the approximate 
shear force distribution using an increasing number of terms in the series, 7.e. plots with 
Nmax = 1,2,3,4,5. Quantify the error in maximum bending moment as Naz increases. 


Problem 3.16 


Consider a simply supported, uniform beam of length LZ with two end point torsional springs of 
stiffness k; and a mid-span spring of stiffness kg. The beam, shown in fig. 3.42, is subjected to a 
uniform transverse loading p2(x1) = po. 


ilk 


Solve the governing differential equations of this problem to find the transverse displacement 
U2(a1), the bending moment M§(x1), and the shear force F2(21). 


. Find an approximate solution of the problem using the principle of minimum total poten- 


tial energy. Select the following forms for the displacement field U2(71) = a, sin7a1/L + 
a3 sin 7321/L. 


. Plot the exact and approximate transverse displacement fields U2(x1) on the same plot. 


. Plot the exact and approximate bending moments M$(x 1) on the same plot. 
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5. Plot the exact and approximate shear forces F2(x;) on the same plot. 


6. Expain why the approximation is so poor. Hint: look at the bending moment plots. 


It will be convenient to work with nondimensional spring stiffnesses kf = k,L/IS, and ky = 
kgL?/IS3. For your plots, select ki = 10.0 and k3 = 100.0. 


Problem 3.17 


A simply supported beam of span L is subjected to forces of magnitude P located at stations 
x, = aL and (1 — a)L, as depicted in fig. 3.27. The beam has a bending stiffness Jp and is 
reinforced in its central portion where its bending stiffness is j. Use the Principle of Minimum 
Total Potential Energy to find an approximate solution for this problem using the following assumed 


transverse displacement field Uz = S°/"9? ay, sin(2n — 1)ra1/L. 


1. Find the exact solution of the problem from the solution of the governing differential equation 
and associated boundary conditions. 


2. Find the approximate displacements distribution for the problem. On a single graph, plot 
the exact solution and the approximate solutions using an increasing number of terms in the 
series, 7.e. plots with nmaz = 1,2,3,4,5. Quantify the error in maximum displacement as 
Nmax increases. Use I, /Ip = 2 and a = 0.3. 


3. Find the approximate bending moment distribution for the problem. On a single graph, plot 
the exact solution and the approximate solutions using an increasing number of terms in the 
series, z7.e. plots with nmaz = 1,2,3,4,5. Quantify the error in maximum bending moment 
aS Nmax Increases. 


4. Based on a simple free body diagram, show that for the exact solution the shear force presents 
a discontinuity at the point of application of the transverse loads P. What happens in your 
approximate solution? Comment and explain your results. On a single graph, plot the exact 
solution and the approximate shear force distribution using an increasing number of terms 
in the series, te. plots with nmar = 1,2,3,4,5. Quantify the error in maximum bending 
moment aS Nmaz increases. 


Problem 3.18 


The lower beam depicted in fig. 3.28 is of length 22 and is simply supported at both ends. The 
upper beam of length L + a is cantilevered at the root, supported by the lower beam at point A, 
and subjected to a uniform tranverse loading po. Both upper and lower beams have a uniform 
bending stiffness Jp. 


1. Find the exact solution for the transverse deflection of the lower beam under a mid-span 
concentrated load. Show that the lower beam can be replaced by a concentrated spring of 


stiffness constant 
61 


pe 

2. Find the exact solution of the problem from the solution of the governing differential equation 
and associated boundary conditions for the upper beam. Replace the lower beam by the 
equivalent spring of stiffness constant given above. Model the interaction between the upper 
beam and equivalent spring by a force X, yet unknown. The magnitude of this force is found 
by equating the displacements of the upper beam and spring at point A. 


keg 
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3. Find an approximate displacement distribution for the upper beam. Use the Principle of 
Minimum Total Potential Energy using the following assumed transverse displacement field 


Mmax 


U2(r1) = SO ag el, 
n=0 


Use L/a = 2. On asingle graph, plot the exact and approximate solutions using an increasing 
number of terms in the series, i.e. plots with mma, = 0,1,2,3,4. Quantify the error in 
maximum displacement as Nmax increases. 


4. Find the approximate bending moment distribution for the problem. On a single graph, 
plot the exact and approximate solutions using an increasing number of terms in the series, 
i.e. plots with nmax = 0,1,2,3,4. Quantify the error in maximum bending moment as Nmax 
increases. 


5. Based on a simple free body diagram, show that for the exact solution the shear force presents 
a discontinuity at point A. What happens in your approximate solution? Comment and ex- 
plain your results. On a single graph, plot the exact and approximate shear force distributions 
using an increasing number of terms in the series, 7.e. plots with nmax = 0,1,2,3,4. Quantify 
the error in maximum shear force aS Nmax increases. 


Problem 3.19 


The cantilevered beam depicted in fig. 3.29 is of length LZ, uniform bending stiffness J33, and is 
subjected to a uniform distributed load po. A concentrated spring of stiffness constant k is connected 
to the beam at a distance a from its root. 


1. Find the exact solution of the problem from the solution of the governing differential equations 
and associated boundary conditions for the cantilevered beam. It will be necessary to solve 
the problem in two parts, for the segments to the right and left of the spring, then applying 
continuity conditions at this point. It will be convenient to define the non-dimensional spring 
constant j 

i 
I33 

2. Find an approximate displacement distribution for the beam. Use the Principle of Minimum 

Total Potential Energy using the following assumed transverse displacement field 


Mmax 


U2(#1) = S- one 
n=0 


Use L/a = 3 and k* = 100. On a single graph, plot the exact and approximate solutions 
using an increasing number of terms in the series, 7.e. plots with nmax = 0,1,2,3,4. Quantify 
the error in maximum displacement as Nmax increases. 


3. Find the approximate bending moment distribution for the problem. On a single graph, 
plot the exact and approximate solutions using an increasing number of terms in the series, 
i.e. plots with nmax = 0,1,2,3,4. Quantify the error in maximum bending moment as Mmax 
increases. 
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4. Based on a simple free body diagram, show that for the exact solution the shear force presents 
a discontinuity at the connection point for the spring. What happens in your approximate 
solution? Comment and explain your results. On a single graph, plot the exact and approx- 
imate shear force distributions using an increasing number of terms in the series, 7.e. plots 
with nmax = 0,1,2,3,4. Quantify the error in maximum shear force as Nmax increases. 


Chapter 4 


Three-Dimensional Beam Theory 


In the previous chapter Euler-Bernoulli theory was developed for beams under axial and 
transverse loads. However, the analysis was limited to a planar deformation of the beam. 
This behavior can be observed, for instance, when the cross-section of the beam presents a 
plane of symmetry and the applied loads are acting in this plane of symmetry. 

In numerous practical applications, the cross section of the beam is of arbitrary shape and 
the applied loads act along several distinct directions. Consider an aircraft wing: the cross- 
section is of a complex shape involving curved skins and two or more spars, and the wing 
is subjected lift and drag forces. In the case of a helicopter blade, a very large centrifugal 
force generated by the rotation of the blade is also present. Similarly, machine components 
often operate in a complex, three-dimensional loading environment. 

Fig. 4.1 shows a beam of arbitrary cross-sectional shape subjected to a complex three- 
dimensional loading. This loading consists of distributed and concentrated axial and trans- 
verse loads, as well as distributed and concentrated moments. The axial and transverse 
distributed loads p;(x1), po(z1), and p3(x,) act in the direction i;, iz, and is, respectively. 
The same convention is used for the concentrated loads P;, Po, and P3. The distributed 
moments qg2(x1) and q3(x1) act about the axes ip and is, respectively. The concentrated mo- 
ments Q2 and Q3 act about the same axes. Fig. 4.1 depicts concentrated forces and moments 
acting at the tip of the beam, but in practical situations, such concentrated loads could be 
applied at any span-wise location. The notation used in this text for the various loads is 
summarized in table 4.1 

This three-dimensional loading is general, with an important exception: no torsional 
loads are applied, and the transverse loads are assumed to be applied in such a way that 
the beam will bend without twisting. This important restriction will be removed in a later 








Loading Type Notation Units 
Distributed loads pi(21), P2(41), p3(x1) | N/m 
Concentrated loads P,, Po, P3 N 
Distributed moments go(21), 93(21) N.m/m 
Concentrated moments Q2, Q3 N.m 























Table 4.1: Loading components acting on the beam. 
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Cross-section 


Figure 4.1: Beam with arbitrary three-dimensional loading. 


chapter, after the study of the torsional behavior of beams. 

As mentioned earlier, the cross-section of the beam is of arbitrary shape. The origin of 
the axes is at an arbitrary point of the cross-section and the orientation of the axes ig and 
is within the plane of the section is arbitrary, as depicted in fig. 4.1. The centroid of the 
section of coordinates (X2-,23-) is as yet undetermined. 


4.1 Kinematic description 

The development of the three-dimensional beam theory starts with the three Euler-Bernoulli 
assumptions discussed in section (3.1). Theses assumptions are of a purely kinematic nature 

and were shown to imply the following displacements field 
ua(%1, 2,03) = Uy (1) + (23 — 3c) P2(x1) — (2 — Tre) 3 (x1); (4.1) 
U2(21, £2, L3) — U2(2#1); U3(X1, £2, X3) = U3(a1). (4.2) 

The corresponding strain field was shown to be: 

a 0; 63. 0; 723 = 0; (4.3) 
y2=0; is = 0; (4.4) 


€4(X1, £2, %3) = €1(%1) + (&3 — Xe) Ko(T1) — (Lo — Lae) K3(L1); (4.5) 


4.2. SECTIONAL CONSTITUTIVE LAW mH 


4.2 Sectional constitutive law 


Consider now a linear elastic, isotropic material for which the stress-strain relationship is 
adequately described by Hoocke’s Law, eq. (3.15). Since the cross-section does not deform 
in its own plane, the stresses g2 and o3 acting in the plane of the section are far smaller 
than the axial stresses 0, and Hoocke’s law was shown to reduce to (3.15). The axial stress 
distribution is found by introducing eq. (4.5) into eq. (3.15) to find 


01(21, £2, 23) =F [ex (21) + (x3 = L3¢e) K(21) = (x9 <= L2) K3(21)| (4.6) 


The axial force F,, and the bending moments Ms and Ms about the centroid are now 
evaluated by introducing this axial stress distribution into eqs. (3.9) and (3.12), respectively, 
to find 


Fi (21) 5. 5 —S5 €1(21) 
M3(x1) | = S$ Ih, —1}3 K2(21) (4.7) 
M3(21) —S3 —I53 133 K3(21) 
where the following sectional stiffness coefficients were defined: 
oS i: Fahl So | Ee = Ga) dO eS i E (a3 — %3¢) dQ; (4.8) 
Q Q Q 
I59 = i: Bay aed de ls = | E (a9 — £2)" dQ; (4.9) 
Q Q 
13 = ; E (x2 — X2¢)(%3 — L3e) dQ. (4.10) 
Q 


The axial stiffness S was found in section (3.4) to characterize the axial stiffness of the beam 
and in section (3.5) the bending stiffness [$, was found to characterize the bending behavior 
of the beam about the axis is. The bending stiffness /5, plays the same role, but for bending 
about the axis ig. [3 is called the cross bending stiffness. 

Equations (4.7) express a linear relationship between the sectional stress resultants and 
the sectional strains. They are the constitutive laws for the cross-section of the beam. It is 
important to note that the axial force is not simply proportional to the axial strain, nor are 
the bending moments simply proportional to the curvatures. Indeed, the behavior is fully 
coupled through the sectional coupling stiffness coefficients S$, S$, and [S,. An axial force 
F, will appear as a result of an axial strain €,, but also in the presence of curvatures K2 or 
k3. Similarly, a bending moment appears as a result of either K2 or K3 curvatures, but also 
in the presence of an axial strain €,. 


4.3 Sectional equilibrium equations 


To complete the theory, equilibrium equations must now be derived. Consider an infinites- 
imal slice of the beam of length dx, as depicted in fig. 4.2. Summing all the forces in the 
axial direction yields the axial equilibrium equation 


dF; 


ae —p,(x4) (4.11) 
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Fe 
F, + ail dx, 
i 1 D(x, ax, ax, 
<—— —- —» ——> 
Ly 





dx, 


Figure 4.2: Free body diagram for the axial forces. 


Fig. 4.3 depicts the transverse loads and bending moments acting on an infinitesimal slice 
of the beam, focusing on the (ij, ig) plane. A summation of the forces along axis ig gives the 
transverse equilibrium equation 


dF 
—=- : 4.12 
ae p2(x1) ( ) 


Finally, a summation of the moments taken about the centroid (x2., 73.) along an axis parallel 
to ig yields 
ad MS 
dx 1 





+ Fy = —93(#1) + pi(21) (2a — Lac). (4.13) 


Since the moment equilibrium is taken about the centroid, the distributed axial load p, 
applied at a point of coordinates (Xa, 73.) creates a distributed moment pdx (L2q — Lac), 
where (22q — Ya.) is the moment arm. 

Similarly, fig. 4.3 also depicts the transverse loads and bending moments acting on an 
infinitesimal slice of the beam, focusing on the (i,,i3) plane. Summing the forces along axis 
ig gives the second transverse equilibrium equation 


dP, 
dx, 


and the summing of the moments taken about the centroid along an axis parallel to ig leads 
to 


= —p3(21), (ag 


dMg 
dx 1 





— Fs = —q2(21) — pi(t1) (3a — Lc). (4.15) 


The shear forces F> and F3 can be eliminated from the equilibrium equations by taking a 
derivative of (4.15) and (4.13), then introducing eqs. (4.14) and (4.12), respectively, to yield 
the bending moment equilibrium equations 


PMS 
dx? 





= =pslts) ~ [lesa — se) piler) + aalea) (4.16) 
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D(x, dx, li, 


M; 








P,(x,)dx, | dx, | q3(%, )ax, 






dM‘ 





Cc 
M,+ 


dx, 
apes tite 2 nen ies Pel. _ 
L 


Fy + a dx, 
dx, 


dx, 


p(x, )dx, | dx, | q(x, dx, 


Figure 4.3: Free body diagram for the transverse shear forces and bending moments. 


114 CHAPTER 4. THREE-DIMENSIONAL BEAM THEORY 


4.1 
ae (4.17) 


[(%20 = L¢)P1 (21) = q3(21)). 


4.4 Governing equations 


The governing equations of the problem are obtained by introducing the sectional constitutive 
laws eq. (4.7) into the equilibrium equations, eqs. (4.11), (4.16), and (4.17), then using the 
definition of the sectional strains (3.7) to find 


dU, ,,d?Uz ~~, d?U3 























d 

Se eG ee tee la 4.18 
dx dx ada # da? | oe) 

@ 24 - U2 . ’Us d 
dx? -s3 ei I33 dx? 153 dx? | = par Tn, |" — L2¢)p1 — 93! (4.19) 

d? dy, . U2 . CU d 
ie -ss da Pa) ae | = gor Te, ls — ©3c)P1 + Go| (4.20) 

The boundary conditions at the root of the beam are: 
dx, dxy 


which corresponds to vanishing displacements and slopes at the root of the beam. At the 
tip of the beam, the boundary conditions deal with the applied tip loads and moments: 
Po=Pyy Fo = Po; $3 = Ps; 
M3 = Q3 — (Toa — Lae) Py; Mg = Qo + (3a — 23¢) Pi. 
Introducing the sectional constitutive laws (4.7) and using the definition of the sectional 
strains eq. (3.7) yields the boundary conditions expressed in terms of displacements as: 


(4.22) 























95 4 15S + TTP = Qs — (an — te) Pi 
-s5 | 5 | ne = —Q2 — (faq — Bae) Pi; (4.23) 
= -s52 i ie a = Pp — [(f2a — X2e)~1 — 4s]; 


The governing equations of the problem are in the form of the three coupled differential 


equations (4.18), (4.19), and (4.20), for the three sectional displacements U, , U2 , and 
U3. The equations are second order in the axial displacement U;, and fourth order in the 
transverse displacements U2, and U3. There are ten associated boundary conditions, five at 
each end of the beam (4.21) and (4.23). Boundary conditions corresponding to various end 
configurations can be easily derived, as described in section (3.5.4). 
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4.5 Decoupling the three-dimensional problem 


The governing equations described in the previous section are fully coupled equations, and as 
such present two major drawbacks: first, they are fairly difficult to solve, and second, their 
solution is difficult to interpret in physical terms. Indeed, as pointed out earlier, an axial 
displacement can result from an applied axial load but also from applied bending moments. 
Similarly, transverse displacements can result from applied bending moments but also from 
applied axial loads. 

It is important to note that the theory developed in the previous section is very gen- 
eral. In particular, the coordinates (2., 73.) of the centroid are as yet arbitrary, as are the 
orientations of the axes ig and is which can be arbitrarily rotated within the plane of the 
cross-section, i.e. about i,;. The question to be raised in this section is whether a judicious 
choice of the location of the centroid and of the axes orientation can simplify the governing 
equations of the problem. 


4.5.1 Definition of the centroid 


Consider first the sectional stiffnesses S$ and S§ defined in (4.8). They can be made to 
vanish by an appropriate choice of xo, and x3,, indeed: 


Q Q 
imply 
1 1 
L246 = Ta ‘A EB v2 dQ; £30 > FT ik EB X3 dQ, (4.25) 
S Jo S Jo 


which define the coordinates of the centroid. The constitutive laws for the cross-section (4.7) 
can be inverted to find 


€ 1/5 0 0 Fi 
ko |= | 0 I%/A Is,/A || Me |, (4.26) 


where A = 5,15, — IS,J$,. The axial stress (4.6) is now expressed in terms of the stress 

resultants 

T33M3 + 13M3 
A 


I53My + Ty.M3 
A 


Fy 


O=E E + (x3 — £3¢) — (2 — Lo) (4.27) 


S 


4.5.2 Definition of the principal axes of bending 


Consider now the sectional stiffness /§, defined in (4.10). It can be made to vanish by an 
appropriate choice of the axes orientation. By definition, the principal axes of bending are 
such that 


I3 = | E (£2 — L2¢)(£3 — L3c) dO = 0. (4.28) 
Q 


The procedure for determining the orientation of the principal axes of bending is detailed 
in section (4.6). Let i} and i§ be the orientations of the principal axes of bending and S* a 
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Cartesian reference frame defined by ij, i5, and i3. Of course, the axis of the beam remains 
unchanged, and ij = ij. The notation (.)* will be used to indicate quantities measured in 
on: 

In this frame of reference, the constitutive laws for the cross-section (4.7) take the fol- 
lowing, fully decoupled form 





Fy Ms My 
FT MMS 4.29 
€1 S* ) a) ps ’ K3 Pe ( ) 
The corresponding axial stress distribution (4.6) becomes 
F Fx f 2 Mee ‘ ! M<re 
oj =f = + (#3 — £3.) ae — (x3 — £3.) ae (4.30) 
22 33 


4.5.3. Decoupled governing equations 


The appropriate definition of the location of the centroid (4.24), and orientation of the orien- 
tation of the principal axes of bending (4.28) considerably simplifies the governing equation 
of the problem (4.18) to (4.20) which now decouple into three independent equations, de- 
scribing the axial and bending behaviors of the beam. 


The axial problem 
First, the extensional problem is governed by the following equation 


Cae; 
A = —p', 4.31 








subjected to the following boundary conditions at the root and tip of the beam 


dy 
aay 





Gg HUc. Up =O; “Gr Hi fb = PF, 


This extensional problem is identical to that discussed in section (3.4). Note that S = S* 
since the axial stiffness is not affected by a rotation of axes ig and ig. 


The first bending problem 


* 


Second, the bending problem in the pane (ij, i3) is governed by the following differential 
equation 
dae 33 oo =r clay (2a — £3,)P1 — 4%] (4.32) 
subjected to the following boundary conditions at the root: 
dUs 


@rt=0: Uz =0; = 0; 
oa Z Yaa ; 
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and at the tip: 











* deus * * * Bd 
Q@r,=L: 1335 3 oe Q3= (Poy = Soe) i 
vy 
d au 2k * * ok ok 
~ dat [i af = Pz — |(#2q — £2)Pi — q3\L- 


The second bending problem 
Finally, the bending problem in the plane (ij, i) with the following governing equation 


ti | sau 


ok d * * ok * 
da? 22 | = p3 + = [(®3a — £3-)Pi + Wl (4.33) 


dx} 
subjected to the following boundary conditions at the root: 


dU 


@r, = 07. UU; =0; de’ 





and at the tip: 











* ad U8 o* * * ok 
@rp=L: Ty d a = ~Q2— (83, — 23.) Py 
vy 
d od Ue 2K * * * o* 
~ dat [is =] Ee = (730 = ©3¢)Pi fe qalz- 


Note that the two bending problem are identical problems written in the two orthogonal 
planes defined by the principal axes of bending. Each bending problem is identical to the 
bending problems discussed in section (3.5). 

If the principal axes of bending are selected with their origin at the centroid, then x3. = 
x3, = 0 in the above equations. It is clear that the rotation of the axes to the principal 
directions takes place about axis i,. Hence, ij = i,, x} = 71, US = U;, etc. The notational 
difference is made to emphasize the fact that all quantities in the decoupled equations are 
measured along the principal axes of bending. 


4.6 The principal axes of bending 


Consider an arbitrary set of axes ig, ig with their origin at the centroid of the section, as 
depicted in fig. 4.4. Consider now a new set of axes iy”, i3° defined by rotating the first set 
of axes by an angle a*. Denoting (x2, 73) and (#5 x3) the coordinates of a point P measured 
along ig, i3, and ig”, i3*, respectively, the following transformations are readily obtained 


* 


Lo = 22 cosa" +a3sina"; 2x£3 = —xX2sina* + r3cos a". (4.34) 


The centroidal bending stiffnesses in the ip", is” system can be computed using eq. (4.9) 
to find: 


LS | E (—22sina* + x3. cos a*)?dQ; 
Qa 
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Figure 4.4: Rotation of the axes of the cross-section. 


ie. = | E (x2 cosa* + 23 sin a*)*dQ; 
Q 


LoS | E (a2 cosa* + 43 sina*)(—x2 sina®* + x3 cosa*) dQ. 
Q 


Note that the coordinates of the centroid are zero since the axes are centered at the centroid. 
Expanding these expressions gives: 


Is = IS, cos’ a* + If, sin? a* — 218, sin a* cos a*; 
IxS = IS, sin? a* + IS cos” a* + 21, sin a* cos a*; 
*C c c : * * c 2% BAD 
Ios = (Ig — 153) sin a* cos a* + I53(cos* a* — sin“ a*). 
With the help of basic trigonometric identities, these expressions are rewritten as 


33 + 152 L337 Lo 





i= ae 5 cos 2a* — Ij, sin 2a"*; (4.35) 
[s+ Is . Is — IS. 
ize = 38 22 5 22 5 33 __22 5 2 cos 2a* + If, sin 2a"; (4.36) 
*C I33 <= D3 . * c * 
i= 5 Sin 2a* + IS; cos 2a". (4.37) 


By definition (4.28), the principal axes of bending i}, i are such that [35 = 0. Eq. (4.37) 
yields the following equation for a*: 


2153 


tan 2q* = ——"_.. 
[33 — [55 


(4.38) 


4.7. SUMMARY OF THE THREE-DIMENSIONAL BEAM THEORY he 


This equation gives the orientation of the principal axes of bending 15, 13 with respect to io, 
iz. However, this definition is ambiguous as two solutions are possible for a* that differ of 
90°. To determine the principal axes of bending unequivocally it is convenient to use the 
following relationships 


Ie Tc, —I¢ 
sin 2a0* = ae cos 2a* = ae (4.39) 
where 
fa 2 
A= (22) + (Ig5)? (4.40) 


This is clearly equivalent to (4.38), but give a unique solution for a*. The principal centroidal 
bending stiffnesses are now computed by introducing the orientation of the principal axes 
(4.39) into eqs. (4.35) and (4.36), to find 


Fis + Lon 
2 


I35 + Ian 


[e¢ — 
22 9 


-A; I= +A. (4.41) 
The angle a* computed from (4.39) gives the orientation of the principal axis of bending i} 
about which the principal centroidal bending stiffness [35 is minimum. 

In summary, the orientation of the principal axes of bending is obtained according to the 


following procedure. 
1. Compute the centroid of the section using (4.25); 


2. Compute the centroidal bending stiffnesses in an arbitrary coordinate system using 
eqs. (4.9) and (4.10); 


3. Compute the orientation of the principal axes of bending using eq. (4.39); 
4. Compute the principal centroidal bending stiffnesses using eq. (4.41). 


It is interesting to note that the principal axes of bending are axes about which the 
bending stiffnesses are extremal: minimum about ig, and maximum about ig. Indeed, the 
bending stiffness is expressed in terms of a* in (4.35). The minimum value of [3$(a*) occurs 
when its derivative with respect to a* vanishes: 


Og If — IS. 
22 — 88 "22 9.sin 2a” — 12, 2 cos 2a* = 0. (4.42) 
Oa* 2 





This condition is identical to (4.38). Similarly, the value of a* which maximizes [3$(a*) is 
the very same value once more. In summary, the principal axes of bending are such that 135 
vanishes, and the corresponding bending stiffnesses are extremal. 


4.7 Summary of the three-dimensional beam theory 


Three-dimensional beam problems can be solved by following either of the two equivalent 
approaches described here. 
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Approach 1 
1. Select an arbitrary set of axes i,, ig, i3, and project all applied load along these 
axes. 
2. Compute the sectional stiffness coefficients (4.8), (4.9), and (4.10). 


3. Solve the three coupled governing differential equations (4.18) to (4.20), subjected 
to the boundary conditions (4.21) and (4.23). 











Approach 2 





1. Compute the location of the centroid using (4.25). 


2. Compute the orientation of the principal axes of bending ij, i5, i3, and the prin- 
cipal centroidal bending stiffnesses according to the procedure described in sec- 
tion (4.6), 


3. Project all applied load along the principal axes of bending. 


4. Solve three independent problems: an extensional problem (4.31) and two bending 
problems (4.32) and (4.33), subjected to the appropriate boundary conditions. 


The two approaches will give identical results. The unknowns of the problem in the first 
approach are the displacements U,, U2, and U3 along an arbitrary set of axes, whereas the 
displacements U;*, UZ, and UZ along the principal axes of bending are the unknown of the 
second approach. The solution of the three coupled differential equations of the first approach 
is, in general, quite difficult to obtain. In the second approach, additional work, namely the 
computations of the centroid location and principal axes of bending orientation, is initially 
required. However, the solution phase then reduces to solving three decoupled differential 
equations. 


4.8 Example 


To demonstrate the use of the two approaches to three-dimensional beam problems a simple 
problem will be solved using both approaches, showing that identical results are obtained. 
Consider the uniform cantilevered beam subjected to a uniform transverse load pp as depicted 
in fig. 4.5. The beam is thin walled, i.e. t/a < 1, and made of a homogeneous material of 
Young’s modulus E. 


4.8.1 Approach 1 


In this approach the first step is to select an arbitrary axis system: an axis system ij, ig, is 
that conveniently represents the geometry of the problem is shown in fig. 4.5. The next step 
is to compute the various sectional stiffnesses. The axial stiffness is computed first using 
(4.8) 

S = E [at + 2at + at] = 4atL. 
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Figure 4.5: Cantilevered beam under a uniform transverse load. 


In this approach the centroid location is arbitrary, and conveniently chosen as x, = %3. = 0. 
Hence, 


SS=E Jat(—<) + 2at(0) + at(5)| = 0; 


Ss = E [at(—a) + 2at(0) + at(a)] = 0. 


The bending stiffnesses are compute from (4.9) 


























at? t(2a)? . Jat? 8a2tE 
If, = E |(— ; ta’)| & 

ta? G?.. Da) - ta" a? 2a3tE 
as — E | t t SS ——_, 
= iS a age Tage >) 3 


where the thin wall approximation t/a < 1 was used. Finally the cross bending stiffness is 
obtained form (4.10) 

a 
2 
Though the selected axis system conveniently describes the geometry of the problem, it does 
not coincide with the principal axes of bending which are characterized by a vanishing cross 
bending stiffness. 

The third step of this approach is the solution of the governing equations which write 


PU, 
dx? 


Sp [at(—$)(-2) + 2at(0)(0) + at )(a)| = @tE. 
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, LU; dU,  _, dU; 


: aus és 
= 0; 23 Gat 22 dat = Po- 


<a ey + << s 
dae eo dae 


The boundary conditions at the root are given as (4.21), and at the tip 




















dU, 
S.- S0, 
dx, : 
Us Us <n “ete «ox Uige s 
33 dae T 8 da? = 0; 3a? Ty 22 dae = 0; 
BAUD” ep Wat IS” wengty,.. wala Ue 
33 dx? T £93 di = 0; 23 di T £99 dx? = 0. 


The first equation is decoupled from the last two. Its solution is U; = 0. The last two 
equations are coupled but a simple algebraic manipulation yields: 
d'Us3 _ IS3Po _ 6po 











d*Up ue I53Po at We, Ipo_ a = 
Proceeding in a similar manner for the boundary conditions yields 
dU: dU: 
@zr, =0:U, = — =0; U; = —2 =0; 
dx, dx, 


2 3 2 3 
Ora eo, eee) 
day day day da; 
Solving these two decoupled equations gives the solution of the problem 
90 Nee XY 4 Ly 3 XY 2 
oe ee iG = ; 4.43 
Un(a1) = — ses |(F)t- 4G) + 6)" ; (4.43) 


L 
6p is Viva T1\3 2 
= [St 4S + (S|; 
The displacements at the tip of the beam are 


9 poL* 
U2tip = — 56 astE? Ustip = = 





(4.44) 





4.8.2 Approach 2 
In this approach, the first step is to compute the location of the centroid using (4.25), to 


find 
E {at(—$) + 2at(0) + at($)| a ae E [at(—a) + 2at(0) + at(a)] _ ‘ 
’ 3G Aat Se 


a A4atE 
The centroid happens to be located at the origin of the axes in this example. The next step 
is the computation of the orientation of the principal axes of bending. Equation (4.39) yields 
—@tE if 


On aXtE 1 ae 
sInzaq = 35 Cos 24Q = ESCO = - 
atEV2 /2 3th /2 J2 
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Py COS 67.5" 


Figure 4.6: The principal axes of bending for the thin walled section. 


The principal axis of bending i} is oriented at a a* = 67.5° angle with respect to axis ig as 
shown in fig. 4.6. The principal centroidal bending stiffnesses are found from eq. (4.41) 


5a3tE 





xC 
I55 = 


5 5 
— @tEV2 = Ga V2)etE; Ii = Gt V2)a3tE. 


The applied load are now projected along the directions of the principal axes of bending 
to find 


D> = 99 008 22.5°> -p, = pasin 22.5°. 


The last step consists of the solution of three independent problems. As in the first approach 
the extensional problem yields Uf = 0. The two decoupled bending problems are 


ess 2 Ndr : 
33 ad = po COS 22.5"; toe at = po sin 22.5°. 


subjected to the following boundary conditions at the root: 








dU; dU; 
“1 a ae Se os 
and at the tip: 
aust. Us Us. Gaus 
Op SLs <a ahr SS 
71 aan age? ges *~algeh® 
The solution of these two decoupled equations is: 
pocos 22.50 [ae a ee si 
(27) = ———_—— — |(—)* —4(= 6(—)*| ; 4.45 
Posi SOL? | ayy es tix 
(27) = ——_—— — |(—)* —-4(= 6(—)*]. 4.46 


The corresponding deflections at the tip of the beam become 


ye = 3c0s22.5 pol* _, — 3sin22.5 poL* 
2tip 24(3 + V2) astE’ 3tip 24(3 — V2) aetE 
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4.8.3 Discussion of the results 


The two approaches give the displacements in two different coordinate system. The dis- 
placements Uz and U3 given by eqs. (4.43) and (4.44), respectively, are the components 
of displacements along the axes ig, iz, respectively, whereas the displacements U} and U3 
given by eqs. (4.45) and (4.46), respectively, are the components of displacements along the 
principal axes of bending 13, i3, respectively. However, these two results describe identical 
deformations of the beam. Indeed, fig. 4.6 shows that the two sets of displacement are related 
through the following expressions 


UZ = U2 cos 67.5° + U3 sin 67.5°; Us = —U sin 67.5° + Us cos 67.5°. 


The displacement fields found in the two approaches identically satisfy this expression. 

It is important to note that though the applied load acts in the i3 direction only, the 
beam displaces in both iz and ig directions. Actually the tip displacement component in the 
ig direction is larger than that in the is direction. This is due to the fact that the bending 
behaviors in the i; ig and i, i3 planes are coupled, as expressed by the coupled governing 
equations (4.18), (4.19), and (4.20). 

This behavior is more easily understood when considering the results of the second ap- 
proach. Indeed, the bending behaviors of the beam along the principal axes of bending 
are decoupled. This means that the load p3 applied along the i3 direction produces a dis- 
placement along the 15 direction only. Similarly, the load p3} applied along the i; direction 
produces a displacement along the 13 direction only. The displacement along the ij, direction 
is fairly small because the bending stiffness [35 that characterizes bending about the i3 axis 
is maximum. On the other hand, the displacement in the i3 direction is large because the 
bending stiffness [35 that characterizes bending about the i} axis is minimum. The resulting 
displacement U3, when resolved along the axes ig and i3, has the expected upward com- 
ponent, together with a leftward component. This explains the negative sign of the U2 in 
(4.43). 


4.8.4 Problems 
Problem 4.1 


Consider the thin-walled, L shaped cross-section of a beam as shown in fig. 4.7. Let b = 0.25 m, 
h=0.1 m, and t = 2.5 x 107% m. 


1. Find the location of the centroid of the section. 


2. Find the orientation of the principal centroidal axes of bending. 


Problem 4.2 


Fig. 4.8 depicts a cantilevered beam subjected to a tip axial load P applied at the lower left edge 
of the section. The length of the beam is L = 106, the upper and lower flanges are of length b and 
3b/2, respectively, the web is of height h = 2b and the wall thickness t = 6/10. 


1. Determine the location of centroid of the section. 
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Figure 4.7: Thin-walled, L shaped cross-section. 
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Figure 4.8: Cantilevered beam with Z-section under tip axial load. 


2. Determine the bending stiffnesses [5,, [§3, and $3 for the axis system shown on the figure. 


3. Determine the orientation of the principal axes of bending, ij and i3, and the principal 
centroidal bending stiffnesses 155, [35. 


4. Solve this problem in the coordinate system shown on the figure to determine the displace- 
ments U;(x1), U2(x1), and U3(x1), as well as the cross-sectional rotations ®2(x7 ) and ®3(21). 


5. Solve this problem in the coordinate system defined by the principal axes of bending to deter- 
mine the displacements Uj(21), Uj(x1), and U3(«1), as well as the cross-sectional rotations 
®3(x1) and ®3(2}). 


6. Show that the two above solutions are identical. 


7. Find the three components of displacement at the point of application of the load P, EbU,/P, 
EbU2/P, and EbU3/P, respectively. 
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8. Find the axial stress distribution at the root of the beam. Plot this distribution over the 
root section. Where does the maximum axial stress occur? Use the nondimensional stress 
b? OL / P. 


Chapter 5 


Torsion 


In the previous chapters, the behavior of beams subjected to axial and transverse loads was 
studied in detail. In chapter 4, a fairly general, three dimensional loading was considered, 
with one important restriction: the beam is assumed to bend without twisting. However, 
twisting is often present in structures, and in fact, many important structural components 
are designed to primarily carry torsional loads. 

Power transmission drive shafts are a prime example of structural components designed 
to carry a specific torque. Such components present solid, or thin-walled circular sections. 
Numerous other structural components are designed to carry a combination of axial, bending, 
and torsional loads. For instance, an aircraft wing must carry the bending and torsional 
moments generated by the aerodynamic forces. The behavior of structural components 
under torsional loads is the focus of this chapter. 


5.1 Torsion of circular cylinders 


Consider an infinitely long, homogeneous, solid or hollow circular cylinder subjected to end 
torques Q, of equal magnitude and opposite directions as depicted in fig. 5.1. The cross- 
section of the cylinder can be a circle of radius R, or a circular annulus of inner and outer 
radii R; and R,, respectively. This problem is characterized by two types of symmetries: 
first a circular symmetry about the i, axis, and second, a symmetry with respect to any 
plane normal to i,. 

These symmetries imply a number of constraints on the kinematics of the deformation 
of the system. First, all sections must remain circular and rotate about their own center. 
This is a direct consequence of the circular symmetry of the problem which implies that the 
deformation of all radial material lines must be identical. Second, the cross-section does not 
deform out-of-plane, in other words, the section does not warp out of its own plane. Indeed, 
such a deformation cannot take place in view of the symmetry about any cross-sectional 
plane. Third, any radial line of the cross-section must remain straight during deformation, 
since any curvature of this line would violate the symmetry of the problem about the sectional 
plane. Finally, the angle between two radial lines of the cross-section is unaffected by the 
deformation, as required by the circular symmetry of the problem. 

In summary, each cross-section rotates about its own center like a rigid disk. This is the 


er 
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Figure 5.1: Circular cylinder with end torques. 
only deformation compatible with the symmetries of the problem. 


5.1.1 Kinematic description 


Let ®,(2 ) be the rigid rotation of the cross-section. This rotation brings point A of the 
section to A’. Fig. 5.2 shows the polar coordinates r and a defining the position of point A. 
The sectional in-plane displacement field writes: 


U2(21,7,a) = —r®,(x1) sina;  u3(xz1,7, a) = r®,(x1) cosa. (5.1) 


The magnitude of the rigid body rotation is assumed to be small so that the segment 
AA’ can be approximated by a straight line of length r®,. Since the cross-section does not 
deform out of its own plane, the axial displacement field must vanish, i.e. uy(x1, 22,73) = 0. 
The transformation from polar to Cartesian coordinates is 


eo=T cosa; 27— 7 sind. (5.2) 


The complete displacement field describing the torsion of circular cylinders expressed in 
Cartesian coordinates now becomes 


U1 (21, 2, L3) = 0; (5.3) 


U2(%1, 2,03) = —1391(21);  Ug(1, V2, %3) = Ti (21). (5.4) 
The corresponding strain field is readily obtained as: 


Ou, 


cee Ee) 5.5 


Ey 
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Figure 5.2: In-plane displacements for a circular cylinder. 


= Oug nie = Ouz ott = Oug Ou3 os 
&2 => ass = 0; €3 = Ox = 0; 23. x3 oH ax5 — 0; (5.6) 
O O O O 
aise eee ai Bs Mt 4 S38 = 5 (21), (5.7) 
Ox2 Ox1 


13 = xs o. 
where the sectional twist rate is defined as 


® 
K1(21) = ee (5.8) 
The axial strain field (5.5) vanishes because the section does not warp out-of-plane; and 
the in-plane-strain field (5.6) vanishes since the in-plane motion of the section is a rigid 
body rotation. During torsion, the only non vanishing strain components are the out-of- 
plane shearing strains, eq. (5.7). This strain field is not easily visualized in rectangular 
coordinates. The radial and circumferential shearing strain components in polar coordinates 


denoted 7, and 7a, respectively, are related to the Cartesian component as 
Vp = 712 COSA+713SINA; Yq = —7J12SiNa + 713 COS a. (5.9) 

Introducing (5.7) yields the out-of-plane shearing field in polar coordinates 
al Gs FO) eg (gt) ee) (5.10) 


It is now clear that the only non vanishing strain component is the circumferential shearing 
strain Y_ which is proportional to the twist rate «,, and varies linearly from zero at the 
center of the section to its maximum value R «; along the outer edge of the cylinder. It is 
of course independent of a, as required by the cylindrical symmetry of the problem. 
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Figure 5.3: Distribution of circumferential shearing stress over the cross-section. 


5.1.2 The stress field 


Let the cylinder be made of a linear elastic material that obeys Hoocke’s law, eq. (1.91). In 
view of the strain field (5.7), the only non vanishing stress components are 


125 —Gxr3 K1(21); 7113 = Gro K1(21), (5.11) 


where G is the shearing modulus of the material. Once again, polar coordinates are more 
convenient to visualize the stress field which is readily obtained from eq. (5.10) 


Pl big hs a) a 0; Tol E157) Q) = Gr K4 (21), (5.12) 


where 7, and T, are the radial and circumferential shearing stress components, respectively. 
The distribution of the circumferential shearing stress over the cross-section is shown in 
fig. 5.3. 


5.1.3 Sectional constitutive law 


The torque acting on the cross-section at a given span-wise location is readily obtained by 
integrating the circumferential shearing stress T, multiplied by the moment arm r to find 


M,(21) = jae AQ. (5.13) 
Introducing the circumferential shearing stress, eq. (5.12) then yields 
M,(21) = [Grete dQ = J K1(21), (5.14) 
where the torsional stiffness of the section was defined as 


LS i Gr? dQ. (Salis) 
Q 
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Figure 5.4: Torsional loads acting on an infinitesimal slice of the beam. 


Relationship (5.14) is the constitutive law for the torsional behavior of the beam. It expresses 
the proportionality between the torque and the twist rate, with a constant of proportionality 
J called the torsional stiffness. 


5.1.4 Equilibrium equations 


The equations of equilibrium associated with the torsional behavior can be obtained by 
considering the infinitesimal slice of the cylinder of length dx, depicted in fig. 5.4. Summing 
all the moments about axis i, yields the torsional equilibrium equation 


dM, 
dx, 





= —qQ. (5.16) 


5.1.5 Governing equations 


Finally, the governing equation for the torsional behavior of circular cylinders is obtained by 
introducing the torque (5.14) into the equilibrium equation (5.16) and recalling the definition 


of the twist rate ; ae 
Ne ine 5.17 
< =] is (5.17) 


This second order differential equation can be solved for the twist distribution ©, given the 
torque distribution q,. 

Two boundary conditions are required for the solution of eq. (5.17), one at each end of 
the cylinder. Typical boundary conditions are: 


1. A fixed (or clamped) end allows no rotation, i.e.: 


©, = 0; (5.18) 
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2. A free (unloaded) end corresponds to M; = 0, which in view of eq. (5.14) write: 


gor: 0; (5.19) 
dxy 


3. Finally, if the end of the cylinder is subjected to a concentrated torque Q,, the boundary 
condition is M, = Q,, which becomes: 
d® 
Jie 
dx, 


= Q1. (5.20) 


5.1.6 The torsional stiffness 


The torsional stiffness J of the section characterizes the stiffness of the cylinder when sub- 
jected to torsion. If the cylinder is made of a homogeneous material, the shearing modulus 
is identical at all points of the cross-section and can be factored out of integral (5.15) which 
is then easily evaluated in polar coordinates 


27 R T 
— c | | r? rdrda = —GR’. (5.21) 
0 Jo 2 
For a circular tube the second integral extends from the inner radius R; to the outer radius 
R, to find 
Qn Ro T 
i. c | | r? rdrda = glRe — Ri) (5.22) 
A common situation of great practical importance is that of a thin-walled circular tube. 


Let the mean radius of the tube be R,, = (R, + R;)/2, and the wall thickness t = R, — Rj. 
The thin wall assumption implies 


t 
— <1. 5.23 
RE, < (5.23) 
The torsional stiffness of the thin-walled tube then becomes 
Fz SG(Re + R2)(R, + R;)(R, — Rj) © 2nGR? 1. (5.24) 


Consider now a thin-walled circular tube with several layers of different materials through 
the wall thickness, as depicted in fig. 5.5. Assuming the material to be homogeneous within 
each layer with a shearing modulus G"! in layer i, the torsional stiffness becomes 


-5> Ge [( Reale — (RE)4) ; 


For a thin-walled tube, each layer will be thin, and the above approximation can be used 
once again to find: 


Rew Re 
rare yoann (F — (5.25) 


From this expression it is clear that the torsional ee is a weighted average of the shearing 
moduli of the various layer. The weighting factor t! (Ri + Rl) / 2)" strongly biases the 
average in favor of the outermost layers. 
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Figure 5.5: Thin-walled tube made of layered materials. 


L, 


5.1.7 The shearing stress distribution 


The local circumferential shearing stress can be related to the sectional torque by eliminating 
the twist rate between eqs. (5.12) and (5.14) to find 

gene) tr: (5.26) 

Zt 

This shearing stress distribution was depicted in fig. 5.3. The maximum shearing stress 
occurs at the outer edge of the solid cylinder and can be readily evaluated with the help of 
(5.21) 

max __ 2M, (21) 

OSs Bees 
For a circular tube, the maximum shearing stress occurs once more along the outer edge of 
the tube, and for (5.22), writes 


(5.27) 


ae 2RoM, (x1) 
NE ee 
= TORE BI 
If the circular tube is thin-walled, the shearing stress is nearly uniform through the thickness 
of the wall and is 


(5.28) 


max __ M, (x1) 

. Qn R2t 

In contrast, the shearing stress distribution for thin-walled sections with various layers 
will be nearly uniform within each layer 





(5.29) 





sah: ol BEY + RY M, (x1) 


; ae (5.30) 


where the torsional stiffness J was computed in eq. (5.25). 
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Once the local shear stress has been determined, a strength criterion is applied to deter- 
mine whether the structure can sustain the applied loads. Combining the strength criterion, 
eq. (2.9), and eq. (5.27) yields (GR/J) |Mj(x1)| < Tanow. Since the torque varies along the 
span of the beam, this condition must be checked at all point along the span. In practice, it is 
convenient to first determine the maximum torque denoted M, max, then apply the strength 
criterion 


GR 
lM eae S Tallow: (5.31) 


If the section consists of layers made of various materials, the strength of each layer will, 
in general, be different, and the strength criterion becomes 
Gur 
oo 





|M, png — rll (5:32) 


—= ‘allow’ 
where ral is the allowable shear stresses for layer 7. The strength criterion must be checked 
for each material layer. 


5.1.8 The strain energy 


Consider an infinitesimal slice of the beam acted upon by a torque M,. Under the effect of 
this torque, the end cross-sections of the slice rotate of a differential amount d®,. If this 
deformation is proportional to the applied moment, the work dW done by the torque as it 
increases from zero to its present value M, is 


1 1. de, 
dW = — M, d®, = ~ M,; — dry. 
9 1 1 9 1 dey Ly 
This work is given by the area under the torque-twist rate curve. Introducing the sectional 


constitutive law, eq. (5.14), and the curvature displacement relationship, eq. (5.8), leads to 
1 
dW = 5 JKi dazy. (5.33) 


The work done by the torque is stored in the slice of the beam in the form of strain energy, 
and the quantity 


1 
a(Ky) = a Je (5.34) 


is known as the strain energy density function under twist rate. Eq. (5.33) expresses the fact 
that the work done by the torque equals the amount of strain energy stored in the slice of 
the beam. The total work done by the torque distribution in the beam is now 
1 fe 
W= a J«i dz, = A(k1), (5.35) 
0 
and equal the total amount of strain energy stored in the beam, A(«,). 
Sometimes, it is preferable to express the deformation energy stored in the beam in terms 
of the torque by using eq. (5.14), to find 
L M2 


A(K1) = : a dz, = B(M,). (5.36) 
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b(M,) = M?/2.J is known as the stress energy density function. B(M;) is the total deforma- 
tion energy stored in the beam expressed in terms of the torque, also called complementary 
energy. 


5.1.9 Rational design of cylinders under torsion 


The shearing stress distribution in a cylinder subjected to torsion was shown in fig. 5.3. 
Clearly, the material near the center of the cylinder is not used very efficiently since the 
shearing stress becomes very small in the central portion of the cylinder. A far more efficient 
design is the thin-walled tube. Indeed, the shearing stress becomes nearly uniform through 
the thickness of the wall, and all the material can be used at full capacity. 

For a homogeneous thin walled tube, the mass of material per unit span is m = 27R,,,tp, 
where p is the material density. The torsional stiffness (5.24) now writes 


PS ER. (5.37) 
p 


Consider two thin-walled tubes made of identical materials, with identical masses per unit 
span, and mean radii R,,, and Ri,,, respectively. The ratio of their torsional stiffnesses, noted 


J and J’, respectively write 
Dh as vo 


For identical masses of material, the torsional stiffness increases with the square of the mean 
radius. When subjected to identical torques, the shear stresses in the two tubes are noted 
T, and r/,, respectively. Their ratio is 


Tee 
oS Bs (5.39) 
For identical masses of material, the shearing stress decays in proportion to the mean radius. 

The ideal structure to carry torsional loads clearly is a thin-walled tube with a very 
large mean radius. There often exist practical limits on how large the mean radius can be. 
Furthermore, very thin-walled tubes can become unstable, a phenomenon called torsional 
buckling. This type of instability puts a limit on how thin the wall can be. 


5.2 Strength under combining loading 


Consider an aircraft propeller connected to a homogeneous, circular shaft. The engine applies 
a torque to the shaft resulting in the shear stress distribution described in section 5.1.7. 
On the other hand, the propeller creates a thrust that generates a uniform axial stress 
distribution over the cross-section. If the torque were to act alone, the strength criterion 
would write T < Tallow. If the axial force were to act alone, the corresponding criterion would 
be 0 < Gatlow. The question is now: what is the proper strength criterion to be used when 
both axial and shear sresses are acting simultaneously? 
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5.2.1 Von Mises strength criterion 


Consider an isotropic, homogeneous material subjected to a general three-dimesional state 
of stress. The following equivalent stress is defined 


1/2 
Oeq = lot + Ges + Tas — 022033 — 033011 — 011022 + ais + Fs + To) / j (5.40) 


Von Mises strength criterion postulates that under combined loading, the safe stress level is 
such that the equivalent stress is smaller than the allowable stress, 


Oeq 2 O allow: (5.41) 


At first, consider the case of a bar under an axial force. The sole non vanishing stress 
component is 71;, the equivalent stress become ogg = 011, and the strength criterion writes 
O11 < Sallow. This result is identical to the strength criterion discussed in section 2.2. 

Next consider the case of a material under pure plane shear, 7.e. all stress components 
vanish except for 712. The equivalent stress become o¢q = J3 T 12, and the strength criterion 
T12 < Callow/ /3. This important result implies that the allowable shear stress is related to 
the allowable axial stress as 


Tallow = allow (5.42) 


ed 
This result is found to be in excellent agreement with experimental measurements, providing 
an experimental verification of Von Mises strength criterion. The following examples describe 
various applications of this criterion. 





Pressure vessel 


In section 2.6, a pressure vessel subjected to internal pressure was shown develop both hoop 
stresses o, = pR/e and axial stresses 0, = o,/2. Since all other stress components vanish 








the equivalent stress become oe, = [a7 + 02 — onaq]'/?. Von Mises criterion now implies 
V3 pR 2 €Callow EO allow 
— — < Oanow, OF a ~ 1.15 4 5.43 
2 @ 7 Vall Ps V3 oR R ( ) 


It is interesting to note that if the strength criterion was erroneously applied by taking 
into account the sole hoop stress (the maximum stress component) the safe service internal 
pressure would be p < edanow/R, a more stringent condition. 


Propeller shaft 


Consider an aircraft propeller connected to a homogeneous, circular shaft of radius R. The 
engine applies a torque M, to the shaft and the propeller exerts a thrust F\. The corre- 
sponding stresses are 





2M, Fy 
T= TR’ and Oo= TR?’ (5.44) 
respectively. Von Mises criterion then requires 
F INE s\o 
(Fa) +3) Seat (5.45) 
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Figure 5.6: Failure criterion in the nondimensional load space. Loading combinations inside 
the ellipse correspond to safe conditions. 


for safe service load conditions. It is convenient to rewrite the criterion in a non dimensional 


form as 
F, : M, 2 
+ 12 <1. 5.46 
( TR? Callow ) ( RE? Oiiisw ) 7 ( ) 


Fig. 5.6 shows the geometric interpretation of the criterion: safe loads correspond to com- 
binations inside an ellipse in the nondimensional load space, nondimensional axial force 
F/(aR?oanow) versus nondimensional torque M,/(7R?o tow): 





Shaft under torsion and bending 


Consider a circular shaft subjected to both bending and torsion, as would occur, for instance, 
in a cantilever shaft with a tip pulley. Let M3 and M, be the applied bending moment and 
torque, respectively. The corresponding stresses are 





2M3 2M, 
Oo= TR’ and T= TR’ (5.47) 
respectively. Von Mises criterion then requires 
2M3 OMe 
a +3(Fa | Seas (5.48) 
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Figure 5.7: Pressure vessel subjected to an external torque. 


for safe service load conditions. Here again, these safe load conditions corresponds to the 
inner portion of an ellipse 


M3 2 M, 2 
4 + 12 a4: 5.49 
( TR O allow ) ( Te O allow ) 7 ( ) 


in the nondimensional loading space, nondimensional bending moment M3/(mR°catow) Versus 
nondimensional torque M,/(7R?canow)- 





5.2.2 Problems 
Problem 5.1 


Consider the pressure vessel subjected to an internal pressure p; and an external torque Q. The 
pressure vessel is of radius R and wall thickness t. Use Von Mises criterion to compute the failure 
envelope in the space defined by Q/(tR?aanow) and pj R/(toanow): 


5.3. Torsion of bars with arbitrary cross-sections 


When analyzing the torsional behavior of circular cylinders, the circular symmetry of the 
problem led to the conclusion that each cross-section rotates about its own center like a 
rigid disk. If this type of deformation were assumed to remain valid for a bar of arbitrary 
cross-section, the displacement field (5.3) and (5.4), and the corresponding strain field (5.5) 
to (5.7) would also describe the kinematics of bars with arbitrary sections. The only non 
vanishing stress component would be the circumferential shearing stress (5.12). 
Unfortunately, this assumption can lead to grossly erroneous results because it implies a 
solution that violates the equilibrium equations of the problem at the edge of the section. 
Consider, for instance, the torsion of a rectangular bar as depicted in fig. 5.8. The circum- 
ferential shearing stress T, given by eq. (5.12) is shown along the edge of the section, and 
is resolved into its Cartesian components T12 and 713. The shearing stress component Ty2, 
normal to the edge of the section must clearly vanish since the edges of the bar are stress 
free. Hence, the only allowable shearing stress component along the edge is 713, and the 
stress distribution (5.12) violates equilibrium conditions along the edge of the section. 
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Figure 5.8: Shearing stresses along the edge of a rectangular section. 


5.3.1 Saint-Venant’s solution 


Consider a solid bar with a cross-section of arbitrary shape denoted 2. A closer look at the 
problem reveals that for a bar with arbitrary sections, each section rotates like a rigid body, 
but it is allowed to warp out of its own plane. This type of deformation is described by the 
following displacement field 


Uy(X1, La, £3) = WV (x2, #3) K(x); (5.50) 


U2(#1, 2, £3) = —23®,(2x1); U3(21, £2, L3) = LP (x1). (5251) 


The in-plane displacement field (5.51) describes a rigid body rotation of the cross-section, 
as was the case for the circular cylinder. However, the out-of-plane displacement field does 
not vanish: it is proportional to the twist rate and has an arbitrary variation over the cross- 
section described by the unknown warping function V(x2,73). This warping function will be 
determined by enforcing equilibrium conditions for the resulting shearing stress field. It will 
be further assumed that the twist rate is constant along the axis of the bar, i.e. K1(21) = 1. 
This restriction is known as the uniform torsion problem. 
The strain field associated with the assumed displacement field is 


€2 >= 0; 63 0; 723 = 0; (5.53) 
OV OV 
Vo (= = vs) Ki; V3 = (= ag v2) Ky. (5.54) 


The vanishing of the axial strain (5.52) is a direct consequence of the uniform torsion as- 
sumption, whereas the vanishing of the in-plane strains (5.53) stems from the rigid body 
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rotation assumption for the in-plane motion of the section. The only non vanishing strain 
components 7yj2 and 713 depend on the partial derivatives of the unknown warping function. 

We now focus on bars made of a linear elastic, isotropic material that obeys Hoocke’s 
law (1.91). The stress field is then readily found as 


a, = 0; (5.55) 
02> 0; 03 >= 0; 723 = 0; (5.56) 
Ow Ow 
M2 = Gk (= =. vs) 4 M13 5 GK (= + v2) i (5.57) 


This stress field must satisfy equilibrium eqs. (1.7) at all points of the section. Neglecting 
body forces, and in view of eq. (5.55), this equilibrium condition reduces to 


OT12 O713 

—“+.—— = 0). 5.58 

Ox 0x3 ( ) 
Hence, the warping function must satisfy the following partial differential equation 

Cu Pw 

—— +. = 0. 5.59 

0x3 Ox? 2) 


at all points of the cross-section QQ. 

Furthermore, equilibrium conditions must also be satisfied along the outer edge of the 
section that defines the contour C. Fig. 5.9 shows a portion of the outer contour C and the 
curvilinear variable s that measures length along this contour. The normal component of 
shearing stress must vanish at all points of C, i.e. 


Tm) =0, (5.60) 


whereas the component of shearing stress 7, tangent to the contour does not vanish. In 
terms of Cartesian components, the normal component of shearing strain is 


d d 
Tn = T12 (3) artis (-2) = 0. (5.61) 


Introducing (5.57) then yields the following boundary condition for the warping function 


Ow dx3 OV dx 
pees h des eS 1 ye = 0c 5.62 
(= v2) ds (= a v2) ds (9:02) 
The warping function which yields a stress field satisfying all equilibrium requirements is 
the solution of the following partial differential equation and associated boundary condition 


ru Oy 
Ons Ox = 


OV dx3 Ow dx2 
aS =e lS —=0. al 
(= v3) e (= a v2) 7s 0. along C 


(5.63) 
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Figure 5.9: Equilibrium condition along the outer contour C. 


The solution of this problem is rather complicated in view of the complex boundary condition 
that must hold along C. 

An alternative formulation of the problem that leads to simpler boundary conditions is 
found by introducing the stress function ® proposed by Prandtl 


O® O® 


T12 = Ax,’ ™13 > “ee 


(5.64) 


Shearing stresses derived from this stress function automatically satisfy the equilibrium equa- 
tion (5.58). Identifying expressions (5.57) and (5.64) for the shearing stresses expressed in 
terms of warping and stress functions, respectively, yields 


Oxy?) Oxy’ das | Oxy 


Eliminating the warping function from these expressions then leads to the following partial 
differential equation for the stress function 


Pb Bo 
oa2 + Oa Gry (5.66) 


The boundary conditions along C then follow from eqs. (5.61) and (5.64) 


= = = 0. : 
0x3 ds Ox ds ds Pe) 





Tn 


which implies a constant value of ® along the contour C. If the section is bounded by several 
disconnected curves, the stress function must be a constant along each individual curve, 
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though the value of the constant is different for each curve. For solid cross-sections bounded 
by a single curve, the constant value of the stress function along that curve may be chosen 
as zero, as this choice has no effect on the resulting stress distribution. The stress function is 
the solution of the following partial differential equation and associated boundary condition 


2 oa 
on - a= = —2GkK,. on? 
Or, Ox; (5.68) 
d® 
—=0 along C. 
ds 


The differential equations for the warping and stress functions were found from local 
equilibrium consideration. Global equilibrium of the section must also be verified. For a 
solid section bounded by a single contour, the resultant shearing forces acting on the section 


are 
A= fms dQ = [ oe a dxtodzr3 = [ ff “ tes dx2 = 0, (5.69) 
v3 
Fy= fms dQ = i: eee = 5 aa -f f ” tes dx3 = 0; (5.70) 
22 


where the last equalities follow from selecting a zero value for the stress function along the 
contour C. The total torque acting on the section is 


O® O® 
M, = | (ears — 23712) da = i: (-m5e - 25) dQ. (5.71) 


Integrating by parts and taking advantage of the vanishing of the stress function along C 
yields 


and 


M,=2 [ © a0. (5.72) 
Q 


In summary, the stress distribution in a bar of arbitrary cross-section subjected to uniform 
torsion can be obtained by evaluating either the warping or stress function from (5.63) or 
(5.68), respectively. The stress field then follows form eqs. (5.57) or (5.64), respectively. This 
represents an exact solution of the problem as all governing equations are satisfied. 


Example: Torsion of an elliptical bar 


Consider a bar with an elliptical cross-section as shown in fig. 5.10. The equation for the 
contour C defining the section is 
2 2 
(2)'+ (By = 
a b 


A stress function of the following form is assumed 


eal +@) I] 
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where A is an unknown constant. The boundary condition, eq. (5.67), is clearly satisfied 
since ® = 0 along C. The governing differential eq. (5.66) is also satisfied for the following 


value of A 5 5 2p? 
a 
A(3+3) = —2GK1; ==> BS ee Gk. 
The stress function then becomes 


= - £6 (2) +(B)'-] om 


The torque now follows from (5.72) 
2ab? L9\2 £3\2 
HOS ena cm | (=) Gy) = 1 a 


3 3 
[a= nats [a= [ea 


are the area, and the second moments of area about ig and i3, respectively, for the ellipse. 
The torque then becomes 





Note that 





mab? 
Ope Kea Rai; 
where the torsional stiffness of the elliptical section is found as 
Ta>b? 
LC nto 
ae Abb? Os) 


The stress function is readily expressed in terms of the applied torque 


1 v9 2 X3 2 
[+ @) I] a 
mab a = b : 
Finally, the stress distribution is found from eq. (5.64) 


2X3 2X 
Lee cas My; Say, 1: 
The maximum shear stress occurs at the boundary of the section. At points A and B the 
stresses are 
ha 2M, gg 2M 
mab? mazb 
Clearly, the maximum shear stress occurs at the end of the minor axis of the ellipse, i.e. at 
point B where 





713 > 


2M, 
mab? 
The warping function is readily obtained from eq. (5.65) 
a* — b+ 
= Sora LoX3. 

For a = b= R the bar with an elliptical section becomes a circular cylinder of radius R. 
The torsional stiffness for the elliptical section reduces to (5.21), and the maximum shear 
stress to (5.27). Finally, the warping function vanishes as was determined by symmetry 
arguments for the circular cylinder. 





Inia = 


144 CHAPTER 5. TORSION 





Figure 5.10: A bar with an elliptical cross-section. 


5.3.2 Problems 
Problem 5.2 


Consider a circular tube of inner radius R; and outer radius R, made of a homogeneous, isotropic 
material of shearing modulus G, as shown in fig. 5.11. 


1. Find the Airy stress function for this problem starting from 
® = Ar”, 


where r2 


= x? + ee 
2. Is your solution the exact solution of the problem? 
3. Evaluate the torsional stiffness of the tube based on the Airy stress function. 


4. Plot the distribution of shearing stresses. Find the location and magnitude of the maximum 
shearing stress. 


5. Simplify your results for the case of a thin-walled tube, Ry, = (Ri + Ro)/2, t = (Ro — Ri) < 
Rm. How do the predictions agree with those of thin-wall theory? 


Problem 5.3 


Consider a circular shaft of radius a with a semi-circular keyway of radius b, as depicted in fig. 5.12. 
The shaft is subjected to torsion. 


1. Find the Airy stress function for this problem starting from 


b2 
6 = A(x? ee) 1- —+~—, }. 
(xp + 23 az) ( a2) 
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Figure 5.11: Cross-section of a circular tube. 





Figure 5.12: Circular shaft with a keyway. 


146 CHAPTER 5. TORSION 








Figure 5.13: Bar with a rectangular cross-section. 


2. Find the shear stress distribution 7, = 7,(@) and T. = Ta(a) along the contour T, of the 
shaft. 


3. Find the shear stress distribution 7, = 7,((@) and tg = 7g(@) along the contour T, of the 
keyway. 
4. Let ty = Grya be the shaft maximum shearing stress in the absence of keyway. Find 
lim Toe lim £. 
b—0 TN b—0 TN 


Comment on your results. 


Problem 5.4 


The narrow rectangular strip (a >> b) shown in fig. 5.13 is the cross-section of a bar subjected to 
torsion. Investigate the behavior of this section under torsion using an energy approach. Use a 
stress function of the following type 


&=GCr, (0? _ x?) (1 = e-ole—leal)) , 
where q@ is an unknown parameter. Assume e~° & 0. 
1. Find the torsional stiffness of the bar. 


2. Find the shearing stresses at points A and B 


(2a)(2b)?74_ (2a)(2b)?rB 
M, : M, : 





where M, is the applied torque. 


5.4 'The membrane analogy 


Saint-Venant’s solution expresses the shearing stress distribution over the cross-section of 
a bar under torsion in terms of the warping or stress functions which satisfy the partial 
differential eqs. (5.63) or (5.68), respectively. Though this procedure completely solves the 
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Figure 5.14: The thin membrane attached to the contour C. 


problem, the analyst has little intuition about the shape of the warping or stress functions 
for a given cross-sectional shape. 

Prandtl developed an analogy between the shape of the stress function and the deflected 
shape of a thin, uniformly stretched membrane subjected to a uniform transverse pressure. 
Since the solution of this latter problem is rather intuitive, it provides valuable insight about 
the shape of the stress function. 

Consider a thin, uniformly stretched membrane attached to a planar curve C defining a 
domain 22, and subjected to a uniform transverse pressure p, as depicted in fig. 5.14. Under 
the effect of the pressure, the membrane deflects upwards and reaches an equilibrium shape 
U1(X2, 3) where the applied pressure is equilibrated by the out-of-plane component of the 
uniform stretching force S. 

The deflected shape of the membrane is evaluated by considering the differential element 
shown in fig. 5.15. The force p dxgdx3 due to the applied pressure is equilibrated by the 
out-of-plane components of the stretching forces 


Ou, , Oru, 

Ax, 1 ye irs) dx3 
2 

~8 3 dea + $ (S2+ Fo dea) dry =0. 


Ox3 0x3 Ox? 





p dads — 85 dea + 5 ( 
we (5.74) 





After simplification, this equilibrium condition that must hold at all points of Q becomes 


O7u, OP? uy D 
oe Q. 5.75 
Oz, ' On gece O) 








Along the planar curve C, the deflected shape of the membrane must remain constant, i.e. 


d 
77 = 0 along'C, (5.76) 


The deflected shape of the membrane is found by solving the partial differential equation 
(5.75) subjected to the boundary condition (5.76). 
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Ly 
Figure 5.15: A differential element of the membrane. 


The membrane analogy now follows from comparing the governing equations and bound- 
ary conditions (5.68) for the stress function with the corresponding eqs. (5.75) and (5.76) 
for the deflection of the membrane. Clearly, the two sets of equations are identical if 

® Ui 





This analogy implies that the stress function corresponding to the torsional problem of a 
bar of cross-sectional area (2 with an outer contour C is equal to the deflected shape of a 
membrane stretched over the same contour, within a normalizing constant (2GK1)/(p/S). 

This analogy is further extended by considering contours of constant deflection of the 
membrane. Fig. 5.16 shows such a contour denoted C that encloses an area A. Let s be the 
curvilinear variable measuring length along C, and s and n unit vectors respectively tangent 
and normal to C. It is clear that Ou, /Os = 0 since C is a contour of constant membrane 
deflection, and 0u,/On represents the slope of the membrane in the direction normal to C. 
On the other hand, the components of shearing stress 7,, and 7, in the direction normal and 
tangent to C are 








O® O® 
se ee Pea 5.78 
CS ga? i On oe 
where n measures length in the direction normal to C. Introducing (5.77) then yields 
2GK, Ou, 2Gk1 Our 
- p/S Os : p/S On ey 


This means that at any point, the shear stress is tangent to the contour of constant mem- 
brane deflection passing through that point, and the magnitude of the shearing stress is 
proportional to the slope of the membrane in the direction normal to that contour. This 
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Contour of constant 
membrane deflection 


Figure 5.16: Contours of constant membrane deflection. 


conclusion also applies to C the outer contour of the cross-section where the shearing stress 
is tangent to C as required by the local equilibrium condition (5.60), and its magnitude is 
proportional to the slope of the membrane in the direction normal to the outer contour. 

Consider now the equilibrium of the portion A of the membrane enclosed by C. The force 
pA due to the applied pressure is equilibrated by the normal component of the stretching 
force 


0 
We then introduce the analogy (5.77) and simplify to find 


pA+ [s$ ds = 0. (5.80) 


1 


= fee ds = Cae. (5.81) 
l Je l 


where | is the length of the closed contour C. In other words, the average shearing stress 
along a contour of constant membrane deflection is proportional to A/lI, i.e. the ratio of the 


area enclosed by C to its perimeter. 
Finally, the torque given by (5.72) is related to the volume V under the deflected mem- 


brane oC 2G 
Ky Ky 
My =2 [ dQ = 2 | dQ = 2V. 5.82 
. Q p/s Q p/S ( ) 








5.5 Torsion of a thin rectangular section 


The torsional behavior of a thin rectangular section will be investigated with the help of 
the membrane analogy. Consider the thin rectangular strip shown in fig. 5.17, where t < b. 
The membrane stretched over this thin strip will deflect into a cylindrical shape with no 
appreciable slope in the i3 direction, except near the far edges of the section. This means 
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Figure 5.17: A thin rectangular strip. 


that it is reasonable to assume Ou,/Ox3 * 0, and the governing equation for the membrane 
(5.75) becomes 





Oru, D 
==, 5.83 
Ou 5 eee) 
Integrating and enforcing u,; = 0 at the edges of the contour, i.e. at x2 = +t/2 then yields 
Lig 2b 55) “DP 
= —(—)? |1 —(—= =. .84 
m= 5G" [1-C2y| 2 (5.84) 
The membrane analogy (5.77) then gives the corresponding stress function 
t 2 
b= (5) c 2 By Gi: (5.85) 
The stress distribution now follows from eq. (5.64) 
126 0; 13 = 229GkK1, (5.86) 
and the torque associated with this stress distribution is evaluated with the help of (5.72) 
t +t/2 9 bt? 
M, = 2cna(5) | 1— (2)?} dey = — Ge. (5.87) 
2 —t/2 t 3 


Here again a linear relationship is found between the applied torque and the resulting twist 
rate. The torsional stiffness for the rectangular strip is now 


3 
J=G = (5.88) 
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The torsional stiffness is proportional to t?, i.e. a thin rectangular strip has a very low 
torsional stiffness. Eliminating the twist rate between eqs. (5.86) and (5.87) yields the stress 
distribution in terms of the applied torque 


3M, 2X9 


ae (5.89) 


T1270; T13= 


This corresponds to a distribution of shear stress that is linear through the thickness of 
the thin rectangular strip, as depicted in fig. 5.18. The shearing stress vanishes at the wall 
mid-line and reaches its maximum value along the two edges of the section. Clearly, 


3M, 
max — : 5.90 
“ bt? eve) 


The following observation gives interesting insight into the torsional behavior of thin 
rectangular strips. The torque resulting from the stress distribution (5.89) is 


b +t/2 b 6M +t/2 M. 
| i 713 V9 dxodx3 = / es af ze dx» = sey (5.91) 
0 J-t/2 0 bt? J_4/2 2 


This means that the shearing stresses 7,3 only account for half of the torque. The other half 
must be associated with 7;2. Though this stress component is very small, its contribution to 
the torque is multiplied by a moment arm b/2, as compared to the moment are t/2 for the 
T13 Component. 


5.6 Torsion of thin-walled open sections 


The results of the previous example are readily extended to thin-walled open sections. For 
thin walls, the deflected shape of the membrane is once again expected to be cylindrical, 
except near the edges of the section. The developments of the previous example still apply 
and the torsional stiffness of a thin walled open section become 


3 
J=G . (5.92) 


where | if the length of the contour and ¢t the thickness. For eq. (5.86), the maximum shear 
stress occurs along the walls of the section 


Te Gt Ris (5.93) 


The maximum shearing stress expressed in terms of the applied torque becomes 


pian — 3M, 
BS ee 


Consider, as an example, the C-channel shown in fig. 5.19. The torsional stiffness is 


bt’ 3 bt 3 2bt? 
sao)2+ "8+ t)=c|*8 +4), (5.95) 





(5.94) 


3 3 3 3 
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Figure 5.18: Shear stress distribution through the thickness of a thin rectangular strip. 


and the maximum shear stress occurs along the walls of the section 
Go = Gi (5.96) 
The shearing stresses in the web and flange, denoted T,, and tT, respectively, become 


bis t 
t. S36 hie = on Mi; Te = Gtpry = at My;. (5.97) 
5.6.1 Problems 
Problem 5.5 


Fig. 5.20 depicts the thin-walled, semi-circular open cross-section of a beam. The wall thickness is 
t, and the material Young’s and shearing moduli are F and G, respectively. 


1. Find the distribution of shear stress due to an applied torque Q. 


2. Indicate the location and magnitude of the maximum shear stress Rt?Tmax /Q. 


Problem 5.6 


Fig. 5.21 depicts the cross-section of a thin-walled beam. 
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Figure 5.19: A thin-walled C-channel section 





Figure 5.20: Semi-circular open cross-section. 
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Figure 5.21: Cross-section of a thin-walled beam. 


1. Find the magnitude and location of the maximum shearing stress if the section is subjected 
to a torque Q. 


2. Sketch the distribution of shear stress through the thickness of the wall. 


Chapter 6 


Thin- Walled Beams. 


Typical aeronautical structures involve light-weight, thin-walled beam-like structures that 
must operate in a complex loading environment where axial, bending, shearing, and torsional 
loads are present. These structures can present closed or open sections, or a combination of 
both. A closed cross-section is one for which the thin wall forms a closed path. It is an open 
section in the opposite case. This distinction has profound implications on the structural 
response of the beam, most importantly when it comes to shearing and torsion. 


6.1 Basic equations for thin-walled beams. 


In the analysis of thin-walled beams, the specific geometric nature of the beam consisting of 
an assembly of thin sheets, will be exploited to simplify the problem formulation. Figs. 6.1 
to 6.4 show different types of thin-walled cross-sections. Fig. 6.1 shows a beam with a closed 
section, as opposed to the open section of fig. 6.2. A combination of both types, depicted 
in fig. 6.3 is also possible. Finally, multi-cellular sections such as shown in fig. 6.4 are very 
common in aeronautical constructions. 

The geometry of the section is described by a curve C drawn along the mid-thickness 
of the wall. A curvilinear variable s measuring length along this contour is defined with 
an arbitrary origin. This variable defines an orientation along C at all points. Of course, 
this orientation can be chosen arbitrarily. The wall thickness t(s) can vary from point to 
point along the contour. For multi-cellular sections, a number of different curves are used to 
completely describe the section, and a corresponding number of curvilinear variables define 
the length and orientation of these various curves. 


6.1.1 The thin wall assumption 


In thin-walled beams the wall thickness is assumed to be much smaller than a representative 
dimension of the cross-section. Considering fig. 6.1, this means 


t(s) 
> < Li (6.1) 
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Figure 6.1: Thin-walled beam with a closed, single cell section. 





Figure 6.2: Thin-walled beam with an open section. 
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Figure 6.3: Thin-walled beam with open and closed components. 





Figure 6.4: Thin-walled beam with a multi-cellular section. 
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Figure 6.5: Geometry of a differential element of the wall. 


Of course, for beam theory to be a reasonable approximation to the structural behavior, the 
thin-walled beam must be long, i.e. 


b 
2 
7 <1 (6.2) 


6.1.2 Stress flows 


The first approximation of thin-walled beam theory concerns the distribution of stress com- 
ponents across the wall thickness. Beam theory assumes the cross-section to be infinitely 
rigid in its own plane, and as a result, the stress components 02, 03, and 793, are negligible. 
The only non vanishing stress component are the axial stress 0, and the shearing stresses 712 
and 713. It is convenient to resolve the shearing stress into components 7, and 7,,, respectively 
parallel and normal to C. The relationship between these two sets of stresses is readily found 
by inspection of fig. 6.5 


dxz dx 
Tn = COSA T12 + SING 713 = T12 — — T13 —;} 6.3 
12 138 = T12 “Fe 1B Gs (6.3) 
dx dx 
Ts = —sina Ty2 + COSA 713 = T12 eee T13 oe (6.4) 
ds ds 
where basic trigonometric relationships applied to triangle PQR were used to show that 


cosa@ = dx3/ds and sina = —dx2/ds. 

The shearing stress component 7, should vanish at the two edges of the wall because 
the outer surfaces of the beam are stress free. Furthermore, since the wall is very thin, no 
appreciable magnitude of shearing stress 7, can build up within the structure, i.e. 7, ~ 0 
through the wall thickness. The only non vanishing shearing stress component is 7;, taken 
positive in the direction of s. Inverting relations (6.3) and (6.4) then yields 

T12 = COSQ Tn — SINA Ts = Ts ae (6.5) 


ds 
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Figure 6.6: Uniform distributions of axial and shear stresses across the wall thickness. 


dx3 
ds 

Since the wall is very thin, it seems reasonable to assume that the non vanishing stress 
components are uniformly distributed across the wall thickness. Fig. 6.6 shows the axial and 
shearing stress components through the thickness of the wall. It is customary to introduce 
the concept of stress flows defined as 


T13 = SING Ty + COSA Ts = Ts 


(6.6) 


n(@1,8) =01(%1,8) ts); f(t1,8) = 7s(21, 8) ts), (6.7) 
where n is the azial stress flow or axial flow, and f the shearing stress flow or shear flow 


taken positive in the direction of s. 


6.1.3 Stress resultants 


The definitions of stress resultant in thin-walled beams are identical to those given in section 
(3.3) for beams with solid sections. Due to the thin wall assumption, the integration over 
the cross-sectional area of the beam can be viewed as an integration along C. For instance, 


the axial force is 
F, (21) = if O71 d= [os tds = Jo ds, (6.8) 
Q Cc C 


where the definition of the axial flow was used. The bending moments are similarly found 


MoteN= y Ais tS ici (6.9) 
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The resultant shear forces along axes ig and ig are 


BGS [mio- [Fas F(a) = f na a0 [tBu (6.10) 


where relationships (6.5) and (6.6) were used. Finally, the resultant torque about the origin 
of the axes O is 


Moi(%1) = [fs fod (6.11) 


where r, is the distance from O to the tangent to the contour at a point P. An inspection 


of fig. 6.5 yields 


5 dx3 dx» 
To = 2 COSA+ X{ZSNA = Lg — — XB aac 
S 


ds 


It will be necessary to evaluate the torque about other points of the section, say point K of 
coordinates (224, 23n), 


(6.12) 


Mix (x1) = fs rz ds, (6.13) 
c 
where : : P F 
© x ae z 
Th = (L2 — Lox) ae = (G5 = 25x) ae =o — Lox aa + 23K ae (6.14) 


6.1.4 Local equilibrium equation 


Consider now the differential element of wall shown in fig. 6.7. The dimensions of the 
differential element are dx, along the axis of the beam, and ds along C. Summing up all the 
forces acting on this element in the axial direction i, yields 


—nds+ ieee ds — f dx, + Pt as dre = 0. (6.15) 
Ox, Os 


where body forces were neglected. After simplification, this equilibrium condition becomes 


On Of 


oe as (6.16) 


This local equilibrium equation implies that any change in axial flow along the beam axis 
must be equilibrated by a corresponding change in shear flow across the section. 


6.1.5 Evaluation of sectional stiffnesses 


The thin wall assumption also simplifies the evaluation of the bending stiffnesses of the 
section. Consider the homogeneous, thin-walled rectangular box beam shown in fig. 6.8. 
The inner and outer heights are h; and ho, respectively, whereas the inner and outer width 
are b; and b,, respectively. The thickness of the flange ty and web t,, are then 


Nei hj b= 5; 
tr = 9 5 ty = : 








(6.17) 
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Figure 6.7: Equilibrium of a differential element of the wall. 


The height h and width b of curve C drawn along the mid thickness of the wall is now 
loth. » — bot i 
ee ie ea 
These dimensions are the average height and width of the section. The bending stiffness of 
the section with respect to the axis ig is 


h (6.18) 








boh? bh? 
Ing = E o_ 4 6.19 
a= Be, (6.19) 
where F is the material Young’s modulus. This expression can be rewritten as 
E 
Ion = —= [(b+ ty)(h + ts)? — (0 — tw)(h — t)?] , (6.20) 


12 


where the inner and outer dimensions are expressed in terms of the average dimensions and 
wall thicknesses. Expanding the cubic power and regrouping terms then yields 


Ing = = {oon 1 + (Z| + 2ht, f + Gb) \ ; (6.21) 


In view of the thin wall assumption (6.1), the term t;/h is negligible compared to unity, and 
the bending stiffness reduces to 


tah his 
Ing = E a + abt s(5) | (6.22) 
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Figure 6.8: Thin-walled rectangular section. 


The first term represents the bending stiffness of the two webs, computed with the average 
height h, whereas the last term gives the contribution of the two flanges using their average 
width b. The contribution of the flange is given as its bending stiffness about its own 
centroid bt;/12, plus the transport term bt;(h/2)?. However, the bending stiffness about 
its own centroid is clearly negligible, leaving the transport term as the sole contribution. A 
similar reasoning can be used to evaluate the bending stiffness /33. 


Fig. 6.9 shows a thin rectangular strip of thickness t and height h. The centroid of 
this strip is located at distances dz and d3 from axes i3 and ig, respectively. The bending 
stiffnesses of this strip are approximated as 


3 
p= 2 Ss + hal ; Ig3 = E[htd?]; Ing = E [htdodg]. (6.23) 


These results are obtained by first computing the bending stiffness in the principal centroidal 
axes of the thin strip, then using the transport theorem to translate the bending stiffnesses 
to the required axis. Terms containing higher powers of the thickness are neglected. 


Similar results can be obtained for the same rectangular strip rotated of an angle a with 
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Figure 6.9: A thin rectangular strip. 


respect to the axis ig also shown in fig. 6.9 


ID IY 


th? th? 
Ing = E ss sin? a + ne >; Ibg = E - cos? a + hal : 
thr. 
Ing = E 34 sin 2a + htdod3| . 


(6.24) 


Example: the bending stiffness of a trapezoidal section 


Consider the trapezoidal section shown in fig. 6.15. The bending stiffness about axis ig is 


= t(2h,)? t(2h2)? ti? - 2 hy + ho 21. 
Inn = B| par ayo 255 sin“ a + 2tl(———)*| ; 





(6.25) 


where | = [b? + (hz — h,)?]!/? is the length of the upper and lower flanges. The first two 
terms represent the contribution of the two webs evaluated with the help of (6.23), whereas 
the last two terms give the contribution of the flanges obtained from (6.24). It is clear that 
sina = (hy — h,)/l, and after simplification the bending stiffness becomes 


2Et 
Li [hi + h3 + (ht + hZ + hihe)] - (6.26) 





6.2 Bending of thin-walled beams 


Consider a thin-walled beam subjected to axial forces and bending moments, as shown in 
fig. 6.10. To simplify the formulation, the origin of the axes will be located at the centroid 
of the section, and the axes ig and iz are principal axes of bending. The superscripts (.)*° 
used in section (4.5) will be dropped throughout this chapter to simplify the writing. 

The Euler-Bernoulli assumptions discussed in section (3.1) are applicable to thin-walled 
beams and the distribution of axial stresses, when using the principal centroidal axes of 
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Figure 6.10: Thin-walled beam subjected to axial forces and bending moments. 


bending, was found to be (4.30). Hence 


Fy Mo VE 
=F py |, 6.27 
O71 2 eps ni ( ) 
The axial flow distribution over the cross-section is now 
F, M. M. 
n(21, 8) = E(s)t(s) [Fuse lpi at gh ae (6.28) 
S I0 133 


This analysis equally applies to open or closed sections as this difference has no impact on 
the present development. 


6.3. Shearing of thin-walled beams 


In most practical cases, the bending moments considered in the previous section will act 
together with shearing forces. These shearing forces give rise to shearing flows that vary 
over the cross-section. The distribution of this shear flow is evaluated by introducing the 
axial flow (6.28) into the local equilibrium equation (6.16) to find 


Of Ry |: dF X3 dM, v2 ] 
ads dx; | In dt, 133 








= 6.29 
S dx To9 dx, 133 dx, ( ) 
The global equilibrium eqs. (4.11), (4.13), and (4.15) are introduced to simplify this expres- 
sion that becomes 


OM e18) = —F(s)t(s) [ts cae + x3(s) 





(6.30) 
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where the distributed loads pj, and moments gz and qg3 were assumed to be zero. This 
first order differential equation can be integrated to evaluate the shear flow distribution 
corresponding to applied shear forces Fy and F3. However, this integration process differs 
for open and closed sections. 


6.3.1 Shearing of open sections 


For an open section, the reciprocity of shearing stresses, eq. (1.9) implies the vanishing of 
shear flow at the edges of contour C. For instance, the shear flow must vanish at points A 
and D of the C-channel depicted in fig. 6.11. 

In summary, the determination of the shearing flow distribution in a thin-walled beam 
with an open section under transverse shear forces involves the following procedure. 


1. Compute the location of the centroid and the orientation of the principal axes of 
bending of the section. Select the axes accordingly; 


2. Integrate equation (6.30) subjected to the boundary condition f = 0 at the edges of 
the contour. 


Example: Shear flow distribution in a C-channel 


To illustrate this process, the distribution of shear flow in the C-channel shown in fig. 6.11 
will be evaluated. The section has a uniform thickness t, a web depth h, a flange width 8, 
and is subjected to a shearing force F3. The origin of the axes is selected at the centroid 
which is located at a distance d = b/(2+h/b) form the web midspan. The bending is readily 
evaluated from eq. (6.23) 


th hy» h> bh? 
In = BE +265) =r ( +) = ae. (6.31) 
To ease the algebra, the cross-section is broken into three components, the lower flange, 
the web, and the upper flange, numbered 1, 2, and 3, respectively. For each part, the origin 
of the curvilinear variable s is redefined as indicated on the figure. Governing eq. (6.30) 
becomes 
Of He FP 


Ea ab Ig ee Mine Laon See 6.32 
Os #3 To I ce ( ) 


For the lower flange this writes 


Of Fy, hy. Fh 


a Eo oP eee) 
and integrates to 
F3h 
f= or ec: (6.34) 


where C; is an integration constant. Imposing the boundary condition f = 0 at s = 0 yields 
C; = 0, and the shear flow is found to be linearly distributed over the lower flange 


Fhb 
LS ay 


S 


@) (6.35) 
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Figure 6.11: Cantilevered beam with a C-channel cross-section. 


The subscript (.); indicates that this expression describes the shear flow in the lower flange. 
For the web, equation (6.32) applies again, but here x3 = s. The shear flow distribution 
is found by integration and enforcement of the continuity of shear flow at point B 





(6.36) 


= F3hb Fh? 28 2 
eS ao a a- 


Finally, the shear flow distribution over the upper flange is found in a similar manner 


F3hb § 


op ey (6.37) 


fs = : 





This distribution satisfies the continuity condition at point C’ and the boundary condition 
fs = 0 at s = b. The overall distribution of shear flow is depicted in fig. 6.12. The maximum 
shear flow occurs at the middle of the web and is 


Fah? 
8] 


4b 
pe 





Frvaiz =< (1 + (6.38) 
The resultant shear forces acting on the various parts of the section can be evaluated 


over the lower flange, web, and upper flange, respectively 


. Fshb? ue : Fshb? 
i fids=—— =R: fo ds = Fy; : fz ds = ~— = R. (6.39) 
0 AT —h/2 0 AT 





It is now possible to check the overall equilibrium of the section. The forces along the ig 
direction sum up to zero, as it should be since no load was applied in that direction. The force 
F3 in the web corresponds to the applied shear force. Finally, there clearly exists a torque 
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Figure 6.12: Distribution of shear flow over the C-channel cross-section. 


resultant about the origin of the axes. However, the sole shear force F3 was applied, though 
its line of action was not specified. For overall equilibrium of the section to be satisfied, the 
shearing force F3 must be applied at a point K, such that the net torque vanishes about 
about that point. This condition is 


Mik =ef,;—- Rh=0. (6.40) 
The distance e from the web to point K is found as 


Rh h?b? 3b/h 

P3 AT 1+ 6b/h 
Point K is called the shear center of the cross-section. If the transverse shearing force is 
applied at the shear center, the overall equilibrium of the section is satisfied, and the beam 
is subjected to bending and shearing only, i.e. the beam does not twist. 


6.3.2 Shearing of closed sections 


In the case of closed sections, eq. (6.30) still applies though no boundary condition is readily 
available. One notable exception occurs when the section presents an axis of symmetry, as 
shown in fig. 6.13. The shear force Fy acts in the i, ig plane which is a plane of symmetry 
of the section. This symmetry implies the vanishing of the shear flow at points A and 
B. Hence, the upper and lower halves of the section can be analyzed separately, as if 
they were two independent open sections. However, if a shear force F3 is applied, the 
above symmetry argument is no longer applicable, and no boundary condition is available 
to integrate eq. (6.30). To overcome this problem, the following reasoning is devised. 

The first step consists of cutting the beam along its axis at an arbitrary point of the 
section, as shown in fig. 6.14. The shear flow distribution fo(s) for this auxiliary problem is 
readily found using the procedure described in the previous section. This shear flow deforms 
each differential element of the section, generating a shearing angle 7, that in turns, causes 
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Figure 6.13: Trapezoidal section subjected to a shear force. 


an axial displacement du;. An inspection of fig. 6.14 yields 








_ fols) 
du, = 7, ds = = ds = : 42 
ut S4eds= a * ds ran ds (6.42) 
The total relative axial displacement at the cut uo is then 
fo(s) 
= ds. 6.43 
Ne dee 8) 


This relative displacement would appear in the auxiliary problem. However, for the closed 
section problem no such relative displacement exists. Therefore, a closing shear flow fe is 
applied at the cut so as to zero this relative displacement. At all points of the section the 
constant value of this closing shear flow is added to the existing shear flow fo to yield at 
total shear flow f;(s) = fo(s) + f.. The corresponding total relative axial displacement at 


the cut is then 


The closing shear flow is evaluated by requiring oe vanishing of the relative displacement. 
Imposing uz; = 0 yields 
i ) 


ds 


Je bt. 
ae 


The procedure used to compute the shear flow distribution in a closed section is summarized 
by the following steps. 





fe= (6.45) 


1. Compute the shear flow distribution fo(s) for an auxiliary problem obtained by cutting 
the beam along its axis at an arbitrary point of the section. The procedure described 
in section (6.3.1) is used; 
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Figure 6.14: Trapezoidal section with a cut at point A. 


2. Compute the closing shear flow f. from eq. (6.45); 
3. The shear flow distribution in the closed section is f:(s) = fo(s) + fe. 


Example: Shear flow distribution in a trapezoidal section 


Consider, as an example, the trapezoidal section shown in fig. 6.15. The wall thickness t is 
constant and the section has been broken into four components, the upper flange, left web, 
lower flange, and right web, numbered 1,2 ,3 and 4, respectively, each with its own origin 
for the curvilinear variable s. The bending stiffness of the section is given by eq. (6.26), and 
writes 9 

In = Etl; I= 3 [Ai + AS + (AU + AZ + hihs)l] . 


The first step of the procedure is to cut the beam at an arbitrary point, say A. The 
distribution of shear flow in the open section is found by integrating differential eq. (6.30). 
For the upper flange, the boundary condition is f = 0 at s = 0. The shear flow in the other 
components of the section is obtained by integration of the same equation and enforcement 
of continuity of shear flow at points B, C’, and D. The complete shear flow distribution is 











PF; [hg—h EF. 
for = ee “3” — hes ; oz = — ie — hi — (hy + hal ; 
E 21 21 (6.46) 
PF; [hg—h Ay th F: 
foe =| a +57 4+ hs — 3 2 foa = 5; [8° + hi] 


The next step of the procedure requires the evaluation of the closing shear flow according 
to equation (6.45). The following integral are computed 


fo foi i. fo2 : fos i fos 
—ds= | —d a od a 
¢ Gt o Gt TF _n, Gt on o Gt or hy Gt " 
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Figure 6.15: Thin-walled trapezoidal section. 


or 


fi PF; 
: a ds = Sag [2(hi — h3) + (ha + 2hy)l? + 3(hy + he)lhal ; 


[s +f B+ ds +f +f # ds 2(l-+hi the) 
eae ds = = = 2 
a: a 


to yield the ae shear flow 





and 


p, — Fs 2 WB) + (an + 2ha)P + 3 (Pa + hal 
PoE 6(1 + hy + ha) 





(6.47) 





The final distribution of shear flow is found by adding this closing shear flow to the 
shearing flow distribution for the open section (6.46). This distribution for the closed section 
is depicted in fig. 6.16 which shows that the maximum shear flow is found at the middle of 
the right web. Also shown on this figure are the shear force resultant on each component of 
the section. Clearly, the horizontal forces sum up to zero since no shear force was applied in 
that direction. The summation of the forces in the vertical direction gives 


F: hy + 2h —h 2h? 
= (ae - f)* x t (hi 4 ba\ths — 2h] 


hy + 2h 12 he a hy 2h3 F3 
se AO Ep S22) 5h 
5 - fl) ; | + [7B + 2vera] | 7 3° 








The distributed shear flow exactly sums up to the applied shear force F3. 
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Figure 6.16: Shear flow distribution in the trapezoidal section. 


6.3.3 Shearing of multi-cellular sections 


Multi-cellular sections are common in aeronautical constructions. Fig. 6.17 shows a typical 
wing section with two cells. Here again, the shearing flow distribution satisfies equation 
(6.30), but no boundary condition is avaliable. To remedy this situation, a procedure similar 
to that used for the closed section will be used. 


The multi-cellular beam is cut along its axis at arbitrary points. One cut per cell is 
required to eliminate all the closed paths of the section. Fig. 6.17 shows the two cuts 
corresponding to the two cells present in that example. The shear flow distribution in the 
resulting open section is evaluated with the procedure described in section (6.3.1). Let foi(s), 
fo2(s), and fo3(s) be the shear flow distributions along C,, C2, and C3, respectively. The next 
step is to apply a closing shear flow to zero the relative axial displacement at each cut. These 
conditions are 


























ree i for(s) cet a | fos(s) (fer fez) ds =0: 
F hala) +f * fala) + (fa + fa) oe) 
02\$) + Jc2 03\$ cl c2 _ 
Woe = i ran ds [ CH ds = 0, 


for the left and right cells, respectively. These equations can be recast as a set of two linear 
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Figure 6.17: A thin-walled, multi-cellular section. 


equations for the unknown closing shear flows f.; and fi 


1 1 aa fo(s) : 
es Gt as ne " if. Gt a ye = Ihe Gt = 6.49 
fle), (6.49) 


1 1 
— ds fot | f ai | f= - f 
[ cy : btext 2 peee 1t 


The shear flow in the multi-cellular section is then found by adding the closing shear flows 
to the shear flows in the open section, i.e. foi(s) + fei, foo(s) + feo, and fos(s) + (fer + fea) 
for curves C;, Co, and C3, respectively. 

The procedure is readily extended to multi-cellular section possessing N cells. First, the 
multi-cellular section is transformed into an open section by creating N cuts, one per cell. 
The shear flow distribution in the resulting open section is then evaluated with the help of 
the procedure of section (6.3.1). Next, unknown closing shear flows are applied at each cut so 
as to zero the relative axial displacements at these locations. These conditions yield a set of 
N simultaneous equations for the N closing shear flows. Finally, the shear flow distribution 
in the multi-cellular section is found by adding the closing shear flows to the shear flows for 
the open section. 











6.3.4 Problems 
Problem 6.1 


The cross-section of a high lift device is shown in fig 6.18. The aerodynamic pressure acting on the 
lower panel of the device has a net resultant F; = 100 x 10° N and its line of action is aligned 
with axis ig, as indicated on the figure. Material properties are: E = 73 GPa, G = 30 GPa. 


1. Find the distribution of shear stress flow associated with the shear force F3. 
2. Sketch this shear flow distribution. 


3. determine the location and magnitude of the maximum shear stress. 
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Figure 6.18: High lift device subjected to a transverse shear force. 


6.4 The shear center 


The shear center of a section is defined as the point at which transverse shearing forces must 
be applied for the beam to bend without twisting. The determination of the location of the 
shear center is a crucial step in the analysis of thin-walled beams subjected to transverse 
shearing forces. Indeed, the procedure for computing the shear flow distribution associated 
with an applied shear force given in the previous section assumes the application of the sole 
shear force, i.e. no torque is applied. If the shear force is not applied at the shear center, it 
will generate torsion in the beam, and the shear flow associated with this torsion must be 
added to that associated with shearing. 

The investigation of the C-channel described in section (6.3.1) showed that the shear flow 
distribution associated with an applied shear force does present a resulting torque about all 
points of the section except the shear center. The same argument will be used to determine 
the location of the shear center of general, thin-walled sections. It will be found as the point 
about which the resultant torque associated with the shear flow distribution generated by 
an applied shear force vanishes. 

Let Go(s) and G3(s) be the shear flow distributions corresponding to unit shear forces 
Fo) = 1, Fy) = 0, and Fy3) = 0, F33) = 1, respectively. For (6.30) these distributions 
satisfy the following differential equations 

dG Et dG3 Et 

aie — “i U2; ae — are v3. (6.50) 
Of course, the procedure for the solution of the equations depends on whether the section is 
open, closed, or multi-cellular. 

It is interesting to compute the shear force resultant associated with G2 and G3 . For 
instance, the shear force Fy) associated with Gz is found from eq. (6.10) as 


dx» 
Fy) = — ds. 6.51 
2(2) [¢: ae ds ( ) 


Integrating by parts then yields 


dG 
Fog) = - — : 6.52 
2(2) fe ds ds + [7292] ,oundary ( ) 
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The boundary term always vanishes: if the section is open, G2 = 0 at the edges of the 
section, and when the section is closed or multi-cellular no boundaries exist. Introducing the 
governing eq. (6.50) for the shear flow distribution then leads to 

Et 1 aba 


x2 ds = — ees tds 
ole” : ie 


= 1: 6.53 
ls (6.53) 


Fy) = 


The shear force F3/2) associated with G2 is sate, evaluated using a similar procedure. From 
(6.10) the shear force F3 is 


d. 
o- fa? ds = ~ fn ds + [7392] boundary > (6.54) 
( 


where the boundary term vanishes for the reason given earlier. Introducing the governing 
equation (6.50) then yields 


F3(2) = i: ed dee es Le L2x3 tds = os =) (6.55) 
I33 I33 I33 
where the cross bending stiffness [23 = 0 because the axes were selected as the principal axes 
of bending. Results (6.53) and (6.55) were expected: the shear force resultant associated 
with Gz are Fy) = 1 and F32) = 0, since Gz was specifically computed for that applied 
loading. Similarly, it can be shown that the shear force resultant associated with G3 are 
Fo3) = 0 and F'33) = 1, as expected. 
Next, the torque computed about the origin of the axes associated with G2 is evaluated 
with the help of eq. (6.11) 


Mio = [o ro ds. (6.56) 
c 


In general, this torque is not zero. However, by definition, the torque computed about the 
shear center should vanish, i.e. 


Mix = [% Vk ds =.0. (6.57) 


Introducing expression (6.14) for rz, yields 


-2n | oo — ds tan [oF de = - [9 TOS: (6.58) 


The first two integral correspond to the shear force resultants F 2) and F'32) associated with 
the shear flow distribution G.. These resultant were ail in eqs. (6. 5) and (6.59); 
respectively. Hence, 


a - |G ro ds. (6.59) 
c 


A similar reasoning for the shear flow distribution G3 yields the other coordinate of the shear 
center 


eS [o Tr, ds. (6.60) 
€ 


The procedure for the determination of the location of the shear center is summarized in the 
following steps. 
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1. Compute the location of the centroid and the orientation of the principal axes of 
bending. Select the axes accordingly; 


2. Compute the shear flow distributions Gz corresponding to a unit shear force Foz) = 1, 
P32) = 0. 


3. Compute the shear flow distributions G3 corresponding to a unit shear force Fo3) = 0, 
F373) = 1. Of course, the procedure used to determine these shear flows depend on the 
geometric nature of the cross-section, as discussed in section (6.3); 


4. Compute the location of the shear center using eqs. (6.59) and (6.60). 


Example: The shear center of a trapezoidal section 


This procedure is illustrated by computing the location of the shear center for the closed 
trapezoidal section described in section (6.3.2). The distribution of shear flow was found as 
the sum of the shear flow in the open section (6.46) plus the closing shear flow (6.47) for an 
applied shear force F3. The location of the shear center then follows from (6.60) 


ae [ (Fols) +f) ro ds, (6.61) 


where the barred quantities are found by setting F3 = 1 in the corresponding expressions 
(6.46) and (6.47). Evaluation of the integral yields 











h2—h2 
b hp—hy 1—- mt «1+179 4 
oe 4 l 1+ hatha 1 ho—hy, h3+h?- (6.62) 
l a iene 


Due to the symmetry of the problem, the other coordinate of the shear center is x3, = 0. 
It is clear that when hy = h, the trapezoidal section becomes rectangular, and x, = 0, as 
required by symmetry. 


6.4.1 Problems 
Problem 6.2 


In section 6.4 a procedure was derived for the determination of the location of the shear center. 
The derivation was developed by first selecting the axis system to be the principal centroidal axis 
system. Such a system always exists, and hence, the derivation presented in this section is general. 
However, it is not always convenient to use the principal centroidal axes. Derive a procedure for 
the determination of the location of the shear center using an arbitrary axis system. Hint: first 
derive the governing equations for the shear flow distributions Gg and G3 corresponding to unit 
shear forces along the ig and is, respectively. 


Problem 6.3 


Fig. 5.20 depicts the thin-walled, semi-circular open cross-section of a beam. The wall thickness is 
t, and the material Young’s and shearing moduli are F and G, respectively. Find the location of 
the shear center of the section. Note: It is more convenient to work with the angle @ as a variable 
describing the geometry of the section: s = RO, ds = Rdé. 
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Figure 6.19: Beam under a complex loading condition. 


Problem 6.4 


Fig. 5.21 depicts the cross-section of a thin-walled beam. Compute the location of the shear center 
for this section. 


6.5 Coupled bending-torsion problems 


In chapter 4, the response of a beam with an arbitrary cross-section subjected to a complex 
loading condition was analyzed. The loading involved distributed and concentrated axial and 
transverse loads, as well as distributed and concentrated moments. However, two important 
restrictions were made: no torques were applied, and the transverse shearing forces were 
applied in such a way that the beam bends without twisting. The first restriction is easily 
removed. Indeed, if torques are applied, the beam will twist and the analysis tools developed 
in chapter 5 readily apply to this problem. 

The knowledge of the shear center location allows the removal of the second restriction. 
Applied transverse forces will bend the beam without twisting if and only if they are applied 
at the shear center. In other words, if all transverse loads are applied at the shear center, the 
analysis developed in chapter 4 is applicable. If a transverse load is not applied at the shear 
center, it can always be replaced by an equal transverse load applied at the shear center plus 
an equivalent applied torque. This equivalence stems from the assumption of infinite rigidity 
of the cross-section in its own plane. To be more precise, let the transverse distributed load 
p2 be applied at a point A of the section with coordinates (2a, 23,). This transverse load is 
then equivalent to a transverse load p2 applied at the shear center plus a distributed torque 


—(X30 = L3k)P2- 
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Consider now the response of the beam with an arbitrary cross-section subjected to the 
general loading depicted in fig. 6.19. Note the presence of distributed and concentrated 
torques, gq; and Q, respectively. The above remarks lead to the following procedure. 


Le 


2: 


Compute the centroid of the section; 


Compute the orientation of the principal axes of bending i,*, i,*, and i,*, and the 
principal centroidal bending stiffnesses; 


Compute the location of the shear center, see section (6.4); 
Compute the torsional stiffness, see chapter 5; 
Solve the extensional problem (4.31), with appropriate boundary conditions; 


Solve two decoupled bending problems eqs. (4.32) and (4.33), with appropriate bound- 
ary conditions; 


. Solve the torsional problem governed by the following differential equation 








ie (J GE) =-Wt- meta 6.69) 
subjected to boundary conditions at the root 

G7, = 05> “0, = 0: (6.64) 
and at the tip 


d®} 
dx} 





@r,=L, J = Q] — Pz (#3q — #3) + P3 (a — © 2x); (6.65) 


The knowledge of the centroid and shear center locations, as well as the orientation of the 
principal axes of bending allows a complete decoupling of the problem into four independent 
problems: an axial problem, two bending problems, and a torsional problem. 


Example: Wing structure subjected to aerodynamic lift and moment 


An important example of this procedure is the wing bending torsion coupled problem shown 
in fig. 6.20. The principal axes of bending ig and is are selected with their origin at the 
shear center. Axis i, is along the locus of the shear centers of all the cross-sections assumed 
to form a straight line called the elastic axis. The aerodynamic loading consists of a lift per 
unit span Lyc applied at the aerodynamic center, and an aerodynamic moment per unit 
span Mac. Note that for our choice of sign convention, this nose-up aerodynamic moment 
is a negative quantity. The differential equation for bending in plane (i, i3) is 


d? d?U3 
dx? ( 22 di? ) AC; 
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Figure 6.20: The wing bending torsion coupled problem. 


subjected to boundary conditions at the clamped root of the wing 








dU: 
Qzr, = 0, i= =0, 
1 
and at its tip 
dU; dU 
@r,=L = = 0) 
= eS Oe dnd 


The governing equation of torsion is 


d d®, 
of ee (Nie ee, 
(4 =) (—Mac — eLac) ; 


dx, 
subjected to boundary conditions at the root and tip 


Qzr, = 0, ®, = 0; Qr,=L, Genes 
dxy 
where e is the distance between the aerodynamic center and the shear center. Note that 
for symmetric airfoils Mac = 0, but the wing still twists because the lift is applied at 
the aerodynamic center which does not coincide with the shear center. For typical transport 
aircrafts, the aerodynamic and shear centers are located at 25% and 35% chord, respectively. 
As a result the lift generates a nose-up torque on the wing. 


6.6 Torsion of thin-walled beams 


The analysis developed in chapter 5 applies to bars with arbitrary cross-sections and is thus 
very general. Unfortunately, a partial differential equation must be solved to obtain the 
warping or stress function and the corresponding stress distribution over the cross-section. 
However, in the case of thin-walled beams, closed form solutions can be obtained. 
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6.6.1 Torsion of open sections 


The torsional behavior of thin-walled beams with open section was investigated in section 
(5.6) with the help of the membrane analogy. The shear stress is linearly distributed through 
the thickness of the wall, and the torsional stiffness is proportional to the cube of the wall 
thickness. Hence, thin-walled open sections have very limited torque carrying capability. 


6.6.2 Torsion of closed section 


Consider now a thin-walled tube with a closed section of arbitrary shape subjected to an 
applied torque, as depicted in fig. 6.21. The cross-section consists of a single closed cell 
defining a contour C. As was the case for the Saint-Venant solution, eq. (5.3.1), the beam is 
assumed to be in a state of uniform torsion, i.e. the twist rate is constant along the span, 
and the axial strain and stress components vanish.Hence, the axial flow vanishes, and the 
local equilibrium eq. (6.16) implies 

Of 


a 


The shear flow must remain constant over the contour C, i.e. 


0. (6.66) 


f(s) =f = constant. (6.67) 


This constant shear flow distribution generates a torque M, about the origin of the axes 
given by (6.11) 


M,= [1 To(s) ds = ff nals ds, (6.68) 


where the last equality follows from the constancy of the shear flow. The integral of the 
moment arm over the contour equals twice the area A enclosed by C. Hence, 


M, = 2Af. (6.69) 


From the definition of the shear flow, eq. (6.7), the shear stress 7, resulting from a torque 
M, is 
(s) = 
TAS) 
2At(s) 
Under the effect of the applied shear stress, each differential element of the wall deforms 


as depicted in fig. 6.22, creating a shearing strain y,(s). The strain energy stored in this 
differential element is 5 1sTs tds dx,. The total strain energy for the entire contour is then 


(6.70) 





B=; tds d =5 [ Bias (6.71) 
pee a ert One S aX}, B 


where the material constitutive law, eq. (1.91) was used. Introducing the shear stress distri- 
bution (6.70) then yields 
= ME fds 
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Figure 6.21: Thin walled tubes of arbitrary cross-sectional shape. 
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Figure 6.22: Deformation of a differential element of the wall. 
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Figure 6.23: A thin membrane stretched over a thin-wall section. 


On the other hand, this stored energy must equal the work done by the torque that 


deforms the section, i.e. 


Be. 1 
B= gM dx, at iki dx. (6.73) 


We now identify expression (6.72) and (6.73) for the energy to find 


_M fas 
— AA2 Jo Gt 


Ky 


(6.74) 


This relationship expresses a proportionality between the torque and the resulting twist rate. 
The constant of proportionality is the torsional stiffness which becomes 


_ 4A? 
=F5 
Gt 


5 (6.75) 


For an arbitrary shaped section with a constant wall thickness and made of a homogeneous 
material, the torsional stiffness reduces to 


AGtA? 


a 





. (6.76) 


where | = Ais ds is the perimeter of contour C. 

The same result can be obtained with the help of the membrane analogy developed in 
section (5.4). Fig. 6.23 shows the thin-walled cross-section and the membrane stretched 
between the inner and outer contours. The boundary condition (5.67) requires the stress 
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function to be constant along the contours defining the section. Since the section is bounded 
by two distinct contours, the stress function has a constant value along one contour, say the 
outer contour, and a different constant value along the inner contour. This translates into 
a membrane stretched between inner and outer planar contours with an unknown relative 
elevation (p/S)h. The slope of the membrane is assumed to remain constant in the direction 
of n because the distance t between the two contours is very small, i.e. 


Ou, _ 0~(p/S)h 


6.77 
On t ( ) 
The membrane analogy (5.77) then yields the corresponding shear stress 
h 
Ts = 2GK - (6.78) 


The assumed uniformity of the membrane slope in the normal direction translates into a 
uniform distribution of shearing stress across the wall thickness, the customary assumption 
for thin-walled beams. The corresponding shear flow f = —7T,t = 2G, h is a constant over 
the contour as was previously found from the local equilibrium eq. (6.67). 

The total torque is related to the volume under the deflected membrane by eq. (5.82). 


Hence, 


2GK, 
M, = —— 2V =2 2Ah. 6.79 
1 p/S V GK Ah ( ) 


Eliminating h between eqs. (6.78) and (6.79) then yields 


M, = 2Atr, = 2Af. (6.80) 


Finally, since the mid contour is a contour of constant membrane deflection, it follows 
from eq. (5.81) that 


it ds = 2GK,A. (6.81) 
c 
Introducing the shearing stress from eq. (6.80) leads to 
M, 
— ds=2G : 6.82 
an eee 


Solving for the torque in term of the twist rate yields 


4G A? 
=F ds * 


c ot 


M, (6.83) 


Eqs. (6.80) and (6.83) are identical to the previously obtained results, eqs. (6.70) and (6.74), 
respectively. The only difference is that the membrane analogy assumes a homogeneous 
section, i.e. G = constant. As a result, the shearing modulus has been factored out of the 
integral over the contour. 
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6.6.3. Comparison of open and closed sections 


The torsional behavior of closed sections sharply contrasts with that of open sections. The 
shear stress is uniformly distributed through the thickness of the wall of closed sections, 
whereas a linear distribution through the wall thickness is found in open sections. The 
torsional stiffness is proportional to the square of the area enclosed for a closed section 
(6.75), in contrast with a thickness to the cube proportionality for open sections (5.92). 

To illustrate these sharp differences, consider a thin strip of circular shape, and a thin- 
walled circular tube, both of identical mean radius R,,, and thickness t, as depicted in fig. 6.24. 
The torsional stiffness of the open and closed sections, denoted Jopen and Jeiosea, respectively, 
are given by eqs. (5.92), and (5.24), respectively, as: 


1 
ders = 3° Ia Rent: Jelosed = 2nGR? t. 


Tiss Ray 
poet 3 (=) (6.84) 


Their ratio becomes: 





depen t 
The maximum shear stresses T7707, and T77¢s¢q in the open, and closed sections, respectively, 
are found from eqs. (5.94), and (5.29), respectively, as: 
max 3M, maz M, 
open Qt Rint? ) closed Qn R2t 
Their ratio becomes: ae e 
To en ™m 
= 3 (=) (6.85) 
T closed t 


Consider a thin walled construction where R,,, = 20t. The torsional stiffness of the closed 
section will be 1, 200 times higher than that of the open section, and the maximum shearing 
stress in the open section will be 60 times larger than that of the closed section. In other 
words, the closed section would be able to carry a 60 times larger torque for an equal shearing 
stress level. 


6.6.4 Torsion of combined open and closed sections 


In the previous section, the behavior of open and closed sections was shown to contrast 
sharply. In practical situations, on is often confronted with cross-sections presenting a com- 
bination of open and closed paths, as depicted in fig. 6.25. This section consists of the 
combination of a closed trapezoidal contour and two thin rectangular strips. All components 
have a constant thickness t, and the other dimensions are shown on the figure. The twist 
rate is identical for the trapezoidal section and the rectangular strips, whereas the torques 
they carry, denoted Mitrap and Mjtrip, respectively, are 


Mitrap = trap Ki; Mi strip = Ystrip 41- (6.86) 
The torsional stiffnesses of the trapezoidal section and rectangular strips, denoted Jjrapy and 
Jstrip, respectively, are evaluated with the help of (6.76) and (5.92), respectively, 


AGtA? dt? 
/ ; Jin =G “3? 





Jtrap raat 
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Figure 6.24: A thin-walled open tube and a thin-walled closed tube. 


where I is the length of the perimeter of the trapezoidal section and A the enclosed area. 
The total torque Mj; is the sum of the torques carried by the three components of the section 





J ste 2 dl t 
Mi =; Miscap ate 2M series = Jag (1 2 se Ky = Tes f ay 3 ee aS Ky. 


For thin-walled sections the last term in the bracket is clearly negligible, i.e. 
J x Jinip 


In other words, the total torsional stiffness is that of the closed trapezoidal section, the 
contribution of the open parts of the section is negligible. The twist rate of the section is 
K1 = Mi/Jtrap, and the torques carried by the individual components of the section become 


Mit date 

~ = ‘ was Pp 

Mize, a tines = Mi; Mises ~ My. 
J 


trap trap 





Finally, the maximum shear stress in the trapezoidal section and rectangular strips are found 
from eq. (6.70) and (5.94), respectively 
Mitrap 1 


max __ ~ : max __ 


3Mistri 3 str 
Ttirap oF Mis; T stri ee on a 1 
P 2At 2At E, dt? dees 











te 


The ratio of these stresses is now 








max 
Tstrip = l t 
rine by + by Sh 
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Figure 6.25: A combined open and closed cross-section. 


Clearly, the maximum shear stress in the strip is far smaller than that in the trapezoidal 
section. 

In summary, when dealing with a combination of open and closed sections under torsion, 
the contribution of the open part can be neglected when evaluating the torsional stiffness, 
and the shear stress in the open section is far smaller than that in the closed section. 


6.6.5 Torsion of multi-cellular sections 


The membrane analogy will be used once more to investigate the behavior of the multi- 
cellular section shown in fig. 6.26. For this problem, the membrane must be stretched along 
three planar contours: the outer contour of the section taken with a zero deflection, and 
the inner contours of the left and right cells with unknown deflections (p/S)h; and (p/S)ho, 
respectively. The constant slope of the membrane in the direction normal to the contours 
translates into uniform shear stress distributions through the thickness of the wall of each of 
the three curves C;, C2, and C3 found from the membrane analogy (5.79) as 





ha - a =e. = Tas (6.87) 


h h 
Ts1 = 2GK1 os T3232 = 2GK1 re T33 = 2GK1 


respectively. As a result, the shear flows f1, fo, and fs = f2—/, corresponding to each of the 
three curves C,, C2, and C3, respectively, are constants. Relationship (5.81) is then applied 
to the inner contour of each cell 


i T; ds = 2GK 1A}; : 7, ds = 2GK, Ap. (6.88) 
Ci —C3 C2+C3 


Introducing (6.87) then yields the following set of linear equations for the unknown deflections 
of the membrane 
(a1 + a3) hy — a3 ha = Aj; 


=03 hy + (a2 + a3) ho = Ao, (6.89) 
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d d d 
a= | = a= | Ba eget fee (6.90) 
Cy t C2 t C3 t 


The solution of these equations yields the membrane deflection 


where 


(a2 + a3)Ai + a3A2 a3A, + (a, + a3)Ag 
y= he SS (6.91) 
a203 + A1a3 + A1Q2 a2a/3 + A1A3 + AA? 


The torque is given by (5.82) as 


- 2GK, 
p/S 


Introducing the membrane deflection yields M, = Jk, where the torsional stiffness is 





M, 2V = 2GK1 (2A;hy + 2Ash2) : (6.92) 


a, Az + aA? + a3(Ay + AS) 
a2QA3 + A1A3 + A1Q2 , 


J =4G 





(6.93) 


Finally, the stress flows in the various portions of the section are found by introducing 
eq. (6.91) into eq.(6.87) 


(a2 + a3)A1 + a3A2 M 

















n= aA + a2Aj + a3(Ai + Az)? 2’ (6.94) 
a a3A, + (a1 + a3)Ag My, 
2 AE + onl? + ag(Ar + Ay? 2 


and f3 = fa—fi. 

This solution process is readily extended to multi-cellular section with N cells. The 
membrane analogy leads to constant shear flows in each curve the section is comprised of. 
Relationship (5.81) is the applied to the inner contours of each of the N cell resulting in a 
set of N linear equations for the unknown membrane deflections of the contours of each of 
the N cells. The solution of this system gives the shear flows in the various components of 
the section. The torque and torsional stiffness are then obtained form (5.82). 


6.6.6 Problems 
Problem 6.5 


The cross-section of a high lift device is shown in fig 6.27. The aerodynamic pressure acting on the 
lower panel of the device has a net resultant F3 = 100 x 10? N and its line of action is aligned 
with the left web, as indicated on the figure. Material properties are: EF = 73 GPa, G = 30 GPa. 


1. Find and sketch the distribution of shear stress flow associated with the shear force F3. 
2. Find and sketch the distribution of shear stress associated with torsion of the section. 
3. Find and sketch the total shear stress distribution in the section. 


4. Indicate the location and magnitude of the maximum shear stress in the section. 
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Figure 6.26: A thin-walled, multi-cellular section under torsion. 
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Figure 6.27: High lift device subjected to a transverse shear force. 





Figure 6.28: Thin-walled, rectangular box beam. 
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Figure 6.29: Configuration of the four-web flexure. 


Problem 6.6 


Consider the thin-walled, rectangular box beam of length LZ = 2 m shown in fig. 6.28. The cross- 
section has a width b = 0.2 m, a height h = 0.1 m, and a constant wall thickness t = 5 x 10~°% m 
The cantilevered beam is subjected to a tip load P = 5x 10°? N acting in the plane of the tip section 
as indicated on the figure, a distributed transverse load pp = 20 x 10°° N/m, and a distributed 
torque qo = 1.0 x 10° N. 


1. Find the distribution of axial stress in the root section of the beam. Find the magnitude and 
location of the maximum axial stress. /10 points/ 


2. Find the distribution of shear stress at the root of the beam due to the transverse shearing 
force. [10 points] 


3. Find the distribution of shear stress at the root of the beam due to the torsional loads. /10 
points] 
Problem 6.7 


Fig. 6.29 depicts a flexure composed two rigid circular flanges and four flexible webs (homogeneous 
material of Young’s modulus F and shearing modulus G). The flexure is subjected to a tip axial 
load P,, a tip torque Q1, and tip bending moments Q2 and Q3. The resulting tip axial displacement 
is U,(L), tip rotation ¢,(L), ¢2(L) and ¢3(L). Find 


1. The shear center of the section. 


2. The axial stiffness S, of the flexure: S, = P,/U;(L). Give the nondimensional stiffness 
LS,/EbR. 


3. The torsional stiffness: S; = Qi/¢1(L). Give the nondimensional stiffness LS) /EbR?. 


4. The bending stiffnesses: S23 = Q2/d2(L) and S3 = Qs3/¢3(L). Give the nondimensional 
stiffnesses L.S2/EbR? and LS3/EbR?. 


Use an appropriate approximation of the torsional stiffness of individual webs. 
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Figure 6.30: Thin-walled beam subjected to an applied torque. 


6.7 Warping of thin-walled beams under torsion 


When a thin-walled beam is subjected to an applied torque, shearing stresses are generated 
as discussed in the previous section. In turns, these shearing stresses cause out-of-plane 
deformations of the cross-section called warping. These deformation can significantly alter 
the torsional behavior of beams, specially in the presence of open sections. 

Consider a thin-walled beam subjected to pure torsional moments as depicted in fig. 6.30. 
Here again, the formulation is simplified by selecting the axes as the principal centroidal axes 
of bending. Under the effect of the applied torque, the beam rotates about a point R, called 
the center of twist, with coordinates (x2,,23,). The location of the center of twist is as yet 
unknown. 

The analysis of this problem starts with an assumed displacement field similar to that of 
the Saint-Venant solution described in section (5.3.1). The axial displacement component is 
proportional to the twist rate and characterized by an unknown warping function V, whereas 
the in-plane displacement components describe a rigid body rotation of the section about 
the center of twist 


u(X1, s) = U(s) K1(21); (6 95) 
ug(@1,8) = —(@3 — £3r) O1(71);  ug(@1, 8) = (%2 — Lop) Oi (x1). , 
In view of the thin wall assumption, the value of the warping function is assumed to remain 


constant across the wall thickness and becomes a sole function of the curvilinear variable s. 
The strain field follows from this assumed displacement field 


dkKy ; 


pau 6.96 
ae (6.96) 


€, = V(s) 
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eg = 0; 3. 0; 723 = 0; (6.97) 


Ve es = (te 7) Ki; V3 = = (a vy) Ki. (6.98) 
In the present analysis, the beam is undergoing non-uniform torsion, i.e. dk,/dx, # 0. This 
contrasts with the Saint-Venant solution (5.3.1), and the analysis developed in section (6.6) 
where uniform torsion was assumed. As a result, the axial strain (6.96) does not vanish. 
The in-plane strain components (6.97) vanish because of the assumed rigid body rotation of 
the section. The shearing strain components (6.98) depend on the partial derivatives of the 
warping function and are proportional to the twist rate. 

The non vanishing components of the stress field are readily obtained 


d 
o, = EV(s) ie (6.99) 
dw dw 
12 G ee = (x3 = va) A415 ™13 = G * + (x2 = I Ky. (6.100) 
2 3 


For thin-walled beams, the only non vanishing component of shearing stress is the component 
T, tangent to C, as discussed in section (6.1.2). For eq. (6.4), this shearing stress component 
writes 


dx3 


= dx» OU dx3 
n= G6 |= pes 
ds 


+ 3 + (ay — 2,) 


Ox ds 0x3 ds 


2 (a3 ta) Ka. (6.101) 
ds 


The first two terms represent the total derivative of the warping function with respect to 
s, whereas the last two terms are the distance from the twist center to the tangent to the 
contour, denoted r,. (see eq. (6.14)). Hence 


dw 
Ty =G & +E r) Ky. (6.102) 


To complete this analysis and determine the warping function, a distinction must now be 
made between open and closed sections. 


6.7.1 Warping of open sections 


The torsional behavior of thin-walled open section was investigated in section (6.6.1) with 
the help of the membrane analogy. The shear stress distribution was found to be linearly 
distributed across the wall thickness. As a result, the shear stress 7, vanishes along C. 
Equation (6.102) then implies 


aw 
To (= + i) Ky, = 0. (6.103) 


Hence, the warping function satisfies the following differential equation 


dw _ dx3 dx» 
ae = Fah SS, («. = Taras a tre) : (6.104) 
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To integrate this equation and determine the warping function, we first define a function 
T'(s) such that 
dT 
ds 
An arbitrary boundary condition is used to evaluate ['(s). Integration of (6.104) then yields 
the warping function 


15. (6.105) 


W(s) =I'(s) + Lop 23 — L3r Zo +4, (6.106) 


where a is an integration constant. To fully define the warping function, it is necessary to 
evaluate this integration constant, as well as the coordinates of the center of twist. 

In the case of uniform torsion k; = constant, the warping of all sections is identical 
(see eq. (6.95)), and the axial strains, eq. (6.96), and stresses, eq. (6.99) both vanish. The 
integration constant and the location of the center of twist cannot be determined. The 
indeterminate part of the warping function x2, x73 — %3, %2 + a represents a rigid body 
displacement field that does not affect the state of strain or stress in the bar. In fact, any 
point can be selected as the center of twist. However, most practical problems involve non- 
uniform torsion because the applied torque varies along the axis of the beam, or warping 
is constrained at some point along the span. In that case, two neighboring sections warp a 
different amount giving rise to axial strains which in turns, generate axial stresses, though 
the beam is acted upon solely by a torque. As a result, though the axial stress does not 
vanish at all points of the section, the axial force, eq. (6.8), and bending moments, eq. (6.9) 
must vanish, since no such loads were applied. 

The vanishing of the axial force implies 


A= fo tds = 0. (6.107) 
C 
Introducing the axial stress (6.99), and the warping function (6.106) yields 
pe tds + £9, i. Ex; tds — ty, f Ex, tds + afE tds = 0. (6.108) 
c c G C 


The second and third integral of this expression are zero because the origin of the axes was 
selected at the centroid. The last integral represents the axial stiffness S, see equation (3.18). 
The integration constant is found as 


1 
a=—-— pe tds. (6.109) 
S Je 
Next, the vanishing of the bending moments defined by eq. (6.9) implies 


[ete tds + Lo, | Ex? tds — X3p | Exox3 tds + af Ex, tds = 0. (6.110) 
é Cc C Cc 


The second integral of this expression is the bending stiffness [92, the third the cross-bending 
stiffness [23 which is zero because the axes are principal axes of bending, and the last integral 
also vanishes because the axes origin is at the centroid. The coordinate x2, of the center of 
twist follows 


il 
Lor = —-— [ Bees tds. (6.111) 
In Je 
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Finally, enforcing the bending moment M3 to be zero leads to 


1 
L3r = — | EV ze tds. (6.112) 
33 Jc 


The procedure to compute the warping function for thin-walled beams with an open 
section consists of the following steps. 


1. Compute the location of the centroid and the orientation of the principal axes of 
bending of the section. Set the axes accordingly; 


2. Compute the function ['(s) by integration eq. (6.105). Use an arbitrary boundary 
condition; 


3. Compute the integration constant a with the help of eq. (6.109); 
4. Compute the location of the center of twist from eqs. (6.111) and (6.112); 
5. The warping function is then fully defined by eq. (6.106). 


The shape of the warping function describes the out-of-plane deformation of the cross- 
section. Indeed, for (6.95), the warping function gives the distribution of axial displacement 
within a scaling factor k,. For non-uniform torsion, the warping function also describes 
the distribution of axial strain (6.96) over the section. Here the warping function gives the 
distribution of axial strain with a scaling factor dk,/dx1, the rate of change of the twist rate 
along the span. Finally, for sections made of a homogeneous material, i.e. E(s) = constant, 
the axial stress (6.99) is also distributed according to the warping function, this time with a 
scaling factor FE dk,/dxy. 

It is worthwhile noticing that the vanishing of the axial stress resultants imply the fol- 
lowing properties of the warping function 


[ev ids = [Bun ids = [ev tds = 0. (6.113) 
c € e 


Example: Warping of a C-channel 


The determination of the warping function will be illustrated with the example of the C- 
channel depicted in fig. 6.11. The first step is to compute the function [(s) from eq. (6.105). 
Starting with the lower flange where r, = —h/2, we find 


h 
is) = > + C1, 


where c, is an integration constant evaluated with the help of an arbitrary boundary condi- 
tion, say I(s) = 0 at s = 0. The function [ becomes 


hs 
Tl; = ee 
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A similar process is used for the web and upper flange, where r, = —d and r, = —h/2, 
respectively. Continuity of the function I’ is enforced to find 


_ hs Jh 


h 


The next step is to evaluate the integration constant with the help of eq. (6.109) 


b +h/2 b h 
if Ty s+ [5 s+ f [3 ds = ——(b+d), 
0 —h/2 0 2 


and the coordinates of the center of twist from eqs. (6.111) and (6.112) 


col 
$ 








Et b h +h/2 b h h2p2 
Lor = -=— == ast f Tasds+ f P45 ds == 
; Too [ 9) higge eee 4] 
Et | re +h/2 b 
3. | Pi(b-—d—s) s+ f T'2(—d) as+ f T'3(s —d) ds| =0. 
I33 | Jo —h/2 0 





This last result could have been readily obtained from the symmetry of the problem. The 
warping function then follows from eq. (6.106) 


h h 
v= a's +e—b); WVW2=-es; W3= a/s =e) (6.114) 


where e = h?b?/4I. Fig. 6.31 shows the warping function and the location of the center 
of twist. Clearly, this center of twist is at a distance e from the web. It is interesting to 
note that the shear center, found in section (6.3.1) and the center of twist coincide for this 
cross-section. 


6.7.2 Warping of closed sections 


The torsional behavior of thin-walled closed sections was investigated in section (6.6.2). The 
shearing stress was assumed to be uniformly distributed across the wall thickness, and found 
to be proportional to the area A enclosed by C, see eq. (6.70) 


JK 
s=—. 6.115 
"8 DAt ey) 
On the other hand, this shear stress is related to the warping function by eq. (6.102). Hence, 
dv A 
ee oe 6.116 
ds 2AGt ete) 


This is the governing equation for the warping function, and it should be compared to 
eq. (6.104) that applies for open sections. The process of integration of eq. (6.116) closely 
follows that used for open sections. First, a function T is defined 


dV J 


Ap aa Tos (6.117) 
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jee (5) 


Figure 6.31: The warping function for a C-channel. 


Here again, an arbitrary boundary condition is used to evaluate [’. Integrating eq. (6.116) 
yields the warping function in the form of eq. (6.106). The integration constant a, and the 
location of the center of twist are then found by enforcing the vanishing of the axial force, 
and bending moments, respectively. 

In summary, the procedure for the determination of the warping function of closed sec- 
tions is identical to that for open sections, except that the governing equation for the function 
T is (6.117) rather that (6.105). 


Example: Warping function for a rectangular section 


The procedure is illustrated with the example of the thin-walled rectangular beam shown in 
fig. 6.32. The width and height of the section are 2a and 2b, respectively, and the thickness 
t is uniform. The torsional stiffness is found from eq. (6.75) so that 


J = 2A _ 2ab 
re as OMe 
ae 





The governing equation for becomes 


dv 2ab 
ds atb 





— To, 
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Figure 6.32: Thin-walled beam with a rectangular cross-section. 


and integration yields 


a—b a—b a—b a—b 
age 2 Paap 3 aie 4 pe 











Dy 


For the upper flange the boundary condition [, = 0 at s = 0 was used, and continuity was 
enforced for the other components of the section. For obvious symmetry reasons a = 2%, = 
x3, = 0, as can be verified with the help of eqs. (6.109), (6.111), and (6.112). The warping 
function V = TP now becomes 

a—b a—b a—b a—b 


= hs: = eS by: — 
Vai ee aay we Opin eo Sep ae 














(6.118) 


and is depicted in fig. 6.32. For non-uniform torsion, this warping function also represents 
the distribution of axial strain and axial stress, to suitable scales. 


6.7.3. Warping of multi-cellular sections 


In the case of multi-cellular sections the shear flow distribution f;(s) due to an applied 
torque must be computed first with the help of the procedure described in section (6.6.5). 
This shear flow distribution is proportional to the twist rate, ie. f:(s) = G(s) K1, and the 
corresponding shear stress is T, = G;(s)/t. Comparing this result with eq. (6.102) yields the 
governing equation for the warping function 

dV G(s) 


ay a 44 
ae CR 9) 





The procedure for the determination of the warping function of multi-cellular sections then 
exactly mirrors that for open and closed sections, except that the governing differential 
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equation for the function [’ is now 


dv G(s) 





a pe te (6.120) 


6.8 Equivalence of the shear and twist centers 


The analysis of the shear flow distribution in thin-walled beams under shear forces led to 
the concept of shear center. The shear center was defined as the point at which transverse 
shearing forces must be applied for the beam to bend without twisting. This important con- 
cept allowed the decoupling of bending and twisting problems, as discussed in section (6.5). 
On the other hand, a center of twist was introduced for the analysis of thin-walled beam 
under torsion. 

We now propose to show that the shear and twist centers coincide for open sections. 
Consider eq. (6.60) for the coordinate x2; of the shear center, and introduce the function [ 
defined by eq. (6.105) 


dv 
Coe = [9 1s = - |G — ds. (6.121) 
C C ds 
Integrating by parts then yields 
dG3 
Bes i PS ds — [GT Ipoundary: (6.122) 


The boundary term vanishes since G3 = 0 at the boundaries. Next, the governing equation 
(6.50) for G3 is introduced 


Et 1 
Gk = | 7,03 ds = -— | Ets: tds = Yor, (6.123) 
c +22 22 JC 


where the last equality follows from eq. (6.111). A similar reasoning leads to x3, = 23,, 
establishing the equivalence of the shear and twist centers for open sections. The equiva- 
lence also holds for closed section, as can be shown by a similar development. In fact, this 
equivalence is a direct consequence of Betti’s reciprocal theorem. 


6.9 Non-uniform torsion 


A thin-walled beam under non-uniform torsion is subjected to a complex state of stress that 
involves both shearing stresses and axial stresses generated by differential warping. This axial 
stress is uniform across the thickness, and the associated axial flow is denoted n,, = to,. As 
discussed in section (6.7.1), though the axial stress does not vanish at all points of the section, 
the resulting axial force and bending moment do vanish. This condition implies the global 
equilibrium of the section, but the local equilibrium equation, eq. (6.16), is not necessarily 
satisfied. For this local equilibrium to hold, a shear flow f;,, called the warping shear flow is 
generated so that 

Ona. OTs 


eee —(. 124 
Ox1 = Os (6 ) 
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The implication of this new shear flow f, is investigated for the case of open sections. 
Introducing expression (6.99) for the axial stress and solving for f,, yields 
Ofte d? 4 


—— = -—Etv : 
Os dx? 





(6.125) 


The procedure described in section (6.3) would apply for the determination of the warping 
shear flow f,, depicted in fig. 6.33 for the case of a C-channel. 

In the presence of this new shear flow, the question of overall equilibrium arises once 
more: does the shear flow f,, generate resultant transverse shear forces? The shear force 
resultant F2,, associated with the warping shear flow is evaluated with the help of (6.10) 


dx Of 
Pom f fo F —? ds -- |» a. ds + [22 fwl boundary (6.126) 


The boundary term resulting from the integration by parts vanishes since f, = 0 at the 
edges of the contour. Introducing eq. (6.125) then yields 
a Ky 
ee EW tds = 0, (6.127) 
dx? Cc 
where the last equality stems from property (6.113) of the warping function. It can be shown 
in a similar way that F3,, = 0. 
Next, the torque resultant about the shear center generated by the warping shear flow 
fw is evaluated with the help of (6.13) 


U 
MiwK = he ds = - ft ds, (6.128) 
C C ds 


where the governing equation (6.104) for the warping function was introduced. Integrating 
by parts then yields 


Mie [v4 we de Uitte (6.129) 
where the boundary term vanishes once more. Finally, we introduce eq. (6.125) to find 
a? ka 
Miwk = —Jy —, 6.130 
where 
t= [ev tds, (6.131) 
c 


is called the warping stiffness. The total torque is the sum of that generated by the twist 
rate and that due to warping, i.e. 
dk 
Mix =J kK, — Jy —;. 6.132 
1k 1 dx? ( ) 
The first component of torque J «1 is that generated by the shear stress distribution described 
in section (6.6.1), Jy d?K1/dx? is an additional contribution due to the warping shear flow 
fw. Note that the second contribution vanishes for the case of uniform torsion. 
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Figure 6.33: Shearing flow f,, for a C-channel. 


The equilibrium equation for a differential element of the beam was obtained in section 
(5.16). Introducing the torque expression (6.132) yields the governing equation for beams 
undergoing non uniform torsion 


d d®, Po, 
i (s ot J, oo ) Si (6.133) 


This fourth order equation can be solved to find the beam twist given the applied distributed 
torque qj. 


Example: Torsion of a cantilevered beam with free root warping 


Consider a uniform cantilevered beam of length LD subjected to a tip torque Q. At first, 
the root condition is such that no twisting is allowed, but warping is free to occur. This 
condition could be obtained by clamping the beam between two rollers so as to prevent any 
root rotation without constraining axial displacements. The beam has uniform properties 
along its length. Hence, the governing equation (6.133) becomes 


d’®, d‘®, 


SW: AS 
d2x1 dx} 





J = 0. 


At the root of the beam, no twist occurs, i.e. ®; = 0. Since warping is free at the root, 
the axial stress must vanish, and, in view of (6.99), this implies d?,/d?r, = 0. At the tip 
of the beam, the torque must equal the applied torque Q, and the axial stress must vanish 


once again. For (6.132) the first condition implies Q = J d®,/dx, — J, d?®,/d?x,, and the 
second condition again implies d?®, /d?x, = 0. 
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To ease the solution of this problem, a non-dimensional span-wise variable € = x;/L is 
introduced. The governing equation becomes 


OP =k Or = 0, (6.134) 

and the boundary conditions are 
@€=0: 6,=0; S=0; 
@g=L: &{=0; eo, — ay = SE 


where the notation (.)’ is used to denote a derivative with respect to €, and 


ee 


k? 
Soe 


(6.135) 
is a non-dimensional parameter that characterizes the importance of the torsional warping 
stiffness. 

The general solution of this equation is 


®, = C, + CoE + C3 cosh k& + Cysinh k€, (6.136) 


where C1, C2, C3, and Cy are four integration constants. The boundary conditions at the 
root are used to evaluate C, and C3 to find 


®, = Co + Cy sinh KE. 


The remaining two integration constants are found with the help of the boundary conditions 
at the tip of the beam. Hence, 

_@b 
aa 


This solution represents the uniform torsion solution. Indeed, it implies a twist rate kK, = 
d®,/dx, = Q/L = constant. The torsional warping stiffness J,, has disappeared from the 
solution which could have been obtained from the governing equation for uniform torsion 
developed in chapter 5 


O, (6.137) 


Example: Torsion of a cantilevered beam with constrained warping 


The cantilevered beam of the above example is considered once again, but the root section 
is now solidly clamped so as to prevent any warping at the root. At this built-in end, no 
twisting occurs, i.e. ®,; = 0, and no axial displacement is allowed. In view of (6.95), this 
last condition implies «; = d®,/dxz, = 0. The governing equation of the problem is (6.134) 
once again, but the boundary conditions now become 


Ge = Ot O05. “0: 
3 
@E=L: Of=0; Ko,-o7 = 2. 


’ 
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The general solution of the governing equation still has the form of eq. (6.136), and the 
boundary conditions at the root are used to evaluate C3 and Cp. Hence, 


®, = Ci(1 — cosh k€) + Cy(sinh ké — k€). 


The boundary conditions at the tip allow the evaluation of the remaining integration con- 
stants to find 

_ QL sinh k — sinh k(1 — €) 

ee | k cosh k 


The first term represents the linear distribution of twist along the span of the beam charac- 
teristic of uniform torsion, as was found in the previous example. The second term represents 
the influence of the non-uniform torsion induced by the root warping constraint. This con- 
straint decreases the twist of the beam. 

Two types of sections will be considered here, the closed rectangular section shown in 
fig. 6.32, and the open C-channel of fig. 6.31. The warping stiffness of the rectangular section 
is found by introducing eq. (6.118) into eq. (6.131) and integrating 


PD, 





A a*b*t(a — b)? 
ep eee 
3 a+b 


The torsional stiffness follows from (6.75) 





1 2p,2 

J=C 6a“b*t 
a+b 

The coefficient & defined in (6.135) then becomes 


(G5) 


Note that for a = b, the thin walled rectangular section becomes square, the warping func- 
tion vanishes, as does the warping stiffness, and the uniform torsion solution is recovered. 
Consider a rectangular section made of aluminum, and for which a = 4b. The ratio G/E 
was found to be 1/2(1+v) for isotropic, linear elastic materials, eq. (1.90). The coefficient k 
then becomes proportional to the aspect ratio L/a. For a long beam (L/a = 10), k = 16.54, 
whereas for a shorter beam (L/a = 5), k = 8.27. On the other hand, if the beam is made of 
a unidirectional composite for which G/E = 1/28, the coefficient k becomes 5.04 and 2.52, 
for the long and short beams, respectively. Fig. 6.34 shows the twist distribution for the four 
cases considered. 
For the C-channel, the warping stiffnesses is found from eq. (6.114) 





h?b°t 3b+ 2h 
12 6b+h’ 





dpa 


and the torsional stiffness was computed in eq. (5.95) as 


3 
72 (26+ h). 
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Figure 6.34: Twist distribution for the rectangular section under non-uniform torsion. k = 
16.54 (0), k = 8.27 (A), k =5.04 (0), k = 2.52 (0). 














Finally, the coefficient k becomes 


e=()G) 5 aa 





Let the C-channel be such that h = 2b and t = b/10. If the C-channel is made of aluminum, 
k = 2.65 or 1.33 for the aspect ratios of L/h = 10, or 5, respectively. If the beam is made of 
a unidirectional composite, the corresponding values are k = 0.808 and 0.404, respectively. 
Fig. 6.35 shows the twist distribution for the four cases. 

It is clear that the effect of the constrained warping becomes increasingly significant as 
k, decreases. The coefficient k is proportional to ,/G/E. For most homogeneous, isotropic 
metal, Poisson’s ratio v is equal to 0.3, implying ,/G/E = \/1/2(1 + v) = 0.62. However, 
this ratio can be far smaller for highly anisotropic materials. For instance, in the extreme 
cases of a unidirectional graphite/epoxy material ,/G/E = 0.189. The coefficient k is also 
proportional to the aspect ratio L/d, where d is a representative dimension of the cross- 
section; lower values of k will be associated with shorter beams. It is also important to note 
that open sections yield much smaller values of k than closed section. 

In summary, the importance of non-uniform torsion is characterized by the coefficient 
k, which itself depends on three factors. First, there is a material effect: the ratio of the 
shearing to Young’s modulus. The second effect is a geometric effect: the aspect ratio of 
the beam. The last factor is the geometric nature of the cross-section that can be open 
or closed. The non-uniform torsion effects tend to become important for beams with the 
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Figure 6.35: Twist distribution for the rectangular section under non-uniform torsion. k = 
2.65: (6), k= 1.33. (A),.4 = 0.808 (DO), k= 0.404 (a). 














following characteristics: beams made of a material presenting a low shearing to Young’s 
modulus ratio, beams of lower aspect ratio, and beams with open cross-sections. 


6.9.1 Problems 
Problem 6.8 


Consider the thin-walled beam with a rectangular cross section depicted in fig. 6.36. The beam is 
clamped at the root and subjected to a tip torque Q,. 








Figure 6.36: Rectangular cross-section of a thin-walled beam. 
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1. Use the classical theory to solve this problem. Use the following assumed displacement field 
ui(@1,%2,23) = 0; 
u2(x1,%2,%3) = —%3 1 (x1); ug(x1, Y2, 73) = Lo D1 (2x1). 
2. Develop a beam theory for torsion based on the following assumed displacement field 
u1(@1,%2,23) = V(s) a(x); 


u2(x1,%2,%3) = —%3 Oi (x1); ug(x1, 22,23) = x2 1 (2x1), 
where W(s) is the warping function obtained from thin-walled beam theory, and a(x1) an 
unknown function. The warping function is given as 
a—b 
a+b 











Vi(s) ==> bs; Wa(s) = 8 


sas Ws(s) = {=> bs; Wa(s) = — 


—— as. 
+b 
3. Plot the twist distribution along the span of the beam for the two theories. 


4. Plot the shear flow distribution over the cross-section of the beam at x7; = 0 and JL, for the 
two theories. 


5. Plot the axial flow distribution over the cross-section of the beam at x; = 0 and L/2, for the 
two theories. 


Use the following parameters: 


a=4b; L=6a; E/G=20; n=Etey; f= Gty. 
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Chapter 7 


Variational and Energy Principles 


7.1 Mathematical Preliminaries 


The basic equations of elasticity developed in chapter 1 use the formalism of partial dif- 
ferential equations. Variational and energy methods provide an alternate approach to the 
solution of this problem. Prior to the study of this methods, some of the basic mathematical 
concepts used in variational methods will be presented. 


7.1.1 Stationary point of a function 





Consider a funtion of n variables, F = F(uj,u2,...,Un). The stationary points [3] of this 
function are defined as those for which 

OF 

Fu 0 PSL Gi) 


For a function of a single variable, this condition corresponds to a horizontal tangent to the 
curve, as illustrated in fig. 7.1. At a stationary point, the function can present a minimum, 
a maximum, or a saddle point. 

If a function is stationary at a point, conditions (7.1) hold, and the following statement 


OF 
Ou, 





= 0 





u, 


Minimum Maximum Saddle point 


Figure 7.1: Stationary points of a function. 
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is then true 





OF OF OF 
wt Wot... Wn = 0, ‘tae 
Ou, Ou OUn ee) 
where w 1, W2, ..-, Wn are arbitrary quantities. It is convenient to use a special notation for 


these arbitrary quantities, w; = du;, where du; is called a virtual change in u;. The above 


statement becomes 
OF OF OF 








du, 4 duga+...4 n = 0. : 
Du, Uy a ug a dUn = 0 (7.3) 
The “variation in F”, noted 6F’, is defined as 
OF OF OF 
ei 6 Pe oe ni A 
Ou, os Ou ous Oun mu we) 
If follows that 
oF = (7.5) 


at a stationary point. The differential condition, eq. (7.1), and the variational condition, 
eq. (7.5) must both hold at a stationary point. From the above developments, it is clear 
that eq. (7.1) implies eq. (7.5) and since the above reasoning can be reversed, it is simple to 
prove that eq. (7.5) implies eq. (7.1). Hence, the two conditions are entirely equivalent. 

To determine whether a stationary point is a minimum, a maximum, or a saddle point 
it is necessary to consider the second derivatives [3] of the functions. If 


2 
F 


at a stationary point for all increments du, and du,;, the function presents a minimum. If, 
on the other hand, the same quantity is negative for all du; and du,, the function presents a 
maximum. Finally, if the same quantity can be positive or negative depending on the choice 
of the increments, the function presents a saddle point. From the definition of 6F’, eq. (7.4), 
it follows that 

6-F = OF 
Ou,Ou, 


i,j=ln 


It is now clear that a stationary point is a minimum if 
OF >0 (7.8) 


for all arbitrary variations du; and 6u,. It is a maximum if 6?F < 0 for all variations, and a 
saddle point occurs if the sign of the second variation depends on the choice of the variations. 


7.1.2 Lagrange multiplier method 


Consider once more the problem of determining a stationary point of a function of several 
variables F = F(uy,u2,...,Un). However, in this case, the variables are not independent, 
rather they are subjected to a constraint of the form 


Pitas ai) — O (7.9) 
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Conceptually one could use the constraint to express one variable, say u,, in term of the 
others. Then, u, is eliminated from F' to obtain a function of n — 1 independent variables 
F = F(uy,U2,...,Un—1), a problem identical to that treated in the above section. In many 
practical situations it might be cumbersome, or even impossible, to completly eliminate one 
variable of the problem. 

This elimination process can be avoided by using an alternate approach. At a stationary 
point, the variation if F’ vanishes 





OF OF OF 
Of = du, 4 dug +...4 Ot, = 0. 7.10 
Ou, we Ou ve OuUn " ( ) 
However this statement does not imply 0F'/Ou; = 0 for i = 1,2,...,n because the variations 


du; cannot be chosen arbitrarily since they must satisfy the constraint, eq. (7.9). The relation 
among the variations du; can be explicitely written by taking a variation of the constraint 
to find 











Of Of Of 
= ! Sal ed bun = 0. 7.11 
2 Ou, ou Ou 2 OUn - ( ) 
A linear combination of eqs. (7.10) and (7.11) yields 
OF OF Of Of 
+... dUn + A duy+...4 Oti4.|/ = 0, (A2 
Ou, te OUn o Ee oa OUn, . ( ) 
where 4 is an arbitrary function of the variables uj, u2,...,Un called Lagrange multiplier. 
Regrouping the various terms then leads to 
“. [OF of 
ee Soe ,=0. fol 
eed du; =0 (7.13) 


w=1 


Conceptually, one could now express du, in term of the n — 1 other variations du; to be left 
with n — 1 independent, arbitrary variations. To avoid this cumbersome step, the arbitrary 
Lagrange multiplier is chosen such that 

OF Of 

oo WS 8 7.14 

OU OUn Wels) 
With this choice, the last term of the sum in eq. 7.13 vanishes for all du,. Hence, there is 
no need to express this variation in terms of the n — 1 others which can now be treated as 
independent, arbitrary quantities, implying 








OF Of : 
nN = 0 =1,2,...,n—1. 7.15 
Ou; +" Ou; d a d d nr ( ) 
These last two equations imply that 
OF + rA\0f = 0, (7.16) 


where the n variables u; are considered independent. Finally, 


6A SOF EMP POOP 2A) 0, (7.17) 
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f(x) 





Figure 7.2: The concept of variation of a function. 


since fo = 0 for arbitrary 6A in view of the constraint, eq. (7.9). 
In summary, the initial constrained problem can be replaced by an unconstrained problem 


6F*=0, Ft=F +f. (7.18) 


It is important to note that the initial problem involves n variables u; and one constraint. 
The final problem involves n + 1 variables, u; for 7 = 1,2,...,n and the Lagrange multiplier 
A, but no constraint. 


7.1.3 Stationary point of a definite integral 


Next, the determination of the stationary point of the following definite integral 


b 
I -/ FG -y ¢ @) dz (7.19) 


is considered, where the notation ()/ is used to indicate a derivatives with respect to x. y 
is an unknown function subjected to boundary conditions y(a) = a, y(b) = @. At first, 
this problem seems to be of a completely different nature from those treated in the previous 
sections. Indeed, J is a “function of a function”, 7.e. the value of the definite integral J 
depends on the choice of the unknown function y. Since there are an infinite number of 
values of y between a and 0, I is equivalent to a function of an infinite number of variables. 

This problem will be treated using the variational formalism introduced in the previous 
sections. First, the concept of variation of a function, denoted of is introduced. Fig. 7.2 
shows two functions f(x) and f(x) such that 


bf = f(x) — f(x) = ¢(2), (7.20) 


where ¢(x) is a continuous and differentiable, but otherwise arbitrary function such that 
(a) = o(b) = 0. In other words, df is a virtual change that brings the function f(x) to a 
new, arbitrary function f(x). Note that df(a) = 6f(b) = 0. 

The stationarity of I requires 


b b 
a= 6 [ F(y, y’, 2) d= f OF (y, y', x) dx =0. (7.21) 
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With the help of eq. (7.4), this becomes 


OF 8 
5 [|< Sy + | da 0 (7.22) 


Integration by parts is now applied to the second term in the square bracket 


"OF _ dy -OF d d OF a b 
Ault de = On)! dm = dx 6 : 7.23 
i ay Man) = fo Oy ag”) =e aoe ea i) vee) 
The boundary term vanishes since dy(a) = dy(b) = 0, and the stationarity condition then 


becomes ; 
OF d OF 
os ashes i 24 
ol / IF de Dy! ) dy dx = 0. (7.24) 


The bracketed term must vanish because the integral must go to zero for all arbitrary vari- 
ations dy. This yields 

OF d_ OF 

Oy ae Of )= 
Here again, the above reasoning can be reversed. Starting from eq. (7.25), and performing 
the integration by parts in the reversed order implies dJ = 0. In summary, the necessary and 
sufficient condition for the definite integral to be at a stationary point is that eq. (7.25) be 
satisfied. These differential equations are called the Euler-Lagrange equations of the problem. 

The variational formalism introduced in this section will be systematically applied to 
elasticity problem. It will be shown that the equations of elasticity can be viewed as the 
Euler-Lagrange equations associated with the stationarity condition of definite integrals. 
Various froms of the equations of elasticity can be easily obtained by direct manipulations 
of these definite integrals. It is therefore important to understand the variational formalism 
and its implications. 

A crucial difference exists between an increment df of a function f(a) and a variation 6f 
of the same function, as depicted in fig. 7.3. df is an infinitesimal change in f(x) resulting 
from an infinitesimal change dz in the independent variable; df/dx represents the tangent 
at the point. On the other hand, éf is an arbitrary virtual change that brings f(x) to f(z). 
The two quantities, df and df, are clearly unrelated, the former is positive in fig. 7.3, whereas 
the latter is negative. 

Although the concepts associated with the notation df and df are clearly distinct, the 
manipulations of the two symbols are quite similar. For instance, the order of application of 
the two operations can be interchanged. Indeed, 


(7.25) 


d df df df 


a f= <F- fj= a ae Nae (7.26) 


Similarly, the order of the integration and variation operations commute 


b b b b b 
bf Pae= f Pax- f Pac= [ (P-P)de= [oF ae, (7.27) 
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Figure 7.3: The difference between an increment df and a variation 6f. 
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Figure 7.4: General elasticity problem. 
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7.2 Variational and Energy Principles 


Consider a general elasticity problem consisting of an elastic body of arbitrary shape sub- 
jected to surface tractions and body forces as well as geometric boundary conditions such 
as prescribed displacements at a point or over a portion of its outer surface, as depicted in 
fig. 7.4. The volume of the body is denoted Y and its outer surface S. The outer normal to 
S is the unit vector n. S; and Sy denote the portions of the outer surface where prescribed 
tractions t and prescribed displacements & are applied, respectively. At a point of the outer 
surface, either tractions or displacements can be prescribed, but it is impossible to prescribe 
both together. Consequently, S; and Sj share no common points and S = S; + Sg. Note 
that a point of the outer surface that is traction free belongs to S;, since zero tractions t = 0 
are prescribed at that point. Body forces b might also be applied over the entire volume of 
the body. Gravity forces are a typical example of body forces, but such forces can also arise 
as a result of electric or magnetic fields. In dynamic problems, inertial forces will also be 
applied as body forces in accordance with D’Alembert’s principle. 


The basic equations of elasticity developed in chapter 1 form a set of partial differential 
equations that can be solved to find the displacement, strain, and stress fields at all points in 
Y. These equations will be reviewed in section 7.2.1 where several important definitions are 
also introduced. In the subsequent sections, a number of variational and energy principles are 
presented that provide an alternate formalism for the solution of elasticity problems. This 
formalism is the basis for powerful numerical techniques, such as the finite element method, 
that are routinely used to obtain approximate solutions to complex elasticity problems. 


7.2.1 Review of the equations of linear elasticity 


The equations of elasticity can be broken into three groups 


1. The equations of equilibrium are the most fundamental equations. They were derived 
in sections 1.1.2 and 1.1.3 from Newton’s law stating that the sum of all the forces 
acting on a differential element of the structure should vanish. 


2. The strain-displacement equations merely define the strain components that are used for 
the characterization of the deformation of the body at a point. The strain-displacement 
relationships were derived in section 1.3.1 from purely geometric considerations. 


3. The constitutive laws relate the stress and strain components. They consist of a math- 
ematical idealization of the experimentally observed behavior of materials. The ho- 
mogeneous, isotropic, linear elastic material behavior described in section 1.5.1 is a 
commonly used, but highly idealized constitutive law. Many materials can present one 
or more of the following features: anisotropy, plasticity, viscoelasticity, or creep, to 
name just a few commonly observed material behaviors. 
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The equilibrium equations for a differential element of the body are 


Oo71 OT21 OT31 





b, = 0; 











Ox, Ox2 0x3 
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bo = 0; 7.28 
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and must be satisfied at all points in VY. The surface equilibrium equations are 
y=; tg=t;, t3 = ts, (7.29) 


where the surface tractions were defined in eq. (1.14). The surface equilibrium equations are 
also called the force, or natural boundary conditions. The stress array 


a” =|o1, 02, 03, T23; Tis, Tia], (7.30) 


will be used whenever that notation is convenient. 


Definition 1 A stress field o(x1, 12,3) is said to be statically admissible if it satisfies the 
equilibrium equations, eqs. (7.28), at all points in V and the surface equilibrium equations, 
eqs. (7.29), at all points on Sy. 


When the displacements are small, it is convenient to use the engineering strain compo- 
nents to measure the deformation at a point. The axial and shearing strain components are 
related to the displacements as 


bs Ou, i“ Oug 2 Ouz 
1S" 2 at 3-5.» 
Ox Ox Ox 
Oug Ou3_ : Ou, * Ou. 5 Ou, Oug (7.31) 


Ges oes Te aoe On? v2 = OR, One 


respectively. In order to compute strain components, the displacements field must be con- 
tinuous and differentiable. Furthermore, the displacements must be equal to the prescribed 
displacements over S» 


A 


Wy = 01; Ug = 42; ug = dg; (7.32) 
these are called the geometric boundary conditions. The strain array 
ef = lé1, €2, €3, Yo3, V3, V2], (7.33) 


will be used whenever that notation is convenient. 


Definition 2 A displacement field u(x, 22,273) is said to be kinematically admissible if 
it is continuous and differentiable at all points in V and satisfies the geometric boundary 
conditions, eqs. (7.82), at all points on Sp. 
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Definition 3 A strain field (x11, 22,73) is said to be compatible if it is derived from 
a kinematically admissible displacement field through the strain-displacement relationships, 
eqs. (7.81). 


Finally, the stress and strain fields must satisfy the constitutive laws at all points in V. 
For some materials, a simple linear relationship can be assumed to hold when the strain 
components remain small; this writes 


G= Ce or 256: (7.34) 


where C’ is a symmetric, positive-definite stiffness matrix, and S a symmetric, positive- 
definite compliance matrix. 
In summary, the complete solution of an elasticity problem involves 


1. a statically admissible stress field, 


2. a kinematically admissible displacement field and the corresponding compatible strain 
field, 


3. and a constitutive law satisfied at all points in V. 


7.2.2 The principle of virtual work 


Consider an elastic body that is in equilibrium under applied body forces and surface trac- 
tions. This implies that the stress field is statically admissible, 7.e. the equilibrium equations, 
eqs. (7.28), are satisfied at all points in V and the surface equilibrium equations, eqs. (7.29), 
at all points on S,;. The following statement is now constructed 


Oo, OT21 OT31 OT12 Oo» OT39 
~ f | GE FE + BE to be + ( oe? pas t bo) Stig 


O73 , OT23 003 
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+ b3) Sus dV +f (t —t)-dudS =0. (4355) 
0x3 Si 


This statement was constructed in the following manner. Each of the three equilibrium 
equations was mutiplied by an arbitrary, virtual change in displacement, then integrated 
over the range of validity of the equation, VY. Similarly, each of the three surface equilibrium 
equations was mutiplied by an arbitrary, virtual change in displacement, then integrated 
over the range of validity of the equation, S;. Since the stress field is statically admissible, 
each term in parenthesis is zero, and multiplication by an arbitrary quantity results in a 
zero product. Each of the two integral then vanishes, as does their sum. The dot product 
notation (t — t) - du = (t; — t,)du, + (to — ty)dug + (tz — t3)6ug was introduced to obtain 
compact expressions. 

Next, integration by parts is performed. For the first term of the volume integral this 
operation is 





axe dor Ou dV = i gu dy — i, Ny4O71 Ou, dS, (7.36) 
y Ox, vy Ox, Ss 
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where n; is the component of the outward unit normal along i,, see fig. 7.4. A similar 
operation is performed on each stress derivative terms appearing in eq. (7.35) to yield 














[cticav- [v-suav— [t-suas+ f (t-t)-suas =0, (TeBT ) 
v v S S1 
where the virtual, compatible strain field was defined as 
Oout Obu2 Oduz 
O€4 = ; 0&9 = ; €3 = 7 
Dia cos, Oe OFS oi 85 (7.38) 
u u u u u u 
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The virtual displacements are now chosen to be kinematically admissible, which implies 
du = 0 on Sg. Expression (7.37) now simplifies to 


[ote ay =f b-6u av+ | t- du ds. (7.39) 
vy Vv Si 


The term on the left hand side of this expression can be interpreted as the virtual work 
done by the internal stresses whereas that on the right corresponds to the work done by the 
externally applied loads. Eq. (7.39) can thus be interpreted as follows 


Principle 1 (Principle of Virtual Work) A body is in equilibrium if the virtual work 
done by the internal stresses equals the virtual work done by the externally applied loads, for 
all arbitrary kinematically admissible virtual displacements fields and corresponding compat- 
ible strain field. 


It has been shown thus far that if a stress field is statically admissible, the principle of 
virtual work must hold. It can also be shown that if the principle of virtual work holds true, 
then the stress field must be statically admissible. Indeed, this principle implies eq. (7.37), 
which in turns implies eq. (7.35) by reversing the integration by parts process. Finally, 
the volume and surface equilibrium equations are recovered because eq. (7.35) must hold 
for all arbitrary, kinematically admissible virtual displacements fields. In summary, the 
equations of equilibrium, eqs. (7.28) and (7.29), and the principle of virtual work are two 
entirely equivalent statements. Because the principle of virtual work is solely a statement 
of equilibrium, it is always true. However, for the solution of specific elasticity problems, it 
must be complemented with stress-strain relationships and constitutive laws. 

It is interesting to compare the present statement of the principle of virtual work with 
that derived in chapter 3 for beams under axial and transverse loads, eqs. (3.108) and (3.109), 
respectively. The statements are different because the present formulation deals with general, 
three-dimensional stress states, whereas the formulation of chapter 3 deals with the stress 
resultants associated with beam theory. However, the physical interpretation of the various 
statement is identical in all cases. 


7.2.3 The principle of complementary virtual work 


Consider an elastic body undergoing kinematically admissible displacements and compatible 
strains. This implies that the strain-displacement relationships, eqs. (7.31), are satisfied at 
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all points in V and the geometric boundary conditions, eqs. (7.32), at all points on S,. The 
following statement is now constructed 


Ou, Ouz Ous Ou. Ous 
— eee Ss = ND 
: [te Aa! da, + (€9 Any) doo + (€3 ae da3 + (23 Bie: Das T23 
Ou, Ou3 Ou Ouse - 
a Se ee —ti)- dt dS =0. (7.4 
+(V13 x3 An) 6713 + (Y12 Dis aa or dV + [io a) 6 dS 0 (a 0) 


This statement was constructed in the following manner. Each of the six strain-displacement 
relationships was mutiplied by an arbitrary, virtual change in stress, then integrated over 
the range of validity of the equations, V. Similarly, each of the three geometric boundary 
conditions was mutiplied by an arbitrary, virtual change in surface traction, then integrated 
over the range of validity of the equation, Sj. Since the strain field is compatible and the 
displacement field kinematically admissible, each term in parenthesis is zero, and multipli- 
cation by an arbitrary quantity results in a zero product. Each of the two integral then 
vanishes, as does their sum. 

Next, integration by parts is performed. For the first term of the volume integral this 


operation is 
-{ Our 001 we [us ay f unser dS, (7.41) 
y Ox, Yy Ox, S 


where n; is the component of the outward unit normal along i,, see fig. 7.4. A similar 
operation is performed on each displacement derivative terms appearing in eq. (7.40) to 
yield 
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( Ox Ox 0x3 ) us dv i ot dS + a a) - dt dS = 0, (7.42) 


The virtual stresses are now chosen to be statically admissible, which implies that virtual 
stresses satisfy the equilibium equations, and 6t = 0 on S,. Expression (7.42) now becomes 


[coe dy — i ai- dt dS =0. (7.43) 
Vv S2 


This statement can be interpreted as follows 


Principle 2 (Principle of Complementary Virtual Work) A body is undergoing kine- 
matically admissible displacements and compatible strains if the above quantity vanishes for 
all statically admissible virtual stress fields. 


It has been shown thus far that if a body undergoing kinematically admissible displace- 
ments and compatible strains, the principle of complementary virtual work must hold. It 
can also be shown that if the principle of complementary virtual work holds true, then the 
displacement field must be kinematically admissible and the strain field compatible. Indeed, 
this principle implies eq. (7.42), which in turns implies eq. (7.40) by reversing the integration 
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by parts process. Finally, the strain-displacement relationships and geometric boundary con- 
ditions are recovered because eq. (7.40) must hold for all arbitrary stress virtual stress fields. 
In summary, the strain-displacement relationships and the geometric boundary conditions, 
eqs. (7.31) and (7.32), respectively, and the principle of complementary virtual work are two 
entirely equivalent statements. 


7.2.4 The principle of minimum total potential energy 


Constitutive laws consist of a mathematical idealization of the experimentally observed be- 
havior of materials, and can take various different forms to capture the numerous types of 
material behavior observed in nature. For some types of material behavior a scalar state 
function can be assumed to exist such that 





(7.44) 


where a(é) is called the strain energy density function. For instance, the strain energy density 
function of a linear elastic material is 


ale) = 5e7Ce. (7.45) 


Introducing this function into eq. (7.44), yields o = Ce, the constitutive law for a linear 
elastic material. 

Introducing this new form of constitutive laws into the left hand side of the principle of 
virtual work, eq. (7.39), leads to 





f. = oa) = a(u = a(u = dA(u 
[atow = f be x a= [ da(u) av 5 f au) av 5A(u), (7.46) 


where the chain rule for derivatives was used. The strain energy density and the total strain 
energy of the body, A = es a dY, must be expressed in terms of the displacement field u 
using the strain displacement relationships because the principle of virtual work requires a 
compatible strain field. The principle of virtual work now writes 


6 A(u) = [p-5u av | t- du dS. (7.47) 
Vv Si 


Next, the body forces and surface tractions are assumed to be derivable from potential 
functions 


OD". - Ow 
bea aaa (7.48) 
where ¢ is the potential of the body forces, and w the potential of the surface tractions. For 
instance, the potential of fixed surface tractions is simply ~) = —t - u, whereas the potential 
of the body forces associated with a gravity field g is 6 = —m g-u, where m is the mass 


per unit volume of the body. It is important to note that potential functions do not exist 
for all types of forces. Potential functions do not always exist for forces that depend on the 
orientation of the body, such as follower forces or aerodynamic forces, for instance. 
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The right hand side of the principle of virtual work, eq. (7.39), now becomes 


[p-suav+ f t-suas=- Og. du dV — i du dS 
Vy Si yp Ou s, Ou 


- ! 5d(u) dv — i: siasseo ij (ua) dv—6 | wu) dS =—60(u), (7.49) 
Vv Si v Si 


where ®(u =f ol u) dV+ few Be ) dS is the total potential the applied loads. Introducing 
this ae a eq. 47) leads a 


dA(u) = —d®(u), or 6(A(u) + &(u)) = 0. (7.50) 
The total potential energy of the body is now defined as 
I(u) = A(u) + ®(u), (7.51) 


and it follows that 
dII(u) = 0. (7.52) 


This statement can be interpreted as follows 


Principle 3 (Principle of Minimum Total Potential Energy) Among all kinematically 
admissible displacements fields, the actual displacement field that corresponds to the equilib- 
rium configuration of the body makes II an absolute minimum. 


Eq. (7.52) only proves that at equilibrium, the total potential energy presents a stationary 
point. As discussed in section 7.1.1, the sign of the second variation 6II will determine 
whether the stationary point actually is a minimum. The first variation in II is 


o- [oe =—de; dV — [»-suay— | t-suas, (7.53) 
Vv Si 


and its second variation is then 


6 2a 
5°1I(u) = l a St 55; be; Je; dV. (7.54) 


Based on physical grounds, the strain energy Coe function must be a positive-definite 
function of the strain components, which implies )7°? a1 0'a/(Oei0e;) be; b€; > O for all 
de;. Indeed, if the strain energy function were not positive-definite, strain states would exist 
that generate a negative strain energy, 7.e. the elastic body would generate energy under 
deformation, a situation that is physically impossible. It follows that 6?II > 0, and hence, 
II present an absolute minimum at its stationary point. 

If the principle of minimum total potential energy holds true, the total potential energy 
must present a stationary point, implying eq. (7.50). In turns, this equation implies the 
principle of virtual work, in which the stresses were expressed in terms of the strains using 
constitutive laws of the form (7.44), and strains were themselves expressed in terms of 
displacements using the strain-displacement relationships. In summary, the principle of 
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minimum total potential energy implies the equations of equilibrium of the problem expressed 
in terms of the sole displacement field. Such equations are the Euler-Lagrange equations 
corresponding to the stationarity condition for the total potential energy, see section 7.1.3. 
The principle of minimum total potential energy implies the principle of virtual work, but the 
principle of virtual work only implies the principle of minimum total potential energy under 
restrictive assumptions on existence of a strain energy density function and of potentials of 
the body forces and surface tractions. 


7.2.5 The strain energy 


The principle of minimum total potential energy establishes the total strain energy of a body 
as quantity of great importance. The total strain energy for beam was already evaluated for 
beams subjected axial strains, eq.(3.33), to curvature, eq. (3.66), or twist rate, eq. (5.35). 


Consider a differential element of a linear elastic solid subjected to a single axial stress 
component, say o;. Under the effect of these stresses, the two faces on which they act 
undergo a relative displacement du;. Since this deformation is proportional to the applied 
stress, the work dW done by the axial force 0;dx%2dx3 as it increases from zero to its present 
value is 


I O 1 
(o,dx2d73) duy =- 0] = dx,dr2d73 = 3 01 €1 dx, drodr3. 


ae 2 Ox, 


1 
2 


This work is given by the area under the stress-strain curve for the material, a straight line 
for the assumed linear elastic material behavior. If the material can be assumed to follow 
Hoocke’s law, eq. (1.82), this work becomes 


1 
dW = 3 Ee? dx \dxedx3; (7.55) 


in this case the strain energy density function is a(e,) = 1/2 Eé?. 

Consider now the more general case where the same differential element is subjected to a 
complete three-dimensional stress state. Since the various stress components act in mutually 
orthogonal directions, the work they each perform can be added to yield the total work as 


1 1 
dW = 3 [o1E1 + O2€2 + O3€3 + T2323 + T1313 + T12712| dx, drod73 = 3 we dx,drod73. 
Generalized Hoocke’s law, eq. (1.85) is now introduced to find 
lf 
dW = 2 € C S dx ,dxodz3, (7.56) 
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where C' is the stiffness matrix for the material, given as 
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The strain energy density function for a linear elastic material that follows Hoocke’s law, is 
now 


a(e) == e'Ce, (7.58) 


Dlr 


In the case of plane stress state, the sole in-plane strain and stress components contribute 
to the strain energy expression 





1 
ae) = 56°C, (7.59) 
where ef = |€1,€2, Yi2| are the relevant strain components. The associated 3 x 3 stiffness 
matrix is 
lov 0 
E 1 0 
C, ane stress — 7,75 \ ue : 7.60 
pl t: a _ v2) ee 1 5 Vy ( ) 


Note that the strain component €3 does not vanish due to Poisson’s ratio effects, but it does 
not contribute to the strain energy since the corresponding stress components o3 does vanish. 
For the plane strain case, the stiffness matrix is matrix 








1 e 0 
fl \E i Le 
= 
C, ane strain — 7, ..\7q a 1 0 7.61 
0 pee ee 
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In this case, the stress component 03 does not vanish, but it does not contribute to the strain 
energy because €3 is null in plane strain conditions. 


7.2.6 Clapeyron’s theorem 


Consider a linear elastic structure subjected to concentrated loads P;, i = 1,2,...,n, as 
depicted in fig. 7.5. The total potential energy of the system is 


M=A-)S- Pu, (7.62) 
aa 
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Ly 


Figure 7.5: Elastic body subjected to concentrated loads P;. 


where u; are the displacements of the points of application of the loads P; projected in the 
direction of these loads and A = 1/2 ts e’Ce dV. The stationarity of the total potential 
energy then implies 


b= 5A—S- Pbu; = "Cbe — 5° Pidu; = 0. (7.63) 


w=1 i=1 


Since this relationship must hold for all arbitrary virtual displacement fields and associated 
compatible strain fields, a valid choice is du; = u; and d€ = €, where u; and € correspond to 
the equilibrium configuration of the structure. It follows that e7Ce = S70", P;u; and 


Ae Se ar (7.64) 
i=l 


Note that the order in which the forces are applied is immaterial, the total strain energy 
only depends of the magnitude of the forces and the resulting projected displacements. This 
statement can be interpreted as follows 


Theorem 1 (Clapeyron’s theorem) The total strain energy stored in a linear elastic 
structure equals the sum of the half product of the applied loads by the displacements of 
their respective points of applications projected along these loads. 


Another interpretation of this result is: for a linear elastic structure, the work done by the 
externally applied forces, )7'"_, P;u;/2, equals the total strain energy stored in the structure. 

Let the structure be subjected to couples M;, 7 = 1,2,...,n. The total potential energy 
of the system becomes I] = A — 5>", Mi¢;, where ¢; are the rotations at the point of 
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application of the couples projected along the axis of the couple. For such loading, it is 
easily shown that 





“M9; 

A= ; 7.65 
d. 5 (7.65) 
If a single load P acts on the structure, Clapeyron’s theorem yields the corresponding pro- 
jected displacement u as 

_ 2A 
=a 


Finally, consider the case of a structure loaded by two forces applied along the same line 
action, as for instance, the forces P; and P, in fig. 7.5. The total strain energy stored in 
the structure is A = (P3u3 + Pyu,)/2. Next these two forces are assumed to act in opposite 
directions with a common intensity, P; = P, = P. It follows that A = P(u3 + u4)/2 where 
u = u3 + ug represents the relative distance between the points of application of the two 
forces, a positive quantity if the forces pull away from each other, and is negative in the 
opposite case. The total strain energy now writes 


- (7.66) 


_ Pu 
Say" 


A (7.67) 


In summary, each term in the statement of Clapeyron’s theorem can be 


1. P;u;/2: where P; is a concentrated load and u; the projected displacement of its point 
of application. 


2. M;@;/2: where M; is a couple and ¢; the projected rotation at its point of application. 


3. P,u;/2: where P; is the common value of two opposite forces sharing a common line of 
action and u; the projected relative displacement of their points of application. 


4. M;@;/2: where M; is the common value of two opposite couples sharing a common line 
of action and ¢; the projected relative rotation at their points of application. 


7.2.7 The principle of minimum complementary energy 


In the previous section, the constitutive laws were expressed in terms of a strain energy 
density function, eq. (7.44). If the deformation involves a single strain component ¢, this 
equation can be integrated to yield a = te o de, i.e. the strain energy density function can 
be interpreted as the area under the stress-strain curve, as depicted in fig. 7.6. The area 
between the stress-strain curve and the vertical axis is b = Ais € do and is called the stress 
energy density function, or complementary energy function, since a + b = ea. Clearly, the 
existence of one energy function implies the existence of the other. The contitutive laws are 
readily expressed in terms of the stress energy density function 


dv(g) 
Oo 





eS (7.68) 
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Figure 7.6: Relationship between the strain and stress energy density functions. 


For instance, the stress energy density function of a linear elastic material is 


b(a) = 50" So, (7.69) 


and ¢ = Sa, where S' is the compliance matrix. 
Introducing this new form of constitutive laws into the left hand side of the principle of 
complementary virtual work, eq. (7.43), leads to 


o = a” de(s) = oO = oO = o 
i date dV = i: ba" Se av f 5b(a) dv =6 b(a) dV = 6B(oa), (7.70) 


where the chain rule for derivatives was used. B(c) is the total stress energy of the body. 
The principle of complementary virtual work now writes 


dB(a) = | a- dt dS. (7.71) 
S2 
Next, the prescribed displacements are assumed to be derivable from a potential function 
Ox(t) 
a= -——, Tef2 
At (7.72) 
where x(t) is the potential of the prescribed displacements. For instance, the potential of 
prescribed displacements is simply x = —i-t. It is important to note that potential functions 


do not exist for all types of prescribed displacements. Potential functions do not always exist 
for displacements that depend on the surface tractions, although such cases are not common 
in practice. 

The right hand side of the principle of complementary virtual work, eq. (7.43), now 
becomes 


i ai. dt as=— | OX  5¢ as=— | 5x(t) as=—5 f x(t) dS = 8X. (7.73) 
So Ss, Ot Ss 


S2 
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where X(t) = f, s, X(t) dS is the total potential the prescribed displacements. Introducing 
this result into eq. (7.71) leads to 


dB(a) =—dX(t), or 6(B(c) + X(t)) =0. (7.74) 
The total complementary energy of the body is now defined as 
IIc(o) = Bla) + X(t), (7.75) 


and it follows that 
dlIo(c) = 0. (7.76) 


This statement can be interpreted as follows 


Principle 4 (Principle of Minimum Complementary Energy) Among all statically ad- 
missible stress fields, the actual stress field that corresponds to the compatible deformations 
of the body makes ce an absolute minimum. 


Eq. (7.76) only proves that for compatible deformations, the total complementary energy 
presents a stationary point. As discussed in section 7.1.1, the sign of the second variation 
671 ¢ will determine whether the stationary point actually is a minimum. The first variation 
in II¢ is 


6 
Ob 
dlle(a = — 00; av | a- dt dS, (7.77) 
ol ) Vy 2. Oo; S2 
and its second variation is then 
: -. & 
II = —— 6a; 60; : 7.78 
§1c(c) i: D 5a,00, 60; 60; dV (7.78) 


Just as for the strain energy density function, the stress energy density function must be a 
positive-definite function of the stress components, which implies )~° a 0°b/(0;00;) 60; 60; > 
O for all 60;. Indeed, if the stress energy function were not positive-definite, stress states 
would exist that generate a negative stress energy, i.e. the elastic body would generate en- 
ergy under stress, a situation that is physically impossible. It follows that 67II¢ > 0, and 
hence, H¢ present an absolute minimum at its stationary point. 

If the principle of minimum complementary energy holds true, the complementary en- 
ergy must present a stationary point, implying eq. (7.74). In turns, this equation implies 
the principle of complementary virtual work, in which the strains were expressed in terms 
of the stresses using constitutive laws of the form (7.68). If summary, the principle of min- 
imum complementary energy implies the strain-displacements relationships of the problem 
expressed in terms of the stress field, which must satisfy equilibrium equations. Such equa- 
tions are the Euler-Lagrange equations corresponding to the stationarity condition for the 
complementary energy, see section 7.1.3. The principle of minimum complementary energy 
implies the principle of complementary virtual work, but the principle of complementary 
virtual work only implies the principle of minimum complementary energy under restrictive 
assumptions on existence of a stress energy density function and of potential of the prescribed 
displacements. 
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7.2.8 The principle of least work 


If the portion S_ of the outer surface of the body is rigidely held, & = 0, and the principle of 
minimum complementary energy reduces to 6B(c) = 0, a statement known at the principle 
of least work that can be interpreted as follows 


Principle 5 (Principle of Least Work) Among all statically admissible stress fields, the 
actual stress field that corresponds to the compatible deformations of a rigidely held body 
makes the total stress energy an absolute minimum. 


7.2.9 Castigliano’s theorem 


Consider an elastic structure subjected to prescribed displacements u;, i = 1,2,...,n at n 
points. The total complementary energy of the system is 


lc =B-S uP, (7.79) 


w=1 


where P; are the required forces at the points where the displacements u; are prescribed, 
projected in the direction of these displacements, as shown in fig. 7.5. B is the total com- 
plementary energy expressed in terms the stress field which must be in equilibrium with the 
applied loads P;, and hence, B = B(P;). The stationarity of the complementary energy then 


implies 
~ OB 
Oc = 2 — Dash = ys Ee ye ~ 1 OP, = 0. (7.80) 
Since 6P;, 1 = 1,2,...,n are arbitrary variations, a valid choice is dP, = 1, dP; = 0, 
(22 eg he Vis ianplieS u, = OB/OP,. Similarly, selecting dP, = 0, dP. = 1, 6P; = 0, 
i=3,...,n, yields ug = OB/OP. Collecting all results leads to 


OB 
a. SD ie 81 
Uj OP,’ a mod »n (7.81) 


This statement can be interpreted as follows 


Theorem 2 (Castigliano’s theorem) For an elastic structure, the displacement of the 
point of application of a force, projected in the direction of this force, equals the partial 
derivative of the complementary energy of the structure with respect to the force. The com- 
plementary energy of the structure must be expressed in terms of the stress field in equilibrium 
with the applied forces. 


Note that Castigliano’s theorem is valid for elastic structures, whereas Clapeyron’s theorem, 
theorem 1, only holds for linear elastic structures. Castigliano’s theorem also remains valid 
if the structure is subjected to couples M;, 7 = 1,2,...,n. Let @; be the rotations at the 
point of application of the couples projected along the axis of the couple, then 


OB 
OM;’ 





= = Te Dao (7.82) 
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Finally, consider two opposite forces sharing a common line of action, such as force P3 
and P, in fig. 7.5. Castigliano’s theorem applied to both forces yields uz = 0B/OP3 and 
us = OB/OP,. Since the forces are acting in opposite direction, the relative displacement 
u of their points of applications become u = 0B/OP3; + 0B/OP,. If the two forces take a 
common value, P; = Py = P, 0B/OP;+ 0B/OP, = OB/OP, and 


OB 


This statement can be interpreted as follows 


Theorem 3 /f two opposite forces acting on an elastic structure share a common line of 
action, the relative displacement of their points of application, projected along their line of 
action, equals the partial derivative of the complementary energy of the structure with respect 
to the common value of the forces. The complementary of the structure must be expressed in 
terms of the stress field in equilibrium with the applied forces. 


The relative displacement is a positive quantity if the forces pull away from each other, and 
is negative in the opposite case. 


7.3 Applications of Energy Theorems 


In this section several application of the various energy theorems presented above will be 
discussed. 


7.3.1 Applications of Clapeyron’s theorem 
Simply supported beam with concentrated load 


Consider a simply supported, uniform beam of length L subjected to a concentrated load 
P acting at a distance aL from the end supports, as depicted in fig. 3.21. The bending 
moment distribution was obtained in example 2 of section 3.5.9, see eq. (3.71). The curvature 
distribution is then readily obtained as 





Mg _ PL { —(1—a)n: 0<n <a 
Ka(21) = i= 7 { ( )n SS 


Ig Tg; | ed - 1); a<nsl’ 
The total strain energy stored in the beam is then obtained from eq. (3.66) 


be c 2 Epis . 2.2 . 2 2 
A(K3) = 5 Peaks diic= a : (1 —a)*n’ Ldn + a*(1—17)* Ldn| . 
0 33 & 





Performing the integrations then leads to 


A(k3) = a’(1—a)?. 


P2L3 so? = (1—a)3]_— PPE 
fa-ay?S at | 


2153 OLS; 


226 CHAPTER 7. VARIATIONAL AND ENERGY PRINCIPLES 


Clapeyron’s theorem, eq. (7.64) now yields 


= AS RE 
Ps re 





a’(1— a)’. (7.84) 


This result can be validated by evaluating the transverse deflection under the applied load, 
U2(a) from the exact solution, eq. (3.70). Identical results are obtained. 

Clapeyron’s theorem yields the deflection under the load in a very expeditious manner. 
In contrast, the classical approach of section 3.5.9 requires the solution of the governing 
differential equation of the problem and yields the distributions of displacements, bending 
moments, and shear forces over the span of the beam. More detailed information is obtained, 
but at a higher cost. 


7.3.2 Applications of Castigliano’s theorem 
Simply supported beam with concentrated load 


Consider a simply supported, uniform beam of length L subjected to a concentrated load 
P acting at a distance aL from the end supports, as depicted in fig. 3.21. Castigliano’s 
theorem will be used to evaluate the displacement of the point of application of the load P. 
The complementary energy of the beam is given by eq. (3.67), and Castigliano’s theorem, 
theorem 2, then yields 

OB. .i0s, PP Me _ f’ MSOMs 


vy = 


Oe dey. 
“OP OP Jy 21% 6 es OP. 











The bending moment distribution was obtained in example 2 of section 3.5.9, see eq. (3.71). 


It follows that 
Pie * 2,2 oo 2 
“== (1—a)*n* Ldn+ | a“(1—7)* Ldn]. 
Is3 Jo a 


Performing the integrations then leads to 





so" a) PE a(t aft 


Pie ; | 
ua | —a) 3 ra 3 = aye 
This result can be validated by evaluating the transverse deflection under the applied load, 
U2(a) from the exact solution, eq. (3.70). It can also be compared to the result obtained 
from the application of Clapeyron’s theorem, eq. (7.84). Identical results are obtained for 
all three approaches. 


Tip deflection and slope of a cantilevered beam 


Consider the cantilevered beam subjected to a tip load P and a tip bending moment Q 
shown in fig 7.7. A free body diagram of a section of the beam extending from a station at 
location x, to the tip of the beam yields the bending moment distribution 
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Figure 7.8: Ring subjected an internal forces acting in the plane of the ring, left figure, and 
out of the plane of the ring, right figure. 


The tip deflection u and rotation ¢ of the beam are given by Castigliano’s theorem as 








OB OB 
U= OP’ and os ae aQ’ 
respectively. It follows that 
© Ms OMs 1 s PL QL? 
0 433 Zope = de Jp 3153 215, 
and ; “ 
* Ms OMs 1 PL? QL 
C= = Z see dx z i Q + P L = dz = ren ++ Ga 
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Ring under internal forces 


Consider the circular ring of radius R shown in fig. 7.8. The ring is cut at one location where 
two opposite forces of equal magnitude P are applied along the same line of action located 
in the plane of the ring (left figure). The relative displacement wu of the points of application 
of the two forces will be computed with the help of Castigliano’s theorem as 





OB at ME OMS 7 FOF, 
Coop =) oe i. cor 


where M§ = PR(1—cos @) is the bending moment distribution in the ring and F, = —P cos 0 
the axial force distribution. The relative displacement becomes 


is te i 
- (1 — cos 6)? a+ f cos’ 6 d@ = ——— + 
I33 Jo S Jo I33 s 


3nPR? «PR 
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If the ring has a rectangular cross-section of thickness h and depth 8, 


_ 367 PR? 
—— Ebh3 


TPR «wPH Ryo | 
Ebh ~~ Ebh oc) | i} 


For a thin ring, R/h > 1, and the first term becomes dominant, implying that bending of 
the ring is the principal contributor to the relative displacement of the points of application 
of the two forces. 

Consider once again the circular ring with a cut shown in fig. 7.8 but subjected now to 
two opposite forces of equal magnitude P applied along the same line of action normal to 
the plane of the ring (right figure). With this new type of loading, bending and torsion will 
develop in the ring and Castigliano’s theorem implies 


OB " Ms OMS °" M, OM, 
= = Rdé + Rdé, 
OP Je. deOP coh OP 





Uu 


where MS = PRsin@ is the bending moment distribution and M, = PR(1—cos@) the axial 
force distribution. Note that u is now the relative displacement of the points of application 
of the forces projected along their line of action, 7.e. measured in the direction perpendicular 
to the plane of the ring. This displacement becomes 


Rae" PRO." PR? 3nPR? 
“== i: sin? 6 dé + | (1 — cos 6)? Rap = * ek a 
Is; 0 J 0 Iss J 














If the ring has a circular cross-section of radius a, and is made of a linear elastic, homogeneous 
material (G = £/(2(1+ v))) 


APR? 
Note that the torsion in the ring contributes [3(1 + v)]/[1 + 3(1+ v)] ¥ 80% of the total 
relative displacement. 


Simply supported beam under a uniform load 


Castigliano’s theorem also allows the evaluation of displacements at locations where no force 
is applied by using the following artifact. At the desired location, a fictitious force P is 
applied, and the total stress energy including this fictitious force is computed. The desired 
displacement is then 

OB 

OP |p-6 


where the derivative is computed first, then P = 0 is introduced in the final result. This 
procedure will be illustrated by computing the transverse displacement distribution for the 
simply supported, uniform beam of length L subjected to a uniform transverse loading po, 
as depicted in fig. 3.20. A fictitious for P is applied at a location aL from the left support. 
The bending moment distribution is then found by superposing the moment due to the 


U 
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distributed load po, eq. (3.69), and the moment due to the fictitious force P, eq. (3.71) to 
find 








pol” 
. 5 nL —)— PLO —a)n; OSnSa 
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The displacement at the point of application of the fictitious is now 
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Introducing the bending moment distribution then yields 
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Performing the integrations leads to 
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After simplification, the transverse displacement distribution becomes 


DoL4 2 pol* 3 4 
a) = a(l—a)(1l1+a-—a‘*)= a—2a°+a"). 
(0) 24155 ( M ) 24155 ( ) 








This result is identical to the transverse displacement distribution found by integrating the 
governing differential equations, eq. (3.68). 


Three bar hyperstatic system 


Castigliano’s theorem is particularly powerful when dealing with hyperstatic system. Con- 
sider for instance, the simple three bar truss shown in fig. 2.2. The classical approach to 
this type of problem is to compute the deformations of the system in terms of the loads in 
the bars. The compatibility conditions then provide additional relationships to evaluate the 
unknown forces in the bars. In other words, a complete solution of the problem is required 
to evaluate the internal loads. 

With Castigliano’s theorem, an alternate approach becomes possible. The system is cut 
at a specific location and two opposite forces P of equal magnitude acting along a common 
line of action are then added at the location of the cut. The relative displacement of their 
point of application is u = 0B/OP. In the actual system, no such cut exists implying the 
vanishing of the relative displacement 


a 
ap 


This relationship provides an equation to evaluate the force P. 
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Considering fig. 2.2, the three bar truss system is cut at point B and Fg is the magnitude 
of the forces acting at this cut, ¢.e. the force in the cut bar. The complementary energy of 
the system is 


L/cos® Fe L Fe Fe L F2 
B=2/ 2 d+ f B__dy = —A a 
0 2E Qa 0 2EpOp Baa cos 9 2E BOR 














where the notation of section 2.3 were used. Vertical equilibrium yields Fg + 2F'4cosO = 
P. The two unknown forces Fg and F'4 cannot be solely determined from equilibrium 
considerations. The complementary energy is now expressed in terms on the unknown force 


at the cut 


L 1 L 
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and 0B/0Fs = 0 then yields 
20 1 2L 
—_—_______(P-F ——- Fp = 0. 
Ef 4e0s? b) + oR 0, . 
This equation can be solved for Fg to find 
P 
Hes ExQa’ 
1 + 2cos3 9474 
Epp 


a result identical to that found in section 2.3. 


Cantilevered beam with simple support 


Consider now the hyperstatic problem consisting of a cantilevered beam with an additional 
support at location x, = aL, as depicted in fig. 7.9. A uniform loading po is applied to the 
beam. Following the procedure outlined in the previous section, the system is cut at the 
simple support and let F’ be the magnitude of the two opposite forces acting in the vertical 
direction at this cut. The bending moment distribution in the beam can now be found from 
equilibrium considerations 








L 
wen} gti Fan); OSnSe 
3 pol? es ’ 
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where 7 = x,/L is the nondimensional span-wise variable. 
In the actual system, the relative displacement at the cut must vanish 
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This equation can be solved to determine the unknown reaction force 
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Figure 7.9: Cantilevered beam with a simple support at location aL. 


A free body diagram of the entire beam reveal Q = poL?/2 — aFL, where Q is the reaction 

moment at the clamped root of the beam. Hence, 

Oz as 
The same problem could have been solved by performing a simple cut at the root of 

the beam. The clamp is replaced by a simple support and Q is the magnitude of the two 

opposite moments acting at that location. The bending moment distribution in the beam is 

once again found from equilibrium considerations 





(a? — 4a + 2). 
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The relative rotation at the cut must, of course, vanish 
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This equation can be solved to determine the unknown reaction moment to find Q = 
—poL?(a? — 4a + 2)/8, a result identical to that found by performing the cut at the simple 
support. 


Simply supported beam with two elastic spring supports 


A simply supported beam of span L is supported by two spring of stiffness k located at 
stations x; = aL and (1 — a)L, and is subjected to a uniform transverse loading po, as 
depicted in fig. 3.23. This again is a hyperstatic problem and a cut is performed at the 
ground connection of the left spring. Let F’ be the magnitude of the two opposite forces 
acting in the vertical direction at this cut. The bending moment distribution is readily 
found from simple equilibrium considerations 
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The complementary energy of the system is 








where the second term represents the stress energy stored in the elastic spring. The symmetry 
of the system was taken into account to evaluate the energy. The relative displacement at 
the cut vanishes if 
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Introducing the bending moment distribution then yields 
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This equation can be solved for the unknown force F' acting in the spring. After integration 
this becomes 
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The reaction at the spring support is then 


pol k*(a — 20° + a*) 
4 6+k*(3a? — 4a3)’ 
where k* = kL*/IS, is the nondimensional spring stiffness constant. The same result was 


obtained using the classical approach, see eq. (3.73). The difference in sign between the two 
results reflects the different sign conventions for the reactions force. 


7.3.3 Problems 
Problem 7.1 


Consider the uniform, semi-circular spring with a rigid arm, as shown in fig. 7.10. The spring is 
made of a linear elastic material. A load P is acting at the tip of the rigid arm, in the plane of the 
spring and its orientation is arbitrary. Prove that 


1. The displacement 6 of point O is in the direction of the applied load for any arbitrary 
orientation of P. 


2. The spring constant k = P/6 is independent of the orientation of the load P. 


Hint: At first, study the behavior of the spring under a horizontal force H. Next, turn to a vertical 
force V. The behavior of the system under a general loading is then obtained by invoking the 
principle of superposition for a linear system. You can assume that bending deformations only 
contribute to the spring internal energy. 
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Figure 7.10: Semi-circular spring with a rigid arm. 
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Figure 7.11: Uniform spring under a vertical load P. 
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Figure 7.12: Cantilevered beam with a tip spring. 


Problem 7.2 


The uniform spring shown in fig. 7.11 is clamped at point A and constrained to move in the sole 
vertical direction at point B where it is subjected to an applied vertical load P. 


1. Find the displacement 6 in the direction of the applied load. 
2. Find the horizontal reaction Q at point B. 
3. Find the equivalent spring constant k = P/O. 


Assume that only bending deformations are significant. 


Problem 7.3 


Consider the cantilevered beam shown in fig. 7.12. It is subjected to a uniform transverse loading 
po and has a tip spring of stiffness k. Find the force in the tip spring using Castigliano’s theorem. 


7.3.4 Reciprocity Theorem 


Consider here again the linear elastic structure subjected to concentrated loads P;, 7 = 
1,2,...,n, as depicted in fig. 7.5. If the displacements of the points of application of these 
loads projected along their lines of action are denoted u;, Clapeyron’s theorem, eq. (7.64), 
implies A; = )>;, Pju;/2, where A; is the total strain energy of the system under this 
loading condition, denoted state 1. Let the magnitude the of applied loads be changed to 
P! and the corresponding projected displacements be wu’. In this new state, denoted state 2, 
the points of application of the loads and their lines of action are identical to those in state 
1. The total potential energy in state 2 is Ap = >, P/ui/2. When going from state 1 to 
state 2, the work done by the applied loads equals the change in total strain energy 


n nm 


Ay - A,=)~ ft ->S- = (7.85) 
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This difference can be computed in an alternate manner. It is possible to go from state 1 to 
state 2 by gradually adding to the force P; of state 1 the forces P/ — P; with unchanged lines 
of action. During this transition, the work done by the constant forces P; is }>"_, P;(ui — us), 
whereas the work done by the gradually increasing forces P! — P; is )>\"_,(P! — P;) (uj — uj) /2. 
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The change in strain energy between the two states is then equal to the work done by the 
applied force, 7.e. 


n 





2 2 


w=1 w=1 


Comparing eqs. (7.85) and (7.86) then yields 


Se = Sa (7.87) 
i=1 i=1 


This result be interpreted as follows 


Theorem 4 (Reciprocity theorem or Betti’s theorem) Consider a linear elastic body 
subjected to two loading states characterized by loads of different magnitudes but identical 
points of applications and lines of action. The sum of the product of the loads in one state 
by the projected displacements of the other is the same as that obtained when the two states 
are interchanged. 


Since Betti’s theorem is a direct consequence of Clapeyron’s theorem, theorem 1, both 
theorems are valid for the same loading cases. The loadings defining states 7 and 2 can 
involve one or more of the following 1) a concentrated load and the projected displacement 
of its point of application, 2) a couple and the projected rotation at its point of application, 3) 
two opposite forces of identical magnitude sharing a common line of action and the projected 
relative displacement of their points of application, and 4) two opposite couples of identical 
magnitude sharing a common line of action and the projected relative rotation at their points 
of application. 


7.3.5 Maxwell’s Theorem 


Let the simply supported beam depicted in fig. 7.13 be subjected to two loading states. State 
1 consists of a load P; at point 1, whereas state 2 consists of a load P: at point 2. For state 
1, the displacements at points 1 and 2 will be denoted u4, and uj, respectively. Similarly, 
the corresponding displacements for state 2 are uy and uae, respectively. 

If the structure is made of a linear elastic material, Betti’s theorem, theorem 4, is appli- 
cable and implies 

Py; Ujy2= Py» U21, OF = = ee (7.88) 

The influence coefficient is defined as the displacement at a point due to a unit load at 
another point. For instance, the influence coefficient 7,2 gives the displacement at point 1 
due to a unit load at point 2. Clearly, 712 = Uj2/P2 and 72, the displacement at point 2 due 
to a unit load applied at point 1, is 721 = u21/P,. Eq. (7.88) becomes 


M2 = Nai: (7.89) 


This result be interpreted as follows 
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Point 1 Point 2 


Figure 7.13: Simply supported beam under two loading states. 


Theorem 5 (Maxwell’s theorem) For a linear elastic structure the influence coefficient 
of point 1 on point 2 equals that of point 2 on point 1, for any choice of points 1 and 2. 


Maxwell’s theorem clearly is a simple corollary of Betti’s theorem, and applies to all the 
loading conditions this latter theorem is valid for. Hence, the concept of influence coefficient 
should be understood as the projected displacement or rotation at a point, relative displace- 
ment of two points, or relative rotation at two points due to any of the following four loading 
types applied at another location: a concentrated load or couple, or two opposite forces of 
identical magnitude sharing a common line, or two opposite couples of identical magnitude 
sharing a common line of action. 


Simply supported beam 


Consider a simply supported, uniform beam of length L as shown in fig. 7.13. Let points 1 
and 2 be located at distances aL and (GL from the left end support. The influence coefficient 
12 can be evaluated form the exact solution of the problem given in section 3.5.9. 7,2 is the 
displacement at point 1 when the beam is subjected to a unit load at point 2. Eq. (3.70) 
gives this displacement as 


= gy, [-(1— Ba + B2 — BY — Ba] = Fe 





m2 [—a° + a°6 + 2a8 — 308? + a8*}. 


The following values were used: P = 1 since a unit load is applied, a = ( since this load is 
applied at 7 = 3, and n = a to find the displacement U2(q). 
The influence coefficient 721, corresponding to the displacement at point 2 when the beam 
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Figure 7.14: Upper skin of a box beam subjected to edge shear forces. 


is subjected to a unit load at point 1 is evaluated in a similar manner, to find 


[o(3? — 367) + a(2 + a7)6 — 0°] = ~ [aG? — 308? + 2a8 + 0° — a). 
33 33 





a1 = 


The following values were used: P = 1 and 7 = ( to find the displacement U (3). It is clear 
that 12 = N21, in accordance with Maxwell’s theorem. 


7.4 Applications of Variational and Energy Principles 


7.4.1 The shear lag problem 


Consider a thin-walled, rectangular box beam clamped at its root. The beam presents 
stiffeners at its four corners and is subjected to bending. According to Euler-Bernoulli 
beam theory, the stress distribution in the upper flange of the beam consists of a uniform 
distribution of tensile axial stress, whereas compressive stresses arise in the lower flange. 
Near the built-in edge of the beam, the axial stress distribution might be markedly different 
due to a phenomenon called shear lag. 

A crude analysis of this phenomenon is presented in this section. The upper flange of the 
box beam is approximated by a rectangular panel subjected to distributed edge forces No, 
as depicted in fig. 7.14. The width of the panel is 2h, its thickness t, and its length L; No 
represents the loads the corner stiffeners apply on the upper flange of the box beam. The 
displacement field in the panel is assumed to take the following form 


i 


ur(7, 6) = a(n) + b(n) (C — 3)) ual. 6) = 9, (7.90) 


where 7 = 2,/L is the nondimensional variable along the span of the panel and ¢ = x2/h 
that across its width. The axial displacement distribution is illustrated in fig. 7.15 and 
consists of a uniform distribution across the width of the panel with a magnitude a(n) and 
of a parabolic distribution across the width (¢? — 1/3) with a magnitude b(7). The first term 
will give rise to uniform displacements, strains, and stresses as predicted by beam theory. 
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Figure 7.15: The distribution of axial displacement. 


The second term will result in an uneven stress distribution across the width of the panel 
and characterizes the magnitude of the shear lag effect. Since the panel is clamped at the 
root, the root axial displacement should vanish, and a(0) = (0) = 

The strain field is obtained form the assumed displacement field as 


ae 8 


b 
alnQ=F+F(C—Ds eal =0; ral. = 726, (7.91) 


where the notation ()’ indicates a derivative with respect to 7. The panel is assumed to be 
made of a linear elastic material in plane stress state. The strain energy density function 
is then given by eq. (7.59), with the material stiffness matrix of eq. (7.60). Furthermore, 
the stress in the transverse direction is assumed to be much smaller than the axial stress, 
09 < oj, and the constitutive laws then reduce to 
/ / 
0, = Ee, =F F+Te- 5 5 On & 0; na = Onna = O72 (7.92) 


The strain energy in the panel now reduces to 


L pth pt/2 4 Lht ft pt} 
= i _ i ‘, 5 (Bet + Gy?,) dridx2dz3 = on | I (Ee? + Gy?,) dnd¢. 
a ee - 


Introducing the strain distributions, eq. (7.91), and reordering the term leads to 
Lht 1 Ea? +1 Eb? +1 1 
A= — — d — Py ad 
ae DB I ‘ “B UN a ‘ 
Bao | fe aoe 
wit [f@-pal+4 f- ac] } ay 
mae | 


Bb fos ae ; 
ae c Tas +5 (5) (5) 








dn. 
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The potential of the applied loads consists of the potential of the shear loads applied 
along the top and bottom edges of the panel, 


i 1 
2b 

® =f | [roti (21, %q = —h) + mot (41, G2 = +h)) dz = 21 | To(a + a) dn, 

/2 0 

and the total potential energy becomes 

4 AN eG QoL? 2b 
Jey EPID ee ip die en ae 
a ae +3 (5) (S) ae 


The principle of minimum total potential energy requires II to be a stationary quantity, 
oll = 0, this implies 


2Eht f 4 Ac fTEN* Oe TL? 
T= ac Cg las / a / 4 5b 
6 a. 1 Bo = (=) (S) os - = (0a =6b) 


Integration by parts is performed on the first two terms, then regrouping yields 


1 2 2 2 
" ToL yo 4 L G 27 )L 
[ ‘i [-« | ay pit 3 (=) (5) 3Eh - 


4 1 
‘dal, + |—b'db] =0. 
+ [ada], + iB I 
The stationarity condition of II requires dII = 0 for all arbitrary variations da and 6b. Con- 
sequently, the bracketed term must vanish, resulting in the following differential equations 
for a 


Eht 
L Jo 





Il = dn. 











dn = 0. 




















" ToL? ! 
at =-2—; (0) =0, a'(1) =0, 
and b ; 
1570L 
" 2 0 ! 
= Se HOO. D0 
f=; (0) = 0, H(A) =, 
where ‘ 
L G 
*=15(—] (<). 7.93 
w=15(5) (7.93) 
These second order differential equations can be solved to obtain the axial displacement as 
Ehu 1 15 cosh w(1 — J 
5 + =n- n 4 Sle pl — 1) Cask (7.94) 
L? 7% 2 QU cosh fu 3 


The first two terms of this result, 7 — 7?/2 represent the axial displacement of the panel as 
if it were a beam of axial stiffness S = E2ht subjected to a uniform axial load po = 27ot, 
see eq. (3.35). The second term represents the shear lag effect that is controlled by the 
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nondimensional parameter jz. The stress distribution in the panel is then obtained from the 
constitutive relationships, eq. (7.92) 


hoy 15 sinhp(l—7) f,.. 1 
— = 1- — —-]; 7.95 
Lt ya Qu cosh pu ¢ BS 29) 
h wl — 
BR) as, Maui eee C. (7.96) 
To cosh ju 


Consider an aluminum panel with an aspect ratio L = 8h. The parameter yp = 19.2, 
since E/G = 2(1+ v) = 2.6 for a homogeneous, isotropic material with a Poisson’s ratio 
vy = 0.3. On the other hand, for a panel with the same aspect ratio, but made of medium 
modulus Graphite fiber reinforced Epoxy matrix material, 44 = 6.41, since EF = 140 GPa and 
G = 6 GPa for such composite material. Fig. 7.16 shows the nondimensional axial stress 
ho,/(L79) distribution in the two panels, at two locations across its witdth ¢ = 0 (corre- 
sponding to the panel mid-line) and ¢ = 1 (corresponding to its upper edge). fig. 7.17 shows 
the distribution of axial stress at the root of the panel. In contrast with the uniform distri- 
bution predicted by classical beam theory, the present results show a significant over-stress 
occuring at the root corners of the panel, and significant under-stress along its mid-line. The 
magnitude of the over- and under-stresses are 5 tanh p/p and 5 tanh j4/(2y), respectively. For 
the isotropic panel this translates to 26 and 13% for the over- and under-stress, respectively, 
and the corresponding numbers are 78 and 39% for the composite panel. 

Note that the uniform stress distribution results in optimum structural efficiency: the 
material is equally stressed at all points across the width of the panel. The shear lag phe- 
nomenon considerably redistributes the stresses, creating undesirable overstressed area and 
decreasing structural efficiency. The magnitude of the shear lag effect is controlled by the pa- 
rameter p defined in eq. (7.93). The smaller this parameter, the larger the shear lag effect. 
Clearly, shorter panel (smaller L/h values), made of shear deformable materials (smaller 
G/E values) will experience the most significant shear lag effects. 
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Figure 7.16: The distribution of axial stress along the panel span. Isotropic material: solid 
line; anisotropic material: dashed line. 
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Figure 7.17: The distribution of axial stress across the panel width at the root of the 
panel. The uniform distribution predicted by beam theory is indicated by the square boxes. 
Isotropic material: solid line; anisotropic material: dashed line. 
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Chapter 8 


Buckling of Beams 


When a structure is subjected to loading it can fail because local stresses exceed the max- 
imum allowable stress for the material. There exist, however, another type of failure mode 
where the entire structure suddenly collapses. The critical value of the applied load that 
triggers this failure mode primarily depends on the geometry of the structure and the stiff 
ness of the material, not its strength. The study of this catastrophic failure mode is known 
as the theory of elastic stability. 

The best known problem of elastic stability probably is that of the transverse buckling of 
a beam. Consider a straight cantilever beam subjected to an end axial compressive load. If 
this load is applied at the centroid of the cross-section of the beam, it only creates an axial 
straining of the beam. As the axial compressive load is increased, a critical value is reached 
where the beam buckles sideways and collapses. 

The basic concepts involved in the study of elastic stability will be introduced with the 
simple problem of a rigid bar with a root torsional spring subjected to a compressive load. 
This will serve as an introduction to the problem of buckling of beams. 


8.1 Rigid bar with root torsional spring 


8.1.1 Analysis of a perfect system 


Consider a rigid bar of length L articulated at the root as depicted in fig. (8.1). A torsional 
spring of constant k is acting at the root, and is un-stretched when the bar is vertical. A 
compressive axial load P constantly acting in the vertical direction is applied at the tip of 
the bar. Let the lateral deflection of the bar be defined by the angle 6 measured from the 
vertical. The equilibrium of moments about point O implies 


M—kd=0 (8.1) 


where M is the moment of the applied load, and k@ the elastic restoring force in the spring. 
The moment of the applied load is M = PLsin@ resulting in the following equilibrium 
equation 

PLsin@ —ké =0 (8.2) 
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Figure 8.1: Bar with a root torsional spring. 


In the theory of elastic stability, the determination of the critical load for the onset of 
an instability plays a central role. Since the elastic spring is un-stretched when 6 = 0, the 
rigid bar will remain vertical as the applied load P is increased. At the onset of buckling, 
the bar will start to collapse sideways and @ will increase. If the onset of buckling is to be 
determined, 6 can be assumed to be a small quantity, i.e. one writes 


sin(O) & 6. (8.3) 


Hence, (8.2) writes: 
(PL—k)d =0 (8.4) 


This equation of equilibrium is satisfied if 6 = 0. This represents, however, the trivial 
solution where the bar remains vertical. Indeed, when the bar is vertical, the line of action 
of P passes through point O, the moment in the spring vanishes, and equation (8.1) is then 
identically satisfied. An important point is to determine whether equation (8.4) admits a 
non-trivial solution. In fact, the critical buckling load of the system P.,. is defined as that 
load for which a non-trivial solution of (8.4) exists. Clearly, 


ee an (8.5) 


When P = P,, equation of equilibrium (8.4) is satisfied for an arbitrary value of 6. The 
behavior of the system is depicted in fig. (8.2). For P < P.,, the only solution of eq. (8.4) 
is 0 = 0. When the applied load reaches the critical buckling load, i.e. P = P.,. there exists 
another solution of eq. (8.4), namely @ is arbitrary. 
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Figure 8.2: Behavior of a perfect system. 


Strictly speaking the solution described in fig. (8.2) is only valid for small 0, since assump- 
tion (8.3) was made. When @ becomes large, the post-buckling range starts, and eq. (8.2) 
should be used. This equation is written as 


P 0 
= 8.6 
P. sin @ en) 








This nonlinear relationship is depicted in fig. (8.2). Clearly both solutions are in close 
agreement for small @. The critical buckling load characterizes the onset of buckling, i.e. the 
loading for which significant lateral motion takes place. 

From a design standpoint, it is often imperative to keep the applied load well below the 
critical buckling load as the collapse of the structure under the buckling load is a sudden 
and catastrophic phenomenon. The buckling load depends on k, the spring stiffness, and L, 
the length of the bar. The strength of the system components are irrelevant in this analysis. 


8.1.2 Analysis of an imperfect system 


The system considered above is a perfect system in the sense that the rigid bar is perfectly 
straight, the applied load is perfectly aligned with the bar, and the un-stretched position 
of the spring corresponds to 6 = 0 exactly. In practical situations, however, a certain level 
of imperfection is always present. The actual imperfection of the system is often unknown, 
as it comes from manufacturing inaccuracies or load misalignment. A convenient way of 
introducing imperfection in the system is to assume that the un-stretched position of the 
spring corresponds to 6 = 49. 09 is now a measure of the initial imperfection of the system. 
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Figure 8.3: Linearized response of the system with various levels of imperfection. 


The equilibrium eq. (8.2) then becomes 
PLsin@ — k(@ — 0) = 0. (8.7) 


The onset of buckling can be determined assuming 6 to be a small quantity, implying (8.3), 
to find 

(PL —k)@ = —k6. (8.8) 
This equation possesses a non-zero right hand side in contrast with the homogeneous equation 


(8.2) found for the perfect system. The solution of eq. (8.8) writes 


Io 
i 
Pep 


d= 





(8.9) 
1 me 





The response of the system is depicted in fig. (8.3) for various levels of the initial imperfection 
6). When the initial imperfection is very small, the response of the system is very small except 
when the applied load is very near P.,. When the applied load reaches P,, the response 
rapidly grows to infinity. For larger initial imperfections, a significant response of the system 
is observed even for applied loads well below the critical load. In all cases the response of the 
system is unbounded when the applied load approaches P.,. In fact, the buckling load can 
be defined as the load for which the response of an initially imperfect system grows without 
bounds. For the simple system discussed here, both perfect and imperfect system analyses 
give the same critical buckling load, eq. (8.5). 
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Figure 8.4: Nonlinear response of the system with various levels of imperfection. 


The analysis developed here is valid for small values of 6. For larger values of 6 equation 
(8.7) must be used. It can be recast as 
P @-% 


= 8.10 
Pes sin @ ( ) 








This relationship is depicted in fig. (8.4) for various levels of the initial imperfection. 
Though the critical buckling loads obtained for the perfect and imperfect systems are 
the same, their respective behaviors are quite different for applied loads below the critical 
buckling load. Indeed, comparing figs. (8.2) and (8.3) shows that the perfect system presents 
no lateral deflection for applied loads below P.,., whereas the imperfect system presents lateral 
deflections even for the smallest applied load. In fact, failure can occur for applied loads far 
smaller that the buckling load. Assuming that the spring fails when 0 = 6,,,, the failure load 
is readily computed from (8.9) as 
Peete Ao 
Sea (8.11) 
It is important to note the fundamental difference between the failure load associated 
with a displacement or stress reaching an allowable limit for the material (9 = 6, in this 
simple example), and the critical buckling load associated with an instability of the structure 
solely dependent on its elastic and geometric characteristics. 
In this simple example, two conceptually different definitions of the buckling load were 
given. First, the buckling load was defined as the critical load for which a perfect system 
admits a non-trivial solution. Second, the buckling load was defined as the load for which 
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the response of an imperfect system grows without bounds. Though conceptually different, 
these two definitions give the same value of the critical buckling load for the simple rigid bar 
problem considered here. 


8.2 Buckling of beams 


Consider now a simply supported, uniform beam acted upon by a compressive load P. At 
first, this loading is assumed to be applied exactly at the centroid of the section. According 
to three dimensional beam theory, all the conditions for decoupling the problem are met. 
This means that three simpler, independent problems can be solved: first, an extensional 
problem giving rise to an extention U, of the beam (compression in this case), and second, 
two un-coupled bending problems along the principal axes of bending. Since the axial load 
is applied exactly at the centroid, and no transverse loads are acting, the bending equations 
are not excited by any loading. As a result, the transverse deflections will remain zero, 
independently of the level of the applied axial load P. 

This simple reasoning clearly shows that the beam theory developed in the previous chap- 
ters is unable to predict the buckling phenomenon. The basic equations of Euler-Bernoulli 
beam theory, eqs. (3.20, and 3.48) must be modified to account for the effect of the large 
compressive load which creates the instability. The key to this modification is a careful 
derivation of the equilibrium equations. 


8.2.1 Equilibrium equations 


Consider an infinitesimal slice of the beam subjected to axial and transverse forces, as well 
as bending moments. In contrast with earlier developments (see sections (3.4.3) or (3.5.3)), 
a free body diagram of the deformed slice of the beam will be analyzed. Fig. 8.5 shows the 
deformed slice of the beam subjected to the various force and moment components. At the 
onset of buckling, a large axial force is present in the beam, but the transverse shear force 
and deflection are still very small. As a result, the following assumption will be made 


U2 
— <1. 8.12 
res (8.12) 


The first equilibrium equation is obtained by summing up forces along the i, direction 


F > Py; 








to find 
—F, cos = -- (A + Tete) cos (= + “rae ) 
+F sin - = (F: ae Tae, sin (= + “es ) + pdx, =0 (8.13) 
In view of assumption (8.12) cos ~ 1, and sin =~) a Neglecting higher order 


terms, eq. (8.13) simplifies to 


d dU 
— [| F, — Fy — ] = —-p. 
dis ( 1 oe) P1 
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Figure 8.5: Free body diagram of a deformed slice of the beam. 


Finally, assumption (8.12) implies that the second term in the parenthesis is negligible as 
compared to the first, resulting in the following axial equilibrium equation 
dF; 


— = —)}. 8.14 
dr, P1 ( ) 


This first equation of equilibrium is identical to that obtained earlier (3.20). 
The second equation of equilibrium is obtained by summing up the forces along the ig 


direction to find 
dU: dE: dU: aeu. 
—F» cos wee + (F: + Tae, COs ( Z + a) 





dx, dx, dx, dx} 
_ dU: dF 2 PAUS:, 2 EU. 
—F,sin ae + G es ieee) sin & + Te i) + podx, = 0 (8.15) 


Here again, this equation considerably simplifies when assumptions (8.12) are taken into 


account; it becomes 
d dU 
— | F,+ F\— | = —pro. 
dxy ( 27 £1 dxy ) Pa 


The two terms in the parenthesis are now of the same order of magnitude. The final equi- 
librium equation cannot be further simplified and writes 


dF d dU 
SS ee ed 8.16 
dxy = dxy ( =) He ( ) 


This equilibrium equation differs from that derived earlier (3.46). The second term represents 
the contribution of the large axial force F; to the transverse equilibrium of the beam. 
The last equilibrium equation is obtained by summing up the moments about is to find 


dMs 
1 
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Figure 8.6: Cantilevered beam with a tip load. 


After simplification this equation writes 


dMg 
dx 1 





+ Fr =0. (8.18) 


Once again this equation is identical to that obtained earlier (3.46). 
The governing equation is obtained by eliminating the shear force F2 from eqs. (8.16) 
and (8.18), then introducing the bending moment, eq. (3.44) to find 


d? dU» d dU2 
i — F = Do. Al 
dx? is, i qe | Po (8.19) 





The second term in this equation is a new term which was absent in previous developments, 
see governing equation (3.48). The governing equation is now a fourth order differential 
equation for the transverse displacement Uj. Four boundary conditions are required, two 
at each end of the beam. The boundary conditions are identical to those discussed in 
section (3.5.4), except when a large axial force is applied at one end of the beam. In that 
case, the boundary conditions must be derived from considering equilibrium of the deformed 
configuration of the beam. Consider for instance, a cantilevered beam with an end tip load 
P, acting in a fixed, horizontal direction, as depicted in fig. 8.6. The boundary conditions 


at the tip end are: 
Mz = 0: pepe (8.20) 
3 : D i ; 
Governing equation (8.19) can be applied when large axial forces are present in the beam, 
whether in compression (F\ is negative) or in tension (fF is positive). If the axial force is 
compressive, the beam will buckle when this compressive force reaches a critical level; if the 
axial force is tensile, the beam will not buckle, though it behavior will be affected by the 
presence of the large axial force. 


8.2.2. Buckling of a pinned-pinned beam (Equilibrium approach) 


Consider a uniform, pinned-pinned beam subjected to end compressive loads of magnitude 
P. The resulting axial force F; in the beam is constant along the span, and F, = —P. 
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Assuming the axis ig to be a principal axis of bending, the un-coupled governing equation 
that accounts for the presence of the large compressive load writes 








od U2 dU, 
lsat ae (8.21) 
with the following boundary conditions 
dU2 dU, 
i 1 


The governing equations and associated boundary conditions are homogeneous. Hence, the 
trivial solution Uz = 0 is a solution of the problem. The critical buckling load is defined as 
the lowest load for which a non-trivial solution of the governing equations exists. 

For simplicity the governing equation is rewritten as 


Use ME = 0, (8.23) 
where 7 
PL 
[33 


is a non-dimensional loading parameter, and (.)’ denotes a derivative with respect the the 
non-dimensional span variable € = x,/L. The boundary conditions become 


CE=0407 =U, SO), Gl SL75=U, =0, (8.25) 
The solution of eq. (8.23) is 
Uz = A+ BE+C cos X€ + Dsin rE (8.26) 


where A, B, C’, and D, are four integration constants to be determined from the boundary 
conditions (8.25). The first two boundary conditions imply 


Ge Aas. (070: 


which in turn imply A = C = 0. The last two boundary conditions yield 


L sind B 
0 sind D 


| = 0. (8.27) 


This is a set of algebraic equations for the last two integration constants B and D. Since the 
system is homogeneous, the solution is B = D = 0, which corresponds to the trivial solution 
of the problem. A linear system of homogeneous algebraic equations admits a non-trivial 
solution if and only if the determinant of the system is zero, i.e. when 


(8.28) 


L sind 
det | al =a 
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Expanding this determinant yield the buckling equation 
sin A = 0. (8.29) 


The governing equation of the problem admits non-trivial solutions for the values \,, which 
satisfy this equation, and the lowest solution is the critical buckling load. The roots of (8.29) 
are \, = na, n= 1,2,...00, which, in view of (8.24), write 

nen? T3s 


(Pale a = 139-00, (8.30) 





The lowest root corresponds to n = 1, resulting in a critical buckling load 


2 7*c 
mw 135 
L? 





i (8.31) 
The buckling mode shape can be readily determined from this analysis. The first equation 
in (8.27) is BL + DsinX\ = 0, which, in view of (8.29), yields B = 0. The buckling mode 
shape is then Uz = Dsin A,€. The mode shape corresponding to the lowest buckling load is 
now 


Uz, = Dsinz€. (8.32) 


As the beam buckles, its transverse deflection is of sinusoidal shape. The integration constant 
D remains undetermined, or, in other words, the amplitude of this transverse deflection is of 
arbitrary amplitude, indicating a transverse collapse of the beam. A more precise description 
of the behavior of the structure at buckling cannot be determined within the framework of 
this linearized theory. 

The above analysis is based on the uncoupled governing equation (8.21) pertaining to 
bending in the i; ig plane. A buckling analysis using the uncoupled governing equation in the 
i, i3 plane could be performed in the exact same manner, leading to the following buckling 
load 
miss 

EL? ~ 
From a practical standpoint, the critical buckling load is the lowest of (8.31) and (8.33), 
where 1/35 and [35 are the principal centroidal bending stiffnesses. The critical buckling load, 
called the Euler buckling load is 


Po = 





(8.33) 


1 [*e 
Peas: — fF. (8.34) 
where [*° is the lowest principal centroidal bending stiffness. This buckling load is propor- 
tional to this lowest principal centroidal bending stiffness, and inversely proportional to the 
square of the beam length. 


8.2.3. Buckling of a pinned-pinned beam (Imperfection approach) 


In the previous section a perfect system was analyzed. The beam is perfectly uniform and 
straight, and the load is exactly applied at the centroid. In practical situations, no system 
is ever perfect: manufacturing imperfections always result in non-uniform beams, and no 
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Figure 8.7: Pinned-pinned beam with excentric end loads. 


experimental set-up can apply a compressive load exactly at the centroid. Such imperfections 
are always present, though their exact nature and magnitude are generally unknown. 

To investigate the effect of these imperfections, a pinned-pinned beam with eccentrically 
applied end compressive loads will be analyzed. Fig. 8.7 depicts the geometry of the problem: 
the end compressive loads are applied at a distance e from the centroid. The governing 
equation of the problem is (8.21) once more. However, the boundary conditions are now 


PU. 
=Pe, @r,=L:U,=0, $—? 


eo U2 


33g? = Pe. (8.35) 


The problem defined by (8.21) and (8.35) is no longer a homogeneous problem, due to 
the non-zero right hand side appearing in the boundary conditions. The trivial solution 
U2(x1) = 0 is not a solution of the problem. Introducing once more the non-dimensional 
span and loading variables € and A, respectively, the differential equation can be written as 
(8.23). The boundary conditions now become: 


@€=0: U,=0, UJ =—d*e; @E=L: UQZ=0, UJ =e. (8.36) 
The solution of (8.23) is once more given by (8.26). The boundary conditions at € = 0 imply 
A+C=0; —-C=—)’e; 
which yields —A = C =e. Proceeding with the boundary conditions at € = 1 yields 
B+ Dsin\=e(1—cosA); —A*Dsind\ = —ed*(1 — cos). 


Solving for the last two integration constants gives D = e(1 — cosA)/sinA and B = 0. The 
final solution for the transverse displacement writes 


1- d 
Uz, =e Ld PES =e eOsNG 


— ae (8.37) 
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The buckling load of the structure can be defined as the load for which the response of 
an initially imperfect structure ceases to be bounded. Clearly, Uz — oo when cos 4 — 0, ie. 
when A = (2n — 1)z, n = 1,2,...00. For (8.24), the dimensional buckling load now writes 

(2n — 1)?0* Tks 
The lowest buckling load corresponds to n = 1, leading to (8.31) once again. The equilibrium 
and imperfection approaches give the same critical buckling load for this specific case. 

Insight into the behavior of imperfect structures can be gained by computing the mid- 
span deflection 6 of the beam. With € = $, (8.37) becomes 


1 1 
=U = 5) © —_y71 


cos = 


The non-dimensional loading parameter is now expressed in terms of the applied compressive 
load with the help of (8.24) and (8.34) 


‘ le 72P Ie P I. (3 30) 
dee Prue: Pm ulee 











The mid-span transverse deflection now writes 


1 
2 ———— (8.40) 


a P 1/2 
aaa 2 Pres 


Fig. 8.8 depicts the mid-span deflection as a function of the applied compressive load P, 
for various levels of the initial imperfection e. For all levels of imperfection, the mid-span 
deflection grows to infinity as the applied load approaches the critical buckling load. Though 
large mid-span deflections can occur for applied loads far smaller than the critical buckling 
load when large imperfections are present, the critical buckling load itself is unaffected by 
the presence of imperfections. 

The bending moment distribution in the beam is readily computed from the transverse 
deflection distribution eq. (8.37) as 





cos A(E 


=. 
Mg = Pe 5 2) (8.41) 
2 


COs 


The maximum bending moment occurs in the middle of the beam and is 


Pe 
a 
2 





Vane (8.42) 


COs 
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Figure 8.8: Mid-Span transverse deflection of an imperfect pinned-pinned beam for various 
levels of imperfection. 


Considering a beam with a rectangular cross-section of height h made of a homogeneous 
material with a modulus of elasticity EF, the corresponding maximum axial stress in the 


beam becomes : 
T he PEP paiey 
OMAX = : (8.43) 
2 (cs) Ecos = [P/Pauter|/ 





The beam will fail when the maximum axial stress reaches the ultimate allowable stress oyj;, 


i.e. when 
Papel Fae = 2 (=) (=) (8 44) 
COs s [Praiture/Pauter|!” m7 - We 





For structures with large imperfections, the failure load Prajture can be substantially lower 
than the buckling load Pryje,, as depicted in fig. 8.9. 


8.2.4 Buckling of beams with various end conditions. 


The analysis method developed in the previous section can be repeated for beams with 
various end conditions. The critical buckling load for various configurations are summarized 
in table 8.1 which lists the non-dimensional buckling parameter k, such that 


y*e 


For = ka 
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Figure 8.9: Maximum stress in the beam versus applied compressive load. 














| Boundary Conditions | Buckling parameter k 
| Clamped - Free n?/4 

| Clamped - Clamped Ar? 

| Pinned - Pinned n 

















Table 8.1: Buckling loads for beams with various end conditions. 
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Figure 8.10: Simply supported beam with a mid-span spring. 


8.2.5 Problems 
Problem 8.1 


Study the effect of a midspan spring of stiffness constant k& on the critical buckling load of the 
simply supported beam of span L depicted in fig. 8.10. To investigate this problem, use an energy 
approach with the following assumed mode shapes 


U2(n) = a, sinawn + ag sin 277 + ag sin 377. 


It is convenient to use the following notation: P. = 1?I§,/L? is the Euler buckling load for the 
beam in the absence of the mid-span spring, k* = kL3/ I3, the nondimensional stiffness of the 
spring, and 7 = x;/L the nondimensional span variable. 


1. Find the buckling loads of the system. 


2. How does the lowest buckling load vary when k* increases? Plot the nondimensional buckling 
loads P/P. as a function of k*. 


3. How much improvement in buckling load can be expected from the mid-span spring. 


Problem 8.2 


A uniform cantilevered beam of span L has a tip support, as depicted in fig. 8.11. The beam is 
subjected to a tip compressive axial force P and a uniform transverse loading po. 


1. Find the exact solution of the problem when the beam is subjected to the sole transverse load 
Po- 


2. Find an approximate solution for the problem when the beam is subjected to the combined 
loading, t.e. both transverse loading po and tip compressive load P are applied. Use an 
energy method with a single assumed mode selected to be the solution to part 1. 


3. Determine the buckling load P., for this problem. 


4. How is the buckling load affected by the transverse loading po. 
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Figure 8.11: Cantilevered beam with tip support subjected to a compressive load. 
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Figure 8.12: Flag pole standing under its own weight. 


5. Under the combined loading condition, find the failure envelope in the two-dimensional space 
P/Per, po/ (bout). Failure is reached when |oP**| + |oM2*| = our, where of2* and o@* are 
the the maximum stresses due to bending and axial force, respectively, and o,,;; the ultimate 
allowable stress for the material. Use the following data E = 73.0GPa, oy = 620MPa. Plot 
two failure envelopes for L/h = 20 and 10 on the same graph. Assume a rectangular section 


of width 6 and hight h. 


Problem 8.3 


A flagpole of uniform mass per unit span m is standing up against gravity, as depicted in fig. 8.12. 
What is the critical weight mg, such that this flagpole will buckle under its own weight? 


1. Use an energy method to solve this problem. Use the following assumed mode 
U2(n) = a (1 — cosm/2). 


2. If the flagpole is made of steel and has a square cross-section (lem x lcm), what is the 
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critical length at which it will buckle under its own weight. (For steel: material density 
p = 7700kg/m?, Young’s modulus E = 210GPa; g = 9.81m/sec?). 
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Chapter 9 


Vibration of Beams 


In the previous chapters, the deflection of beams under static loading was investigated. 
Static loading means that the external forces acting on the beam were applied so slowly that 
the inertial forces associated with the motion of the beam can be neglected. In numerous 
applications, inertial forces are significant and drastically alter the response of the beam. 
For instance, if a beam is vibrating after being struck by an impulsive force, inertial forces 
are the only forces acting on the beam. 

The various aspects of this complex dynamic problem will be introduced by considering 
first a far simpler problem, namely that of a simple spring-mass system. 


9.1 Analysis of a spring-mass system 


Fig. 9.1 depicts a simple spring mass system and the associated free body diagram which 
yields the following dynamic equation of equilibrium 


F(t) —kxz —mz =0, (9.1) 


where t is time and (.) denotes a time derivative; m is the mass and mz the inertial force; k 
the spring constant and kz the elastic restoring force; and F'(t) the time dependent externally 
applied force. This externally applied force is assumed to be sinusoidal, with an amplitude 
Fo and a frequency 2. Eq. (9.1) is now rewritten as 


kk F 
#+—a2 = — sin Mt. (9.2) 
m m 


This is the equation of motion of the system which is in the form of a second order, ordinary 
differential equation in time. The excitation force appears on the right hand side of the 
equation. 


9.1.1 The homogeneous problem 


At first, we focus on the homogeneous problem which represents the behavior of the system 
in the absence of externally applied forces. The governing equation 


ae ea (9.3) 
m 
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Figure 9.1: Simple spring mass system and free body diagram. 


clearly admits the trivial solution x(t) = 0. However, this solution is not very useful. An 
important question is whether eq. (9.3) admits a non-trivial solution. Consider a solution of 
the form 

Gi) ees (9.4) 


where 7 = V—1. This represents a harmonic motion of amplitude Xo, at an unknown 
frequency w. Introducing this assumed motion in eq. (9.3) yields 


(-." - *) xe S06. (9.5) 
m 


Since e? 4 0, we obtain 
k; 
(-u? ~ =| Xo = 0. (9.6) 


The time dependency has now disappeared from the equation; it means that the assumed 
harmonic time dependency (9.4) is indeed the solution of the homogeneous equation of 
motion (9.3). The algebraic equation (9.6) admits two solutions 


a 


m 


Ky = 0: ie = (9.7) 
Introducing the first solution into eq. (9.4) yields x(t) = 0, the trivial solution of the problem. 
The second solution w = \/k/m gives the specific frequency of the harmonic motion (9.4) 
which satisfies the homogeneous differential equation of motion (9.3). This frequency is 
called the natural frequency of the system. Harmonic motion at the natural frequency is a 
non-trivial solution of the homogeneous equation of motion of the system. 
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9.1.2 The forced problem 


The significance of the natural frequency is best understood when analyzing the response of 
the system under an externally applied force. In that case, equation of motion (9.2) writes 


#4+ ws = w*X, sin Nt. (9.8) 


where X, = Fo/k is the static response of the system, i.e. the deflection of the spring-mass 
system if the force Fy were applied so slowly that the inertial force were negligible. The 
solution of equation (9.8) consists of two parts: the solution of the homogeneous equation, 
and a particular solution for the non-zero right hand side. The complete solution is 


A Bsi WAS Baie 

x(t) = Acoswt + Bsinwt + 32 gp sin t (9.9) 
where A and B are integration constants to be determined from the initial conditions. If the 
system is initially at rest, ie. a(t = 0) = 0 and «(t = 0) = 0, the integration constants can 
be determined to yield the response of the system 


x(t) sin Ot - (3) sin wt 


Ke op ONE a\? 
“oe Nw 

The first term is the forced response of the system, i.e. the response of the system at the 
frequency Q of the excitation. The second term represents a response of the system at its 
own natural frequency w. Clearly the natural frequency of the system plays an important 
role since part of the response of the system is at its natural frequency, no matter what 
the excitation frequency is. Furthermore, the natural frequency also appears in the forced 
response of the system. The norm of the amplitude of the forced response is: 


: (9.10) 


a | SS (9.11) 


a) 


Fig. 9.2 depicts the amplitude of the forced response as a function of the excitation 
frequency. The important features of this response can be described as follows. For Q/w < 1, 
i.e. at excitation frequencies far below the natural frequency, the response of the system is 
identical to its static response. For Q/w > 1, ie. at excitation frequencies far greater 
than the natural frequency, the response of the system tends to zero. Indeed, the inertial 
force is proportional to the acceleration of the mass, itself proportional to 07. At high 
excitation frequencies, high inertial forces are generated which oppose the motion, resulting 
in a vanishing system response. For (2 © w, the response of the system becomes very large. 
In fact, when the excitation frequency is equal to the natural frequency, the response of the 
system grows to infinity. The excitation frequency is said to be in resonance with the 
natural frequency of the system. 

The above discussion shows that the knowledge of the natural frequency is key to the 
analysis of the response of the system. 


) 


x(t 
Xs 
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Figure 9.2: Forced response of spring mass system. 


The prediction of the dynamic response of elastic structures is a far more complex task 
than that of the dynamic response of a simple spring-mass system. Yet, the main features 
characterizing the response of the simple spring-mass system are found in the response of 
elastic structures. There is, however, a fundamental difference: elastic structures posses an 
infinite number of natural frequencies as opposed to the single natural frequency present in 
the spring-mass system. This will be demonstrated in the following section dealing with a 
simply supported beam. 


9.2 Analysis of a simply supported beam 


Consider a uniform beam of length L simply supported at both ends. The governing equation 
is given by (3.48) 








ae dU, 
eC ee eee) 9.12 
ae | Pa er) 
with the following boundary conditions: 
dU, @U, 
@z,=0: Un,=0; ie = 0+ “On, = Le “ba = 0: ie =0. (9.13) 


When the beam is vibrating, it is subjected to inertial forces which are equivalent to exter- 
nally applied distributed transverse loads of the form 

dU 
ain’ 





po(t1) = —m (9.14) 
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aa dU. : é 
where t¢ is time, = the transverse acceleration, and m the mass of the beam per unit span. 


In the absence of other applied loads and assuming the beam to be uniform, the governing 
eq. (3.48) becomes 

. d'U2 d?U2 

det a 
This is the equation of motion of the problem, a partial differential equation for the transverse 
deflection U(21,t). It is fourth order in the spatial variable x,, and second order in time. 
At all times, it is subjected to the boundary conditions (9.13). The governing equation 
is homogeneous, as are the boundary conditions. Hence, the trivial solution U2(21,t) = 0 
clearly is a solution. This is easily understood in physical terms. If the beam is not moving, 
i.e. Ug(x1,t) = 0, no inertial forces are generated, and no loads are applied on the beam. 
The response of the system is then clearly U2(x,,t) = 0. The goal of this analysis is to 
determine when eq. (9.15) admits a non trivial solution. 

As was done in the case of the spring-mass system, the time dependency of the motion 

is assumed to be harmonic 


=0. (9.15) 


U2(x1,t) = U2(21) ew (9.16) 


where U2(z,) is a function of the spatial variable x, only, e“’ the assumed harmonic time 
dependency of the solution, and w its frequency. The validity of the assumed solution is 
readily verified by introducing (9.16) into (9.15) to find 


UU, S ) | 
Is. —muwU, | et = 0. 
(8 ; 





Since e* # 0, the following ordinary differential equation is obtained 


_ U2 
33 dad 





— mwU = 0. (9.17) 


Similarly, introducing (9.16) in the boundary conditions (9.13) yields 


PU 
dx? 


= PU ot 
dx 
The time dependency has now disappeared from the governing equation and associated 
boundary conditions, verifying that the harmonic time dependency (9.16) is indeed the time 
dependency of the solution. 
The solution of (9.17) is eased by introducing the non-dimensional span variable € = x,/L. 
A change of variable in eq. (9.17) yields 


=I 


U, —w'U,=0. (9.19) 
subjected to: 


@€=0: U,=0;0,=0; @=1: U,=0; U5 =0. (9.20) 


266 CHAPTER 9. VIBRATION OF BEAMS 


d 
where the notation (.)’ was used for dé and the non-dimensional frequency @ was defined 


47 1/2 
a= 0 |] (9.21) 
I33 

The problem has now been reduced to the ordinary differential equation (9.19) with the 
associated boundary conditions (9.20). This contrasts with the original problem (9.15) which 
was in the form of a partial differential equation. Clearly, the trivial solution U2(€) = 0 is still 
a solution of the problem. The frequency w of the harmonic motion is as yet undetermined 
as the harmonic time dependency (9.16) satisfies the governing equations for any w. 

The solution of (9.19) is of the form 


as 





U2 = Acoské + Bsin k€ + C cosh k€ + Dsinh kE, (9.22) 


where k = Vw, and A, B, C, and D integration constants to be determined from the 
boundary condition (9.20). Enforcing the first two boundary condition at € = 0 yields 
A=C=0. Proceeding with the two boundary conditions at € = 1, the following algebraic 
equations are found for the two last integration constants B and D 


sinhk sink B 
sinhk —sink D 


[=o (9.23) 


This system of algebraic equations is homogeneous, resulting in the solution B = D = 0. 
However, since A = C = 0, this corresponds to the trivial solution U2(€) = 0. A set of 
homogeneous algebraic equations admits a non-trivial solution if and only if the determinant 
of the system vanishes. In other words, system (9.23) admits a non-trivial solution if and 
only if 


sinhk = sink 
act sinhk —sink | a 924) 
Expanding this determinant yields the frequency equation: 
sinhk sink = 0 (9.25) 


The values of & (or equivalently of @) that satisfy this equation give rise to a non-trivial 
solution of the problem. sinhk = 0 yields a single solution k = 0 which implies U2(€) = 
0 once again; sink = 0 yields an infinite number of solutions denoted k, = nz, n = 
1,2,...00. In terms of the non-dimensional frequency this writes 0? = n?7?, and finally the 
corresponding dimensional frequencies are found with the help of (9.21) 





qe, 71/2 
on = na? | < SSO Go: (9.26) 


The mode shapes corresponding to these natural frequencies are found by introducing the 
solution for k,, into the first equation of system (9.23) to find B,, sinhna + D, sinhna = 0. 
Since sinna = 0 this yields B, = 0, and the mode shapes are then 


Uo, (€) = Dy sinnrz€, Te WD) 20K, (9.27) 
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Figure 9.3: Five lowest eigen-modes of a simply supported beam. 


The amplitude D,, of these mode shapes remains arbitrary, this means that the mode shape 
is a non-trivial solution of the problem for any arbitrary amplitude D,. The first few lowest 
modes are depicted in fig. 9.3. The terms ezgen frequencies and eigen modes are often used 
instead of natural frequencies and natural mode shapes, respectively. 

The simply supported beam possesses a spectrum of natural frequencies defined by (9.26). 
If the beam is acted upon by an external harmonic force with an excitation frequency 2 equal 
to any of theses natural frequencies large response amplitude will result. 


9.3. Uniform beams with various end conditions 


The analysis method developed in the previous section can be repeated for beams with 
various end conditions. The procedure is identical up to the determination of the integration 
constants appearing in the general solution (9.22). The spectrum of natural frequencies 
for the various end conditions is summarized in table 9.1 which lists the non-dimensional 
parameters k,,, such that 





Sk 


Ic 1/2 
ss n = 1,2,...00. 
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Boundary Conditions | ky, 3) kg Keg 04, Os OS 
Free - Free 0 | 4.730 | 7.853 = (2n —1) 1/2 
Free - Guided O | 2.365 | 5.498 r (4n — 5) 1/2 
Free - Pinned 0 | 3.927 | 7.069 r= (4n — 3) 1/4 
Guided - Guided O | 3.142 | 6.283 =(n-l1)a 
Guided - Pinned 1.561 | 5.712 | 7.854 = (2n —1) 1/2 
Clamped - Free 1.875 | 4.694 | 7.855 re (2n—1) 1/2 
Pinned - Pinned 3.142 | 6.283 | 9.425 = nt 
Clamped - Pinned | 3.927 | 7.069 | 10.210 | ~% (4n+41) 7/4 
Clamped - Guided | 2.365 | 5.498 | 8.639 = (4n—1) 1/4 
Clamped - Clamped | 4.730 | 7.853 | 10.996 | = (2n+1) 1/2 





Table 9.1: Natural frequencies for beams with various end conditions. 























Figure 9.4: Cantilevered beam with a tip mass. 


9.3.1 Problems 
Problem 9.1 


Derive the governing partial differential equations of motion for a shear deformable beam taking 
into account both translational and rotary inertial effects. Start from the expressions for the total 
strain and kinetic energies, then use Hamilton’s Principle to derive the equations of motion. (Don’t 
bother solving the resulting equations.) 


Problem 9.2 


Consider the cantilevered beam of length L with a tip mass M, as depicted in fig. 9.4. The beam 
has a uniform bending stiffness J§, and mass per unit span m. 


1. Find the natural frequencies and mode shapes of the system. Use the following nondimen- 
sional mass parameter 3 = M/(mL). 


2. Check your results for 6 = 0 and @ — oo; use the results tabulated in the notes. 


3. Solve the same problem using an energy approach with the following assumed displacement 
mode U2(n,t) = (n* — 4° + 6?) a(t). Compare your results with the exact frequencies 
obtained earlier. Quantify the error for G = 0 and 1. 


4. On the same graph, plot the lowest natural frequency as a function of @ for both exact and 
approximate solutions. Use a log scale, 3 € [10~°°, 107°]. 
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Figure 9.5: Rotor shaft supported on two end bearing. 
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Figure 9.6: Cantilevered beam with a tip mass under a pulsating load. 


Problem 9.3 


Consider a rotor shaft of length LZ simply supported on two end bearings, as depicted in fig. 9.5. 
The stiffness of the bearings is represented by springs with stiffness constants h. Let 1 = 7, /L and 
i= AP) ies 


1. Find the natural frequencies of the system based on Euler-Bernoulli beam theory. 
2. Check your results for h* = 0 and h* — oo; compare with the results tabulated in the notes. 


3. Find an approximate solution of the problem using the following assumed modes: U2(x1,t) = 
ay(t) + ao(t)n + a3(t) cos 7 + a4(t) sin 277. 


4. Compare the exact and approximate solutions for h* = 10. Discuss your results when h* = 0 
and h* — oo. On the same graph, plot the lowest symmetric natural frequency as a function of 
h* for both exact and approximate solutions. Plot for the anti-symmetric natural frequency. 
In both cases, use a log scale, h* € [10~°3, 10+). 


Hint: For both exact and approximate solutions, the problem splits into two separate parts: the 
symmetric and the anti-symmetric modes. This will ease the algebra considerably. 


Problem 9.4 


Consider the cantilevered beam of length D with a tip mass M as depicted in fig. 9.6. The tip 


mass is such that G = M/(mL) = 1.0. The beam is subjected to a mid-span pulsating load 
P(t) = Posin Nt. 


1. Find the natural frequencies and vibration modes of the system. Plot the lowest six eigen- 
modes of the system. 
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Figure 9.7: Thin-walled tube with a tip disk. 


2. Find the response of the system using the modal superposition approach. Use the eigenmodes 
of the homogeneous system as the assumed modes. 


3. Study the convergence of the procedure as the a number of modes used in the expansion 
increases. Plot the tip displacement oe versus T € [0, 15.0] for 2 = 10.0 using 2, 4 and 6 
eigenmodes. 


4. On the same graph, plot the time history of the transverse displacement of the beam at 
the mid- and tip-span locations, aad and ee respectively. Present graphs for Q = 


1.2, 1.55, 15.0 and 16.25. Comment on your results. 


5. Plot the time history of the bending moment at the root of the beam for the same excitation 
frequencies. 


In all the plots, use the following nondimensional quantities 
IS3 = I53U2 - Mz 
7 t; Ug= > M3 = —. 
7 Vimw4 oS pepe = ae 


The device shown in fig. 9.7 is used to measure the polar moment of inertia I7 of a disk. This 
disk is mounted on top of a thin-walled tube of length L, radius R,,, and thickness t. The tube is 
clamped at one end, and the disk is mounted at the other. The assembly is excited in torsion, and 
the lowest torsional frequency is measured. L, R,,, and t are given, as well as the tube material 
properties: shearing modulus G and material density p. 

Find the relationship between the unknown polar moment of inertia and the measured natural 
frequency f in Hertz. 








Problem 9.5 


Problem 9.6 


Find the frequency equation for the azial vibrations if the bar of length L with a tip mass M 
depicted in fig. 9.4. The bar has a uniform axial stiffness S and mass per unit span m. It will be 
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Figure 9.8: Cantilevered wing with quarter span nacelle. 


convenient to define the nondimensional tip mass 3 = M/(mL). Plot the lowest natural frequency 
of the sytem as a function of ( € [0,5]. 


Problem 9.7 


The aircraft wing shown in fig. 9.8 above is clamped at the root and support an engine nacelle of 
mass M at quarter span. The wing is tapered in such a way that both bending stiffness, [53 (7),and 
mass per unit span, m(7), are linearly distributed along the wing span, i.e. 


Iig=Io(1- 2); m=mo(1- 2); M=mol, 


where L is the span of the wing, and 7 = x,/L. Find the lowest natural bending frequency of the 
wing assuming 
Ua(n,t) = 1° ar(t) + (1? — 9°) aa(t). 


Problem 9.8 


Consider a simply supported beam of span L subjected to a large axial load P that can be tensile 
of compressive. Use an energy approach to compute the lowest natural frequency of the system 
with the following assumed modes 





Tx 20x 
U2(x1,t) = a(t) sin oe + a2(t) sin 
Plot the nondimensional natural frequencies w/Wpyler, and w2/wWpuyler2 versus the nondimensional 
axial load P/Pruter € [—1,8], where P is taken positive in tension. What happen to the lowest 
natural frequency when P/Pruter = —1? Weuler1 aNd WEuler1 are the two lowest natural frequencies 
of the beam when P = 0, and Pruter the lowest buckling load of the system. 
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Chapter 10 


Introduction to Composite Materials 


10.1 Introduction 


An important phase of structural design is the selection of a specific material. Table 10.1 
lists the physical properties of three commonly used metals: aluminum, titanium, and steel. 
This table lists their respective ultimate stress, modulus of elasticity, and density. Table 10.2 
lists the corresponding properties for a number of fibers. 

Table 10.1 shows that the ultimate allowable stress and stiffness of steel are far superior 
to those of titanium or aluminum. Why then is steel not always prefered, since it is so far 
stronger and stiffer? A second look at table 10.1 shows that while steel is far stronger and 
stiffer, it is also far heavier that the other two metals. Clearly, in a weight sensitive design 
a compromise must be made between conflicting characteristics. In fact, it is important 
to compare the performance of these various materials for specific structural applications. 
Three categories of structural design situations will be investigated, namely strength design, 
stiffness design, and buckling design. A performance index of the material will be derived in 
each case. 


1. Strength design. 


Consider a sheet of material of length LZ, width 6b, and thickness t, subjected to a 
tension load P, as depicted in fig. 10.1. Assuming the stress distribution to be uniform 
over the cross-section of the sheet, the total load the material can carry is: 








Prax = Ouibt. (10.1) 
Ultimate stress | Modulus of elasticity | Density 
IM Pal (GPa) [kg/m 
Aluminum 620 (3 2700 
Titanium 1900 115 4700 
Steel 4100 210 7700 


























Table 10.1: Physical properties of a few metals. 
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Ultimate stress | Modulus of elasticity | Density 

iM Pa) (GPa [kg/m 
E-Glass 3400 ie 2550 
S-Glass 4800 86 2500 
Carbon 1700 190 1410 
Boron 3400 400 2570 
Graphite 1700 250 1410 


























Table 10.2: Physical properties of a few fibers. 


where o,,; is the ultimate allowable stress for the material. The total mass M of the 
structure is: 
M = p tL (10.2) 


where p is the material density. Eliminating the sheet thickness between eqs. (10.1) 


and (10.2) yields 
M oy 
is ae cell (10.3) 
Tp 
For a given mass and geometry of the structure, the maximum load it can carry is 


Pe eX aus (10.4) 
p 


Clearly, o,/p is the desired material performance index for a strength design. 


. Stiffness design. 


In many instances the stiffness of a structure is specified, but more often than not, 
it is the natural frequency of the structure that must be maximized. Consider the 
cantilevered, thin-walled beam of length LZ consisting of two thin skins of width 6 and 
thickness t separated by a distance h as shown in fig. 10.1. The natural frequency of 


this structure is: 
Lip 
See ore 10.5 
Wx RB | ( ) 
where I5, is the bending stiffness, and m the mass per unit span of the beam. These 
quantities are readily found as: 





; h? 1 ac 
— 2B bt 1+ aN fn = 2 abt. (10.6) 
For a thin-walled structure t/h < 1, and the natural frequency becomes: 
h TEV 


For a given configuration of the structure, h and L are given quantities, and clearly, 
\/E/p is the desired material performance index for stiffness design. 
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Strength 
design 


Stiffness 
design 


Buckling 
design 





Figure 10.1: Three types of design situation. 
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Strength design | Stiffness design | Buckling design 
Performance Our / P E/p E/p° 
Index [10°m?/sec?| [10?m./sec] [m®/(kg?sec”)| 
Aluminum 230 5.2 3.7 
Titanium A405 4.9 TL 
Steel 530 5.2 0.46 


























Table 10.3: Structural design performance indices for a few metals. 


3. Buckling design. 


Fig. 10.1 shows a thin plate of length L, width b, and thickness t. The plate is simply 
supported around all its edges, and subjected to an in-plane compressive load P. The 
critical value of the load that will cause the plate to buckle is: 


Et. 
Pee: 


; (10.8) 


The total mass of the structure is given by (10.2). Eliminating the thickness of the 
plate from (10.8) and (10.2) yields: 


M? E 


Pap XK ML pe 


(10.9) 


For a given mass and geometry of the structure, the buckling load is proportional to 
E/p?, which is the desired performance index for buckling design. 


Table 10.3 lists the performance indices ou4/p, \/E/p, and E/p® for strength, stiffness, 
and buckling designs, respectively. Table 10.4 lists the corresponding quantities for a few 
fibers. 

Consider first the data of table 10.3. Clearly steel is the most performant material for 
strength design. However, when it comes to stiffness design, the three metals perform about 
equally well, with only a slight disadvantage for titanium. Finally, comparing the strength 
and buckling designs, the ranking of the materials is now reversed: aluminum performs far 
better than steel and titanium in buckling design. 

The same observations can be made about the fibers for which data is listed in table 10.4. 
In a strength design, S-glass out performs the other fibers. The situation is reversed for stiff 
ness and buckling designs. It is clear that the third power of the density in the denominator 
of the buckling design performance index makes lighter materials preform well in buckling 
sensitive designs. 

It is not possible to directly compare the materials in tables 10.3 and 10.4. Indeed, the 
various metals can be used as structural materials, whereas the fibers cannot be used, as 
such, as structural materials. It is however clear that the remarquably high performance 
indices of these fibers justifies a closer look at their potential use in structural applications. 


10.2. COMPOSITE MATERIALS 








277 


Strength design | Stiffness design | Buckling design 
Performance Cur! P E/p E/p° 
Index [10?m?/sec?| [10°m/sec] [m8 /(kg?sec”)| 
E-Glass 1330 5.3 4.3 
S-Glass 1920 5.9 5.5 
Carbon 1200 11.6 68 
Boron 1320 12.5 23 
Graphite 1200 18 89 


























Table 10.4: Structural design performance indices for a few fibers. 


10.2 Composite materials 


Advanced composite materials for structural applications are made by embedding fibers 
that are all aligned in a single direction in a matrix material. A great variety of polymeric 
materials can be used as matrix materials. Thermoset materials such as epoxy have been 
extensively used as matrices for composite materials. The mechanical properties of epoxy 
are: . 

C= BO MPa oe eA MPG, (10.10) 


for the ultimate allowable stress in tension and compression, respectively. The modulus of 
elasticity, and the density of the material are: 


E=35 GPa; p= 1300 kg/m’. (10.11) 


A very crude way of approximating the strength of a composite material consisting of 
fibers all aligned in a single direction embedded in a matrix is to use a rule of mixture: 


= Ve S5 + VinSm, (10.12) 


where S,, S;, and S,, are the strength of the composite, fiber, and matrix materials, respec- 
tively; and V;, and V,,, the volume fractions of fiber, and matrix materials, respectively. If 
the material contains no voids V7 + Vn = 1. 

Consider a composite material consisting of graphite fibers (Vp = 0.6), embedded in an 
epoxy matrix (V,, = 0.4). The strength of the composite can be estimated using eq. (10.12) 
and the data of table 10.2: 


S, = 1700 x 0.6 + 50 x 0.4 = 1020 + 20 = 1040M Pa. (10.13) 


Clearly, the matrix material contributes very little to the strength of the composite. 
The stiffness of the composite can also be crudely estimated from the following reasoning. 
Assume the various phases of the material to be bonded together perfectly, then 


C= i= ey — ex (10.14) 


where €m, €, and €¢ are the strains in the matrix, fiber, and composite materials, respectively. 
If a sheet of this material is subjected to a tensile load P, the average stress in the composite 
dg, can be defined as follows: 


PS Agd, = Apo p Ann, (10.15) 
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where oy, and o,, are the stresses in the fiber, and matrix materials, respectively; and A¢, 
A,;, and A,, the cross-sectional areas of composite, fiber, and matrix materials, respectively. 
Dividing eq. (10.15) by A, yields 


Ar | Am 
0. = Of + —— 
aay 


A Om = Veor + VinOm: (10.16) 


If both fiber and matrix materials are assumed to be linear elastic, isotropic materials, the 
following constitutive laws adequately describe their behavior: 


of = Ese 5; Om = EmEm, (10.17) 


where EF, and E,, are the moduli of elasticity for the fiber, and matrix materials, respectively. 
Similarly, the modulus of elasticity E,. for the composite is defined as: 


Oc = Eee. (10.18) 


Introducing eqs. (10.17) and (10.18) into eq. (10.16), and taking into account the assumed 
equality of the strain in the various materials, eq. (10.14) yields 


E. = V; Ey + VinEm: (10.19) 


For the graphite epoxy material considered above, the composite modulus of elasticity 
can be estimated as: 


E. = 250 x 0.6 43.5 x 0.4 = 150+ 1.4 = 150GPa. (10.20) 


Here again, the intrinsic stiffness of the matrix material contribute little to the stiffness of 
the composite. 

The above discussion clearly shows that a significant fraction of the high strength and 
stiffness of the fibers is directly inherited by the composite. However, the matrix material 
contributes little to the strength and stiffness of the composite. This observation prompts 
the following question: what is the role of the matrix material in a composite? The matrix 
is needed to keep all the fibers together, and to provide an adequate surface finish. A less 
obvious role of the matrix is to diffuse the stresses among the otherwise isolated fibers. This 
aspect is explored in the next section. 


10.3 Stress diffusion in a composite 


Consider a lamina consisting of fibers all aligned in a single direction embedded in a matrix 
material. The lamina is subjected to a far field stress oo. If all the fibers were continuous, 
it would be easy to see how the entire load would be carried by the fibers only, with no 
significant contribution of the matrix. However, in practical situations, numerous broken 
fibers will be present in the lamina. Fig. 10.2 shows the geometry of the problem, including 
a broken fiber of length 2Z. At the two ends of the fiber, the stress in the fiber must vanish. 
Nevertheless, the matrix material adjacent to the broken fiber will transfer stress from the 
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Figure 10.2: Lamina with a broken fiber. 


surrounding material to the broken fiber. This stress diffusion process is a very important 
phenomenon as it allows all fibers, including broken fibers, to carry the applied load. 

A simplified model of this phenomenon is depicted in fig. 10.3. It consists of a cylindrical 
fiber of radius ry, surrounded by circular sleeve of matrix material of outer radius 7,,, itself 
surrounded by a circular sleeve of composite material of outer radius rg. The following 
assumptions will be made: 


1. The matrix material carries shear stresses only. This assumption can be justified by 
the fact that the stiffness of the fiber is far greater than that of the matrix, and hence, 
the axial stress it carries is far greater than that carried by the matrix. 


2. The axial stress in the fiber is uniformly distributed over its cross-section. 


3. The properties of the composite material surrounding the core fiber / matrix cylinder 
can smeared, i.e. the existence of individual fibers can be ignored, except for the specific 
broken fiber at the heart of the model. 


4. The various phases of the model are perfectly bonded together. 


Due to the symmetry of the problem, the displacements at x; = 0 are set to zero. Fig. 10.4 
shows the displacements us(x1), and u,_(x1) of the fiber, and composite, respectively. The 
stress-strain relationships for the various constituents of the model are: 


_ dug, 


=—, 10.21 
tT ae, ( ) 
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Figure 10.3: Simplified stress diffusion problem. 





dita 
woe 10.22 
Sa (10.22) 
— ne, (10.23) 
Ta 'f 


where €f, €a, and 7, are the axial strains in the fiber and composite, and the shearing strain 
in the matrix, respectively. 

A free body diagram of a differential element of the fiber is shown in fig. 10.4. A sum- 
mation of the forces along the axis of the fiber yields: 


dos 2 


—/4—7,=0, 10.24 
dx, ry ( ) 


where o;(x) is the uniform axial stress in the fiber, and 7,,(x1) the shearing stress in the 
matrix. On the other hand, the free body diagram of the entire model depicted in fig. 10.3 
yields an overall equilibrium equation 


1 1 
(4) soy © 00. (10.25) 


78 T= (tmltae ” ta? 1— (m/e) 


It is clear that the fiber has a much smaller radius than the overall composite, i.e. rp/ra < 1, 
and the second term of this equation become negligible. Furthermore, rm/ra < 1, ie. 
Lar = 1: 
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Figure 10.4: Displacement definition and free body diagram of a differential element of fiber. 


Finally, the constitutive laws for the various constituents of the model are: 


Oo = Ex€a: (10.27) 


where Ey, Eq, and G,, are the moduli of elasticity of the fiber, and composite, and the 
shearing modulus of the matrix, respectively. 

Introducing the matrix material constitutive law, eq. (10.28), and the definition of the 
shearing strain, eq. (10.23) into the fiber equilibrium eq. (10.24) yields 


dos 2Gim 
—f 4“? _(y, — uy) =0. 
dx, eon = Pp) (u up) 


Taking a derivative of this equation with respect to x1, introducing the definition of the fiber, 
and composite strains, eqs. (10.21), and (10.22), respectively, and using the constitutive laws, 
eqs. (10.26), and (10.27) leads to 


dos 2Gm ae OF ) _0 

aa re('m—TF#) Ea Es 4 

Finally, the stress in the composite o, is eliminated by means of the overall equilibrium 
eq. (10.25) to find the governing equation for the fiber stress 


dor 2 Gin = 2 Gin Ey 
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The following non-dimensional variable 7) is introduced: 


L- x, 
ry , 





f= (10.29) 
As shown in fig. 10.3, 7 measures the distance from the fiber break non dimensionalized by 
the fiber diameter. The governing equation for the fiber stress becomes 


FE 

" 2 Dey 

ao, — Moz = —rA\* 00 
i ie BE, ) 


where the notation (.)' is used to denote a derivative with respect to 7; and 


w= gam _Pp/Tm_ 
Ey 1-— T/T in. 


The volume fraction of the material is Vp = (ar})/(ar?,) = (r¢/rm)?. Furthermore, the rule 


of mixture for the modulus of elasticity, eq. (10.19), yields 
Ey Es x! Es 1 


E,.  Vbpevb. Vie Ve 





where the fact that E,, < Ey was taken into account. The governing equation finally write 


00 
of — Mop = NG (10.30) 
where 
Gm VV; 
” L (10.31) 


rr Ei em T 
The boundary conditions are af = 0 at the broken end of the fiber, i.e. @n7 = 0, and 


@n = L/2r;, the symmetry of the problem requires o = 0. The solution of eq. (10.30) 
subjected to these boundary conditions is 


OF 1 cosh \(L/2r¢ — 7) 1 =X 
“~=—/|(1- me l-e 7). 10.32 
orn 3 ( cosh(AL/2r pf) Vy ( ) ( ) 





To illustrate the distribution of stress near a fiber break, three material systems will be 
considered. Table 10.5 lists the relevant parameters for the three material systems: Boron, 
Graphite, and Kevlar fibers in an epoxy matrix of shearing modulus of 1.35 GPa. 

The fiber stress at a large distance from the fiber break can be obtained from eq. (10.16): 
00 = Ve foo + (1 — Ve) Omoo © Veofoo. The stress distribution, eq. (10.32), then writes 

oF apg: (10.33) 
O foo 
where the notation (.).. is used to denote the value of the corresponding quantity at a large 
distance from the fiber break. The non dimensional parameter 4 characterizes the fiber axial 
stress distribution near the fiber break, which is plotted in fig. 10.5 for the three material 
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Material Volume | Ey A d/dy 
system fraction | [GPa] | Eq. (10.31) | Eq. (10.34) 
Boron/ Epoxy 0.5 400 0.255 11 
Graphite/Epoxy 0.6 250 0.385 Le 
Kevlar /Epoxy 0.6 130 0.534 oo 























Table 10.5: Physical properties of three material systems. 
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Figure 10.5: Distribution of fiber axial stress near a fiber break for three material systems. 
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Figure 10.6: Distribution of matrix shear stress near a fiber break for three material systems. 


systems. At 7 = 0, which corresponds to the fiber break, the fiber axial stress vanishes. 
However, the fiber axial stress rapidly grows to its far field value @ fo0. 


It is convenient to define the fiber ineffective length 6 as the distance it takes for the fiber 
stress to reach 95% of its far field value, i.e. 


0.95 =1—e7*9/4y, 


where dy is the fiber diameter. Solving this equation yields the ineffective length as 








1/2 
10 ry Eps (10.34) 
dy Gm JV 


The ineffective length can be thought of as the length of fiber, near a fiber break, that 
does not carry axial stress at full capacity. Table 10.5 lists the ineffective length for the three 
material systems. It appears that 5.3 fiber diameters away from a break, the Kevlar fiber is 
already carrying 95% of its far field stress. This means that the matrix material transfers the 
load from the surrounding material to the broken fiber very rapidly. This mechanism is called 
the shear lag mechanism because the shear stress in the matrix is effectively transferring the 
load to the fiber. The shear stress in the matrix can be readily evaluated from the fiber 
equilibrium equation (10.24) as 

Tm _ A ,—An 


10. 
om (10.35) 
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Fig. 10.6 shows the distribution of shear stress in the matrix near a fiber break, for the 
three material systems. The shear stress is maximum near the fiber break, then decays very 
rapidly. 

An important role of the matrix material is now clearly apparent in the light of the above 
analysis. Near a fiber break, the matrix material transfer the stress from the surrounding 
material to the broken fiber. The shearing of the matrix near the fiber break is the mechanism 
that allows this stress transfer to occur. This mechanism is very efficient; for the material 
systems described above, the broken fiber is fully loaded by about ten fiber diameters from 
the fiber break. In other words, the zone affected by the fiber break is about 26 in length 
(6 on each side of the break). For a graphite fiber with a diameter of 10 microns, the zone 
affected by a fiber break is only about 200 microns in length. 

Another way of looking at this fact is to say that a fiber is continuous or infinitely long, 
if its total length is much larger, say 100 times larger than its ineffective length. Hence, a 
10 micron diameter graphite fiber can be considered continuous or infinitely long when its 
length is 100 x 100 10~® = 10 10-8m. From a load carrying stand point, a 10 millimeter long 
graphite fiber can be considered continuous or infinitely long. 


10.4 Constitutive laws for anisotropic materials 


Constitutive laws characterize the mechanical behavior of materials by relating stres-ses and 
strains. The focus of this section is on the linear elastic behavior of anisotropic materials. 
The physical properties of anisotropic materials are directional, i.e. the physical response of 
the material depends on the direction in which it is acted upon. Consider, as an example, 
the stiffness of the unidirectional composite material described in section (10.2): in the 
fiber direction the stiffness of the composite is dominated by the high stiffness of the fiber 
(see eq. (10.19)). However, in the direction transverse to the fiber, the stiffness of the 
composite is dominated by that of the matrix material which is far small than that of the 
fiber. This contrasts with isotropic materials for which the mechanical response is identical 
in all directions. 

The engineering strain components will be used to measure the straining of the material. 
These strain components are arranged in a vector form as 


Ou Oue Ouz Ouse Ous Out Ouz Ou Ouse 


Ox," Ox’ 0x3” 0x3 Ox’ 0x3 Ox,’ Ox2 Ox1 , 


The following engineering stress components will be used to measure the stress state in the 
material 


a (10.36) 


a” = |o11, O22, 033, T23, T13, Ti2]. (10.37) 


A linear elastic anisotropic material is characterized by the following relationships: 


G=Ce> 2 Sa, (10.38) 


where C is a 6 by 6 stiffness matrix and S a 6 by 6 compliance matrix. Clearly, these two 
matrices are the inverse of each other, i.e. 


Chas. (10.39) 
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The strain energy W stored in a differential element of the material is: 


1 1 1 
W= 5f 2 = 5£ CE = 52 Se. (10.40) 





The stored strain energy is a positive quantity for whatever deformation or stress state 
the material is subjected to. This implies that both stiffness and compliance matrices are 
symmetric and definite positive. 

In general, the 6 by 6 stiffness matrix has 6 x 6 = 36 independent coefficients. However, 
the symmetry requirement reduces the number of independent coefficients to 21. The stress 
strain relationship eq. (10.38) written in expanded form is 


O11 Cu Cr Cig Cru Cis Cie E11 
022 Cr Cog Cog C25 C6 E22 
033 C33 C34 C35 C36 E33 

= ‘ 10.41 
723 Cuz C45 Cag “23 ( ) 
713 Css C6 13 
T12 Cee 12 


where the entries in the lower triangular part of the stiffness matrix are equal to the cor- 
responding upper triangular entries. The 21 constants Ci; characterize the behavior of the 
material. Each constant must be determined experimentally. A material characterized by 
relationship eq. (10.41) is called an anisotropic or triclinic material. 

Materials sometimes possess a plane of symmetry. Let the plane i; ig be a plane of 
symmetry of the material. The stress-strain relationship reduces to: 


O11 Cu Cir Cig 0 0 Cre El 
022 Cy Cog 0 0 Cy E22 
033 C33 «0 0 C6 E33 

= : 10.42 
723 Crs Can 0 “Y23 ( ) 
713 Css 0 13 
712 Cee 12 


The stiffness coefficient Ci, must be zero. Indeed, if C14 were not zero, an axial strain €1, 
would give rise to a stress T23. However, the presence of a shearing stress T23 would violate 
the symmetry of the response which is a natural consequence of the material symmetry. A 
systematic application of this symmetry argument shows that 8 coefficients must vanish, 
leaving 21 — 8 = 13 independent coefficients. This type of material is called a monoclinic 
material. 

Some materials show a higher level of symmetry characterized by two mutually orthogonal 
planes of symmetry, for instance the i; ig and ig i3 planes. The stress strain relationship now 
writes: 


O11 Cu Cir Cig 0 0 0 El 
022 Con Co3 0 0 0 E99 
033 C33 0 0 0 €33 

= 10.43 
T23 Cras 0 0 23 ( ) 
713 Gag) 0) 13 


T12 Cee Y12 
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Here again symmetry arguments were used to prove that 12 coefficients of the stiffness matrix 
must vanish, leaving 21 — 12 = 9 independent coefficients. This type of material is called an 
orthotropic material. 

A case of particular importance to the study of laminated composite materials is that of 
materials presenting two orthogonal planes of symmetry, and one plane of isotropy. Let i, ig 
and ig iz be the mutually orthogonal planes of symmetry, and let the material be isotropic 
in the ig ig plane. This means, for instance, that the coefficients Cy, and C)3 should be 
identical due to the isotropic response of the material in the ig iz plane. The stress strain 
relationship now reduces to: 


(755 Co C3 0 0 0 Bon 
033 C9 0 0 0 ba 
Reel C2 — Cas 0 0 yes | ee 
T13 = Ca 0 13 
712 Ca 12 


Five constants only are left for this material called transversely isotropic. 


Finally, an zsotropic material is characterized by an identical response in all directions, 
leading to the following stress strain relationship: 


Cy Cie Cp 0 0 0 
O11 Cy Cie 0 0 0 E11 
022 Cy 0 0 0 E22 
O33 | _ Cu = Cra 0 0 na (10.45) 
723 2 “23 , 
713 Cu = Cis 0 113 
T12 : Cy, — Che Y12 


2 


Two independent constants only are left for this type of material. 

Relations (10.41) to (10.45) give the structure of the stiffness matrix for various types 
of materials. The compliance matrix can be obtained by inversion, and shows the same 
structure. 

The actual structure of the stiffness matrix was obtained based on energy and symme- 
try arguments. An isotropic material was shown to be characterized by two independent 
coefficients Ci, and C2. However, an isotropic material is generally characterized by its 
Young’s modulus and Poisson’s ratio. These constants are called the engineering constants, 
because they can be readily measured experimentally. For the various types of materials, the 
stiffness and compliance terms can be expressed in terms of the engineering constants. The 
following section discusses the experimental determination and the physical interpretation 
of the engineering constants for a lamina made of unidirectional fibers embedded in a matrix 
material. 
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10.5 Constitutive laws for a lamina in the S* system 


Consider a thin sheet of composite material made of unidirectional fibers embedded in a 
matrix. Let the axis i,* be oriented along the fiber direction, i," in the transverse direction, 
and i,* is perpendicular to the plane of the thin sheet. These axes form a basis denoted 
S*. If the diameter of the fiber is small compared to the thickness of the sheet, the material 
can be assumed to be a homogeneous, transversely isotropic material. In other words, the 
existence of individual fiber can be ignored; fibers and matrix materials are smeared into an 
equivalent, homogeneous material. For a linear elastic, transversely isotropic material the 
constitutive laws reduce to (10.44). 

For numerous practical applications, the thin sheet of material can be assumed to be in a 
plane state of stress, i.e. 033 © Tis & 733 © 0. The constitutive laws expressed in compliance 
form write: 








ee 
en ie ice On 
* 12 * 
12 1 T12 
0 0 


Xk 


12 


The notation (.)* is used to express quantities measured in the S* system which is aligned 
with the fiber direction. The compliance matrix was expressed in terms of four constants 
Et, E35, vjz, and G7, which are called the engineering constants. Note that the compliance 
matrix must be symmetric, thus vj,/E} = v>,/E3. This means that though five constants 
appear in the expression of the compliance matrix, one of, them say v3,, can be computed 
from the other, and hence, is not an independent quantity. 

The engineering constants can be readily measured experimentally. Consider a simple 
test where the composite is subjected to a known stress oj, in the fiber direction only, 
i.€. 03) = Ti, = 0, as depicted in fig. 10.7. The first equation of (10.46) now reduces to 
€j, = o;,/E}. The strain ej, in the fiber direction can be measured by means of a strain 
gauge, then the modulus of elasticity is computed as ET = of,/e7},. Clearly Ej is the 
modulus of elasticity of the material in the fiber direction. The second equation of (10.46) 
reads €45 = —V\20},/E}. The strain e3, in the direction transverse to the fiber can also 
be measured by means of a strain gauge. The Poisson’s ratio can now be computed as 
Vig = —Eje32/o11. 

Consider now a second test where the composite material is subjected to a known stress 
05 in the direction transverse to the fiber only, i.e. of, = Ti, = 0, as depicted in fig. 10.7. 
A measurement of the strain 3, will then yield E>, the modulus of elasticity of the material 
in the direction transverse to the fiber. An additional measurement of ej, would yield v3,. 
The symmetry of the compliance matrix can be verified experimentally by checking that the 
various measured quantities satisfy the symmetry condition vj,/E} = v3,/E3, within the 
expected experimental errors. 

Finally, in a last test, the composite material is subjected to a known shear stress Ty, 
only, i.e. of; = 03) = 0, as depicted in fig. 10.7. The last equation of (10.46) reduces to 
Vio = Tf/Gig. A measurement of the shearing strain yj, would then allow the evaluation of 
the shearing modulus Gi, = Tf, /7jo- 
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Figure 10.7: Three simple tests for the determination of the engineering constants. 


The stiffness matrix is now obtained by inverting eq. (10.46) to find: 








EY Vigk3 
o* 0 * 
11 1— ZEB} / By Dea fi 
O59 = Vip b5 2 0 £59 ; (10.47) 
Ti 1l-vigB3/EX 1-3 E3/E; Vi2 
0 0 Gis 


To simplify the writing of this relationship, the following notations are introduced 


ok * 
Or Ey 
eS - * * 
S| Bog ee) hee (10.48) 
ok ok 
Ty Yi2 


The material stiffness matrix in the fiber axis system S* is defined as 








Ph vpBs 
1- 43 B/E} 1—- Viger Cae. 20 
C= Vinh, 2 0 SS hiGr ee Woe 0 j (10.49) 
1-43 E3/EP 1 —vizb3/E; 0 0 CE 
0 0 Gis 


Finally, the constitutive law, eq. (10.47), can be written in the following compact form 
C aCe: (10.50) 
Similarly, the material compliance matrix in the fiber axis system S* is defined as 


* 
1 V>1 








— = 0 

ee. Si, Sh 0 
ok Vio 1 * * 

0 0 


* 
Gi, 
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Material Ve EF ES Vio Gi. | density 
type [GPa] | [GPa] [GPa] | [kg/m] 
Graphite/Epoxy | 0.70 | 180. LO CO28:)) 60 1600 
T300/5208 
Graphite/Epoxy | 0.66 138. 9. 0.30 | 7.0 1600 
AS/3501 
Boron/Epoxy | 0.50) 204. 18. 0.23 | 5.6 2000 
T300/5208 
Scotchply 0.45] 39. 8. 0.26 | 4.0 1800 
1002 
Kevlar 49 0.60 | 76. 5.9 | 0.34] 2.3 1460 



































Table 10.6: Engineering constants for lamina made of different materials. 


The constitutive law (10.46) in compact form becomes: 
Bere: (10.52) 


The engineering constant for lamina made of a few different type of materials are listed 
in table 10.6. This table lists the volume fraction V?, engineering constants E}, E35, vj,, and 
Gi», as well as the density of the various lamina. 


10.6 Constitutive laws for a lamina in the S system 


In the previous section, the constitutive laws for a lamina of transversely isotropic lamina 
were discussed. The stresses and strains were measured in the fiber axis system S*. In many 
cases, however, the constitutive laws for the material are required in a direction that might 
not coincide with that of the fibers. Fig. 10.8 shows a reference axis system S defined by 
unit vectors ij, i2, and ig, and a transversely isotropic lamina with its fiber axis system S™*. 
The fibers run at an angle 6 with respect to a reference system. The angle @ is counted 
positive in the counter clockwise direction. Let a, and € be the in-plane stresses and strains, 
respectively, in the reference system S. The lamina constitutive laws in the S system now 
write: 


a=Ce. (10.53) 


Clearly, the stiffness matrix C' could be obtained experimentally by performing a series 
a tests on the lamina, applying a stress in the i, direction first, then in the ig direction, 
as described in the previous section. Though conceptually feasible, this approach is not 
practical since a series of tests has to be performed each time the constitutive laws are 
desired at a specific angle 9. A better approach would be to relate the stiffness properties at 
an angle @ to those measured in the fiber direction. This can be readily achieved with the 
help of the formulae for the rotation of stresses and strains. 


10.6. CONSTITUTIVE LAWS FOR A LAMINA IN THE S SYSTEM 291 





Figure 10.8: Definition of two axis systems for a lamina. 


10.6.1 Rotation of constitutive laws 


All the elements required to relate the constitutive laws in two different coordinate systems 
are now in place. The constitutive law for a layer expressed in the fiber system (10.50) is 
the starting point of the development: 

a=W," 
Introducing the rotation formulae for stresses (1.27) and strain (1.68) yields: 


2 


m? n? 2mn O11 m? n mn Eq 
n= mm? —2mn Ga) = C* n? m? —mn £99 
—mn mn m?—n? T12 —2mn 2mn m?—n? 12 
The rotation matrix for stresses can be inverted to find: 
O11 m nn? —2mn m? n? mn Eq 
Oo |= | n?~ m? 2mn Ce n m?  —mn 699 
Tid mn —mn m?—n? —2mn 2mn m?—n? N12 


These constitutive laws now relate the stresses and strains in the S system and were also 
written as (10.53). Identifying these two relationships yields the components of the stiffness 
matrix in the reference system as 


m nn —2mn me on? 2mn 
Cail. ae ~ ae 2mn Co ne, ae Bran (10.54) 
mn —mn m?—n? —mn mn m?—n? 


Performing this triple matrix multiplication yields the various terms of the stiffness matrix 
Cu Cie Cie 


C= Cio Co Co ; (10.55) 
Ci6 C6 Cee 
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where: 
Cyo= mCi + n*C3, + lee,» + Ann Gee 
C= niCt, + mCi + Jmen? Cis - Am?n?Che; 
Cr = mn?C%, + m?n?Ch + (mt+n*)Ch - Amin? Cae (10.56) 
2 2,20 22(1* 2,2 2 2)\27%% . : 
Cie= menCf, — mn?C3, + (mn? —m'n)Ci, + 2(mn? — m3n)Ch; 
Cog = mnPCh, — minCz, + (min —mn3)Ci, + 2(men — mn3)Ch; 


Here again, an alternate way of writing this transformation can be found by using the 
following trigonometric identities: 


J v1 
cos’ 6 = g (cos 49+ 4cos20+ 3); sin*@= 3 (cos 40 — 4cos 26 + 3); (10.57) 
2 in? 1 
cos’ 6 sin* 6 = g(t — cos 46); (10.58) 
Bute La . 3 Dy oh 
cos” Osin@ = g (sin 40 +2sin26);  cos@sin’ @ = g(- sin 40 + 2sin 20). (10.59) 


Introducing these relationships into (10.56), then regrouping the trigonometric functions 
yields: 











Cy = aytag + agcos20 + a,zcos4é; 
Coo = Ay+tag — agzcos20 + a,zcos4d; 
Cig = QA, — Qe — ay,cos 46; 
Coe = Q — ay,cos 46; (10.60) 
C16 = 5013 sin 20 + 4 sin 46; 
C6 = 5013 sin20 — QA, sin 40; 
where the material invariants a1, a2, a3, and a4, are defined as 
Ex 
—j] p22. 10.61 
Qo Vio E* ( ) 
a, = ——(Ei + By 4+ 2,83); a2 = s—( El + By — 2v{, £3) + >"; (10.62) 
4ag 8a9 
a3 = Sag i ES): a= Sa + ES = 2Vi E35) —- ar (10.63) 


In summary, the stiffness matrix for a lamina can be obtained as follows. First, the 
engineering constants Ej, E35, vj,, and Gj, are obtained experimentally by performing a 
series of test on the lamina (see section (10.5)). The stiffness matrix C* in the fiber axis 
system S* is then readily computed (see eq. (10.49)). The material invariants a1, a2, a3, and 
a4 are computed from the engineering constants with the help of eqs.(10.62) and (10.63). 
Finally, the components of the stiffness matrix C' in a reference axis system S can be evaluated 
for any angle 6 for eqs. (10.60). 

The material invariants for lamina made of a few different type of materials are listed in 
table 10.7. This table lists the material invariants computed from eqs. (10.62) and (10.63) 
based on the data of table 10.6. 
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Material Q4 Qe Q3 a4 
type [GPa] | [GPa] | [GPa] | [GPa] 
Graphite/Epoxy | 49.11 | 26.65 | 85.37 | 19.65 
T300/5208 
Graphite/Epoxy | 38.32 | 21.30 | 64.88 | 14.30 
AS/3501 
Boron/Epoxy | 57.84 | 29.64 | 93.44 | 24.04 
T300/5208 
Scotchply TZ 9 C5. “FAS NN cdet2: || SoA 
1002 
Kevlar 49 21.49 | 10.95 | 35.55 | 8.65 





























Table 10.7: Material invariants for lamina made of different materials. 


Fig. 10.9 shows the stiffness components Cj; and C22 as a function of the lamina angle 6 
for the Graphite/Epoxy T300/5208 material. Note the rapid decline of the stiffness coefficient 
Ci, when the lamina angle moves away from 0 degrees. This sharp decline is due to the high 
directionality of the lamina stiffness properties. The shearing stiffness components C% is 
shown in fig. 10.10. The shearing stiffness drastically increases when the lamina angle is 45 
degrees. This can be explained as follows: a state of pure shear is equivalent to stresses in 
tension and compression acting at 45 and 135 degree angles, respectively. Theses stresses 
are now aligned with the fiber direction which presents very high stiffness. 


It is important to note that the terms Cg and Cog are non zero. These terms express 
a coupling between extension and shearing of the lamina. In contrast, the stiffness matrix 
C* in the fiber system S* has zero terms at the corresponding entries. Indeed, an extension 
shearing coupling term would violate the basic symmetry of the lamina in the S* system. 
No such symmetry exists in the S system, and indeed a coupled response of the lamina is 
intuitively expected. Fig. 10.11 shows the stiffness components Cg and Cy as a function of 
lamina angle 0. 


The lamina constitutive laws can be expressed in the stiffness form (10.53) or in the 
compliance form as 


e= So, (10.64) 


where S' is the compliance matrix in the S system. Of course, the compliance matrix can 
be obtained by inverting the stiffness matrix, as indicated by (10.39). However, it can also 
be obtained directly. Introducing the stress rotation formula eq. (1.27) and strain rotation 
formula eq. (1.68) into eq. (10.52), and identifying the result with eq. (10.64) yields 


m? n? —mn mn? Q2mn 


Sak ae Sane mn Sa ae Deas | 4 (10.65) 
2mn —2mn m? —n? —mn mn m?—n? 
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Figure 10.9: Variation of the stiffness coefficients Cy, and C2, and the engineering constants 
FE, and E> with the lamina angle 0. 
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Figure 10.10: Variation of the stiffness coefficient Cg, and the engineering constants G12 
with the lamina angle @. 
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Figure 10.11: Variation of the stiffness coefficients Cig and Cog with the lamina angle @. 


Performing this triple matrix multiplication yields the terms of the compliance matrix: 


where 
SS aS 4 
So TS, 
S12 = me Tos 
S66 = Am?n? S* 
S16 = 2 nS, 
Sig. Deine Se 





1 V21 
Sir Siz Sig ae fo 
Sig Soo Soe | = Spee Fae 
Sie S26 See vie 36 
Ey Eg 
n'Ss 4 amen? St 3 + 
i O55 4 2m Sts + 
mn? Sh, 4 (m4+n*)S% = 
4m?n? Sh. — Sine Sys - 
2mn?S3. + 2(mn* —mPn)St, + 
2mFnS3, + 2(m?n —mn?)St, + 








Y61 
Gig 
M62 
? 
Gio 
1 
Gig 
men oe 
mene See 
mn? S66: 
2 p2\2ou. 
(m AY ) S663 
(mn? — m3n)Séq: 
(m3n — mn*) Ske: 


(10.66) 


(10.67) 


With the help of the trigonometric identities (10.57) to (10.59) these transformations laws 


can be written as: 





Si = Py uy Bo 
Soo — Py oho By 
Si2 = py <a By 
S66o= 402 
Sig = 


+ (3 cos 20 
— (3 cos 20 


Bs sin 20 
Bs sin 20 





+ (4cos 46; 
+ (4cos 46; 


— £4cos 40; 
— 46, cos 40; 
+ 2(,sin 40; 
— 26,sin 40; 


(10.68) 
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Figure 10.12: Three simple tests for the determination of the engineering constants. 


where the material invariants 9,, Go, 33, and (4, are defined as 


1/1 1. wW, 1/11. Ww 1 
A ee ) Pe le Ei Ey)” 864, mo) 


hyde. if L.. D.. oe 1 
SS al part aes = | — 2 10.70 
Bo ee) OR eee ae ee 
Equation (10.66) defines E), F2, vi2, Giz, Vig, and 16, the engineering constants in the 
S system. Due to the symmetry of the compliance matrix, the following relationships hold 
V12/ Ey = Vy /Eo, Vi¢/ Ey = ¥61/G2, and V6 / Eo = ¥62/G 2. Explicit expression for the 
engineering constants can be obtained form eq. (10.68) 











EF, = 1/ (G1 + Bo + B3 cos 20 + 34 cos 46) ; 
Ey = 1/ (G1 + Bo — 23 cos 20 + 34 cos 46) ; 
V2 = — (9, — Ba — By cos 48) / (G1 + G2 + G3 cos 20 + G4 cos 46) ; 
Gig = 1/ (482 — 484 cos 48) ; (10.71) 
Vig = (33 sin 26 + 23, sin 46) / (3, + Go + 33 cos 20 + 34 cos 46) ; 
V6 = (03 sin 20 — 264 sin 40) / (G1 + G2 + 33 cos 20 + (34 cos 48) ; 








These engineering constants can also be measured experimentally by performing the 
various tests depicted in fig. 10.12. The tests are similar to those discussed in section (10.5), 
except for the fact that the stresses are now applied at an angle 0 with respect to the fibers. 

Fig. 10.9 shows the variation of the modulus of elasticity EF, as a function of the lamina 
angle @. Note the precipitous drop in the modulus of elasticity when the lamina angle moves 
away from 0 degrees. This drop is much more pronounced than for the stiffness coefficient 
Cy. 

It is important to understand the difference between the stiffness coefficient Cy, and 
the engineering constant E,. Mathematically, these two quantities clearly are different: 
Cy, = C(1,1) whereas FE, = 1/5(1,1), and C(1,1) ¥ 1/5(1,1) since the stiffness and 
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E, =Yyp =0 E, =Y yp) =9 €, =€, =0 


Figure 10.13: Three simple tests for the determination of the stiffness coefficients. 


compliance matrices are the inverse of each other. This difference is easily understood in 
physical terms by looking at the tests that would allow the measurement of these quantities. 
Fig. 10.12 shows the tests to be performed in order to measure the engineering constants, 
and fig. 10.13 shows the corresponding tests to be performed in order to measure the stiffness 
coefficients. Focusing on the first test depicted in fig. 10.12, it is clear that a single stress 
component 01; is applied (i.e. o22 = Tig = 0). A complex state of strain results that 
involves €1, €22, and 712. The measurement of ¢,; yields EF, from the first eq. (10.64), the 
measurement of £22 yields 112 from the second eq. (10.64), and the measurement of 712 yields 
Vi¢ from the last eq. (10.64). 

In the first test depicted in fig. 10.13, a single strain component ¢,; is applied (i.e. 
£22 = Yi2 = 0). A complex state of stress results that involves 011, 022, and T12. Measurement 
of 041, 722, and Tyg yield the stiffness coefficients C11, C2, and Cj, from the first, second, and 
last eq. (10.53), respectively. Though conceptually simple, the tests depicted in fig. 10.13 
are very difficult to perform in practice. The test specimen would have to be constrained 
so as to prevent any deformations except ¢1; for the first test, and the stresses required to 
obtain that state of deformation would need to be measured. Such test is rarely performed 
in practice. 

Considering the first test in fig. 10.13 it is clear that the stiffness coefficient C), reflects the 
stiffness of the material when it is severely constrained since one must enforce €22 = 712 = 0. 
The effect of these constraints is to considerably stiffen the response of the material. At a 
20 degree lamina angle, the stiffness coefficient C1, is about 130 GPa (see fig. 10.9), whereas 
the engineering constant EF; is only about 50 GPa. The effect of constraining the material 
is clearly very important. 

A similar effect is observed in fig. 10.10 which compares the stiffness coefficient C6 
and the shearing modulus Gj.. The stiffness coefficient increases considerably, whereas the 
shearing modulus rises very modestly. Both quantities, however, reach their maximum values 
for a 45 degree lamina angle. 
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Figure 10.14: Variation of the engineering constants Vj and v2; with the lamina angle 0. 


Fig. 10.14 shows the Poisson’s ratio 42, and 121. It is interesting to note that the Poisson’s 
ratio 1,2 has a value of 0.28 at a 0 degree lamina angle, but a value of about only 0.02 for 
a 90 degree lamina angle. For most metals, Poisson’s ratio is about 0.3; with composite 
materials, a much wider range of value is observed. Finally, fig. 10.15 shows the variation of 
the engineering constants 114g, Yg1, Vo, and Vez as a function the lamina angle. 


10.7 Strength a transversely isotropic lamina 


The constitutive laws for a linear elastic, transversely isotropic material were investigated in 
section (10.6). The equations developed in that section express a linear relationship between 
stress and strain, but provide no information about failure of the material. 


10.7.1 Strength of a lamina under simple loading conditions 


The strength of a lamina made of transversely isotropic material can be experimentally 
determined by performing a series of simple tests. In numerous practical applications, this 
lamina will be under plane state of stress. Consider a first test where the composite is 
subjected to a single tensile stress aj, in the fiber direction (i.e. 73, = T/, = 0) as depicted 
in fig. 10.16. As the applied stress increases, a point is reached where the material fails. 
Let otf be the stress level at which failure occurs. The same test could be repeated for 
a compressive stress oj,, and let otf be the absolute value of the compressive stress at 
failure. There is no reason to believe that ott and ott are, in general, equal. Therefore, the 
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Figure 10.15: Variation of the engineering constants 116, ¥1, V2¢, and Vg. with the lamina 
angle 6. 


subscripts (.); and (.). will be used to distinguish the tensile and compressive failure stresses, 
respectively. 

In a second test, depicted in fig. 10.16, the lamina is subjected to a single tensile stress 
035 in the direction transverse to the fiber (i.e. of, = Tj{, = 0). The applied stress level 
that corresponds to failure of the lamina is denoted o3/, and let o3/ be the absolute value 
of the compressive stress that corresponds to failure. Fig. 10.16 shows the last test to be 
performed: the lamina is subjected to a shearing stress Tj, (07, = 039 = 0). Let rit denote 
the level of applied shearing stress that corresponds to failure. Clearly, the failure level in 
shear does not depend on the sign of the shearing stress. 

Though conceptually simple, the above tests can be very difficult to perform in practice. 
Care must be taken in the tensile tests to reinforce the ends of the test specimens that fit in 
the grip of the testing machine so as to avoid premature failure near the grips. Furthermore, 
the specimen must be long enough so that the test section is free of end effect. The test 
setup to measure compressive strength is far more complex because buckling of the specimen 
must be prevented. This can be achieved by providing lateral support of the test sample. 
Performing the shear test is also very complex. Subjecting a flat specimen to a state of pure 
shear is very difficult to achieve experimentally. A tubular specimen can of course be used, 
but at a far greater cost. Table 10.8 lists the failure stress levels for lamina made of different 
materials. 

In practical design situations, the lamina might be subjected to several stress components 
simultaneously. Consider, for instance, a lamina subjected to stresses both along the fiber 
direction, and in the transverse direction. Fig. 10.17 shows the corresponding stress space, 
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Figure 10.16: Three tests for the determination of the strength of a lamina 








Material ot of ont ot rit 
type [M Pa] | [MPa] | [MPa] | [MPa] | [MPa] 
Graphite/Epoxy | 1500 1500 40 240 68 
T300/5208 
Graphite/Epoxy | 1450 1450 52 205 93 
AS/3501 
Boron/Epoxy 1260 2500 61 202 67 
T300/5208 
Scotchply 1060 610 al 118 72 
1002 
Kevlar 49 1400 235 12 53 34 
































Table 10.8: Failure stresses for lamina made of different materials. 
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Figure 10.17: Stress space for a lamina in biaxial stress state. 


and the failure stress levels o%/, o%/, o3/, and o3! which correspond to the various failure 
stress levels measured in the tests described earlier. Assume that equal stresses are applied 
in both directions simultaneously, i.e. a7, = 05). These stress states form a 45 degree line 
in the stress space. As the applied stresses increase, failure will occur at a certain level. Of 
course, the applied stresses oj, and 03, could be applied in any proportion, corresponding 
to various radial lines emanating from the origin of the stress space. A different failure level 
will correspond to each radial line. 

To cover all possible combinations, the failure envelope, depicted in fig. 10.17, should be 
known. All stress states within the failure envelope correspond to stress levels the material 
can sustain without failing, whereas the stress states outside the failure envelope result in 
failure. 

Clearly, the failure envelope could be obtained experimentally by performing a large 
number of tests with various combinations of applied stress components a7), 032, and Ty). 
This approach is not practical as it would require an enormous amount of testing to determine 
the failure envelope. A more desirable approach would be to determine the failure envelope 
based on the knowledge of a few failure stress levels such as of/, of!, o3!, off, and TJ. This 
can be achieved by means of a failure criterion that predicts failure under combined loads. 
Though many different failure criteria have been proposed, none is fully satisfactory, in the 
sense that their predictions are not always in very good agreement with the experimentally 
measured failure stresses. They are, however, widely used in preliminary design. 

It is important to note that when designing with composite materials, the failure mode 
is often as important as the failure stress. Indeed, consider the case of a lamina subjected 
to a load transverse to the fibers: the lamina will fail at a very low stress level which is 
indicative of the the low load carrying capability of the matrix material. On the other hand, 
if the same lamina is subjected to a stress aligned with the fibers, it will fail at a far higher 
stress level which reflects the high strength of the fiber. The failure modes in the two cases 
are quite different: matrix failure for the former, fiber failure for the latter. Failure of the 
matrix due to a transverse load does not substantially decrease the ability of the lamina to 
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continue to carry high loads in the fiber direction, whereas with fiber failure load carrying 
capability is completely lost. Clearly, a matrix failure is not always a catastrophic event in 
contrast to fiber failure which completely eliminates any load carrying capability. 


10.7.2. The Tsai-Wu failure criterion 


A commonly used failure criterion is the Tsai-Wu failure criterion. This criterion states 
that the failure condition is reached when the combined applied stresses satisfy the following 
equality 
Foti + 2F {07192 + F093 a FeeTi2 + Foy, + Fro = 1, (10.72) 
where the coefficients Fy, Fy5, Fo., Fes, Ff, and Fy must be determined experimentally. 
Note that the stress components appearing in the criterion are expressed in the fiber axis 
system S*. Consider first the test described earlier where a single stress component o7, 
is applied. At failure in tension and in compression, the above equality must be satisfied, 
implying 
Fao? + Fro a1; Fro? — Prof! =1. (10.73) 
The second test involves the sole a3, stress component and yields 
Foz}? + Fjox = 1; He.) Igo. = 1 (10.74) 


Finally, the last test implies: 

Feerig = 1. (10.75) 
These five equations can readily be solved to find five of the coefficients appearing in 
eq. (10.72). They are 


i, 1 1 


FY p: Uo = Sea Oe a (10.76) 
*f —* *f _—* *f2? 
Ge. 5 oe, T1 
«f «f «f «f 
F* _ 1¢ = Ot . Fe i O02 = Oot (10 77) 
Li sep ag 22 epee 
O1t M16 O24 F2¢ 


These results are introduced in the initial statement of the failure criterion, eq. (10.72), to 
yield 
Ot? + WP oot Tho + TH + TH + Foy t+ For = 1, (10.78) 


where the following non-dimensional stress components were defined: 


=* O14 =* O59 =* Tp 
Cai = ; z Rae nae 7 1 ap (10.79) 
O14 1¢ 2+ P26 @ 
as well as the following non-dimensional coefficients: 
1. a ‘ 


’ 2 : 
xf —x«f xf x«f 
V %1t M16 O24 F2¢ 
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Figure 10.18: Strength test for a lamina at an angle @. 


The coefficient Fis is as yet undetermined. Clearly, an additional test involving a biaxial 
state of applied stress (i.e. a test where both oj}, and a3, are applied simultaneously) would be 
required to determine this coefficient. Since such a biaxial test is very difficult to perform, 
the coefficient a is often selected by fitting the prediction of the criterion to available 
experimental data. f°}, = —1/2 has been found to provide the best fit. The final statement 
of the Tsai-Wu criterion becomes: 


Oi - Tie +OB+ Tt Fit + Fath = 1. 08) 


As an example of application of this criterion consider the simple test shown in fig. 10.18. 
A single stress component 0; is applied to a lamina with the fibers running at an angle 0. 
The stress rotation formula (1.27) yields the applied stresses in the fiber axis system S* as: 


ot, =o cos?6; o3, =o sin?6; Th = —on cosOsing. (10.82) 


The level of applied stress that corresponds to failure satisfies the failure criterion (10.81), 
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Figure 10.19: Variation of the tensile and compressive failure loads with the lamina angle @. 


This second order equation can be solved to find the failure load. The two solutions corre- 
spond to the failure loads in tension and compression. Fig. 10.19 shows the absolute value of 
these failure loads as a function of the lamina angle 6. Note the precipitous drop in strength 
as the lamina angle moves away from 0 degrees. 


10.7.3. The reserve factor 


The concept of reserve factor is often used in stress computations. The reserve factor R is 
defined as the factor by which the applied stress can be multiplied to reach failure, i.e.: 


O failure = R O applied: (10.83) 
From this definition it follows that: 
e R=1 means that the applied stresses causes failure; 


e R > 1 means that the applied stresses level is safe, i.e. it is below the failure level. 
A reserve factor of two means that the applied stresses can be doubled before failure 
occurs; 


e R <1 means that the applied stresses is above the failure stress. 


Let of,, 035, and 7;, be the stresses applied to a lamina. By definition of the reserve 
factor, it follows that Roj,, Ro>,, Rrj, is the stress level that will cause failure. Assuming 
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Figure 10.20: Definition of a laminated plate. 


failure can be predicted by the Tsai-Wu failure criterion (10.81), the failure condition writes: 





(Roi,)? (Roj,)( Rod.) (Ro3»)? (Ris)? cP Roy, _ F Rod» Pash 
af _x*f -_ Bo xf xf «f2 ! 1 ; 2 eee ee 
Tw %e — forpoieon oz, He T12 OU Ot 024 22 


Introducing the non-dimensional stresses eq. (10.79), and regrouping the powers of R yields 
the following quadratic equation for the reserve factor: 


(ait — F110 oq + O59 +735) Re + Gar + F372) R-1=0. (10.84) 


This quadratic equation has two roots, R, and Ro, respectively positive and negative. The 
positive root gives the failure stress level, and the negative root gives the failure stress level 
when the sign of the applied stresses is reversed. In general, |R,| 4 |R,| since the failure 
stress level in tension and compression are, in general, different. 


10.8 Laminated composite plates 


The previous sections have focused on the mechanical behavior of lamina consisting of fibers 
all aligned in a single direction embedded in a matrix material. The mechanical properties, 
both stiffness and strength, were found to be highly directional. As a result, such lamina are 
not suitable for carrying stresses in several directions simultaneously. A possible solution to 
this problem is the use of laminates which consist of a number of lamina, often called layers 
or plies, stacked on top of each other. 

Fig. 10.20 depicts such a laminated plate, consisting of N superposed plies. The axes i; 
in are at the mid-plane of the plate, and i3 is perpendicular to that plane. ee axes form 
the reference ee S. Lamina number i has a fiber orientation angle 6", and is located 
at a distance wf) from the mid-plane. The fiber orientation angle is counted positive in the 
counter clockwise direction from the i; axis. The thickness of each lamina is ¢!) = al Pale wlll 
The various lamina often have the same thickness, though this is not necessary. 
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The following notation will be used to describe a laminate: 
[+45, 02, 02, #45). 


The first layer (at the bottom of the laminate), has a fiber angle of +45 degrees, the next a 
-45 degree orientation. Next come two lamina with a 0 degree angle, and so on to the last 
layer (at the top of the laminate) which has a +45 degree angle. In many instances, the 
laminate possesses mid-plane symmetry, i.e. for each lamina below the mid-plane, there is a 
lamina of identical thickness, orientation angle, and position above the mid-plane. In such 
case, the top half of the laminate is a mirror image of the bottom half. This symmetry will 
be reflected in the notation as well: it is not necessary to repeat the description of the top 
half of the laminate 
[+45, Oo, 00, 45] = [-45, 0o]s, 


where the notation [.]5 indicates the mid-plane symmetry. 


10.9 Constitutive laws for laminated composite plates 


The constitutive laws for a laminated plate relate the loads applied to the laminate to 
the resulting deformations. These constitutive laws must be distinguished from the lamina 
constitutive laws which characterize an individual lamina. The goal of the present analysis 
is to relate the behavior of the laminate to that of the individual lamina. 

Fig. 10.21 defines the in-plane forces and bending moments acting on the laminate. Let 
o@ be the in-plane stresses acting on the laminate, measured in the S system. The in-plane 
forces are defined as 


= | o dx, (10.85) 
h 


where i indicates an integral through the thickness h of the laminate, and F' the in-plane 
forces F? = | F,, Fo, Fi2|. The in-plane forces are improperly called forces as they actually 
are forces per unit length of the laminate. The units of the in-plane forces are N/m. The 
bending moments are defined as: 


m= | ax3 dr3, (10.86) 
h 


where M7? = | M1, M2, Mi2|. Note the sign convention for the bending moments. The bend- 
ing moments are improperly called bending moments as they actually are bending moments 
per unit length of the laminate. The units of the bending moments are N.m/m. 
Let e7 = |€11,€22,712| be the in-plane strains measured in the S system. The following 
assumption will be made 
€ =e) + 23k, (10.87) 


where ¢€? are the mid-plane strains, and « the curvatures. This assumption corresponds to a 
linear distribution of in-plane strains through the thickness of the laminate. These assump- 
tions, called the Kirchhoff-Love assumptions, generalize the Euler-Bernoulli assumptions for 
beams. The in-plane forces, eq. (10.85), can be related to the laminate strains by introducing 
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Figure 10.21: Definition of in-plane forces and bending moments on a laminate. 


the constitutive laws for an individual lamina (10.53), and the assumed strain field (10.87) 


to find 
B= [ cean= [ c+) dn=| [car] o+| | Cry drs) 5 
h h h h 


A similar treatment for the bending moments, eq. (10.86) yields 


M= / Cer3 dx3 = i C(eo + 23k) 23 dr3 = / Czr3 es errs f Cz tes K. 
h h h h 


The following matrices are defined: 


A= | C drs; (10.88) 
h 
= I Crs dis: (10.89) 
h 


With the help of these matrices, the ee constitutive laws can be written in a compact 


matrix form as 
Fai] =. Wz fe 
M| |B D 


If the laminate presents mid-plane symmetry, the matrix B vanishes. Indeed, the lamina 
stiffmess matrix C’ is then a symmetric function through the laminate thickness, x3 clearly 
is antisymmetric, so the product C' x3 is antisymmetric as well and integrates to zero. As a 
result, for mid-plane symmetric laminates, the constitutive laws, eqs. (10.91) reduce to 


(10.91) 











K 


F=Aéeé (10.92) 
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and 
M=Drk. (10.93) 


The matrix A relates the in-plane forces and strains, and is called the in-plane stiffness 
matrix. The matrix D relates the bending moments and curvatures, and is called the bending 
stiffness matrix. The matrix B, called the coupling stiffness matrix is non zero for laminates 
that do not present mid-plane symmetry. 


10.9.1 The in-plane stiffness matrix 


Consider a laminate consisting of N plies each made of an identical material oriented at 
various angles. The in-plane stiffness matrix is defined by (10.88). The first term of this 
matrix writes: 


Ay =) Cy dr3. 
h 


The integration through the thickness of the laminate can be seen as a summation of the 
integrals over the various plies, i.e. 


N git 
S- . [i] 
i=1 3 


where oll is the first component of the stiffness matrix of the i-th lamina. However, the i-th 
lamina can be assumed to be a homogeneous, transversely isotropic material with constant 
stiffness properties through its thickness. Hence, 


lit 


N 
7 3 
AS Oe i. , ay, 
i=1 v3 


Introducing the constitutive law for the lamina, eq. (10.60), and performing the integral 


yields 
N 


Au = S (ai + ag + a3 COS 20! + a4 cos 4g!) a — zy) . 
i=l 


This expression can be written as: 


N . . 
5 (fa) 


w=1 


Ai = (ay + 2) 


y= 











+152 (28 bra — xf!) ca a3 


+ 





N . . 
a ae i af) cst a4. 
i=1 


The first bracketed term is the total laminate thickness h. Dividing this relationship by h 
yields 
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An identical procedure can be followed to compute the various terms of the in-plane stiff- 


ness matrix. The final results can be conveniently written in terms of the following lay-up 
parameters: 


S- ae — wf!) COs 4gl. 


De Ge — af) cos 26! Ve ae : 
1 10.94) 
; ( 
h 


1 
h 
N N 
il a+ a : i i+ a : : 
ea S- (xf alse a sin 204. Cie Ss" (xf TH a) sin 40", 
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The components of the in-plane stiffness matrix now write: 








Ay/h= aytag + a3x? ele ax; 
Ago/h == Oly ag 3x} ois 4X3 
Ajo/h = Aa, a2 — 4X2; 

, 10.95 
Ago/h= aa — aaxss ( 
Aig/h = 503X3 + Oux4; 
Ag¢/h = 503X$ = OuAX$ 


Note that though the laminate can comprise a large number of plies, the in-plane stiffness 
matrix only depends on the four lay-up parameters (10.94). Expressions (10.60) and (10.95) 
for a lamina, and laminate, respectively, present a striking similarity. The trigonometric func- 


tion cos 26" for a lamina is replaced by the laminate lay-up parameter (1/h) Me («f re af)) cos 2¢ 


In other words, the lay-up parameter follows the rule of mixture, each lamina contribution 
cos 20!) is weighted by the lamina thickness t! = oe — ns Since the weighting factor 
simply is the lamina thickness, the position of the lamina in the laminate is unimportant. 
The in-plane stiffness matrix is said to be stacking sequence independent. 
It is interesting to note that the lay-up parameters are bounded by -1 and +1, like the 
trigonometric functions they contain, i.e.: 
=LeNise Sl (10.96) 


If the laminate possesses mid-plane symmetry, the laminate constitutive laws reduce to 

(10.92), which, in a reduced form become 

F A 6 

==T=—e, 10.97 

Re oe he ( ) 
where @ is the average stress through the thickness of the laminate. The reduced constitutive 
laws express a proportionality between the laminate average stresses and the mid-plane 
strains. Inverting eq. (10.97) yields the constitutive laws in compliance form 


ET 


where [A/ Are is the laminate in-plane compliance matrix. This matrix can be experimentally 
measured using tests similar to those described in section (10.5). 


(10.98) 


IS] 


y 
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Lay-up | G [GPa] Lay-up G [GPa] 
[£45°]3. | 29.36 [0°]12 4.64 
[+30°]; | 23.90 | [03,+45°], | 14.59 
(08, 45°], | 17.36 | (0%, (£45°)s] | 20.25 
[15°]; | 11.80 


























Table 10.9: Tube lay-ups and corresponding shearing moduli. 
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Figure 10.22: Configuration of the uniaxial test on a cross-ply laminate. 


Some laminates are built in such a way that for each lamina at an angle 0, there is a 
corresponding lamina at an angle —0. In that case, the last two lay-up parameters y# and 
xj! vanish. For such laminates, called balanced laminates, the stiffness matrix components 
Aje and Agg are zero. This means that balanced laminates present no coupling between 
extension and shearing. 


10.9.2 Problems 
Problem 10.1 


The shearing moduli G of thin-walled tubes have been measured experimentally for tubes made 
of an identical material with the various lay-ups listed in table 10.9. Check how well this data 
correlates with classical lamination theory by plotting the shearing modulus as a function of a 
lay-up parameter to be determined. From the experimental data, determine the material invariants 
ag and a4. 


Problem 10.2 


Experimental measurements have been made for the following material constants of a lamina: 
Ey, = 134 GPa, Ey = 8.6 GPa, and 4, = 0.29. The shearing modulus for the lamina is to 
be measured from a uniaxial test on a cross-ply laminate made of that material with the lay-up 
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— 


+45°|,. The laminate is subjected to a force F, and the corresponding strain ¢, is measured, as 
depicted in fig. 10.22. The slope of the force F; versus strain ¢, is found to be 9.5 MN/m. If the 
ply thickness of the material is t, = 125 yum, find the lamina shearing modulus Fj. 


10.9.3. The bending stiffness matrix 
The bending stiffness matrix is defined by eq. (10.89) and its first term writes 


Diy =, C03 dx3. 
h 


The integration through the thickness of the laminate can be expressed as a summation of 
the integral over the various plies, then, the procedure detailed for the in-plane stiffness 
matrix leads to: 
N | ptt _ Ls 
Dy = Sai + a + a3 cos 26"! + a4 cos 4g) 8 S 
i=1 


This expression can be written as: 
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The first bracketed term reduces to h?/12. The first term of the bending stiffness matrix 
now writes: 


12D), ny aft 2 a 


73 =a),-4 cos 261! 








a3 + 


1X 
iB oa 
The other terms of the bending stiffness matrix can be computed similarly. The following 
lay-up parameters are defined: 
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The components of the bending stiffness matrix now write: 
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Note the similarity between the expressions for the in-plane (10.95) and bending (10.100) 
stiffness matrices. The only difference is in the definitions (10.94) and (10.99) of the lay-up 
parameters. The bending stiffness matrix only depends on those four lay-up parameters. 
Once again, the lay-up parameter follows the rule of mixture: each lamina contribution 
cos 26! is weighted by the factor (of 8 _ afl) 13. This weighting factor explicitly depends 
on the position of the lamina in the stacking sequence. Hence, the bending stiffness matrix 
is said to be stacking sequence dependent. The weighting factor for the outermost plies is 
considerably larger than that of the lamina near the mid-plane where x3 is nearly zero. Here 
again, the lay-up parameters are bounded 


he ha (10.101) 


The stacking sequence effect can be illustrated by computing the lay-up parameter for 
two laminates [02,+45]5 and [+45,02]5. All plies are assumed to have the same thickness 
tp. The lay-up parameter y? of the first laminate is 


ce {[(4t,)* — (2t,)*] cos(2 x 0) + [(2t,)? — (¢p)°] cos(2 x 45) 





+ [(tp)® — (0)?] cos(—2 x 45) + 


1 
= {56 x cos(2 x 0) + 7 x cos(2 x 45) + 1 x cos(—2 x 45)} = 0.875 
Similarly, for the second laminate: 


es { |(4t,)® — (3tp)*] cos(2 x 45) + [(3t,)® — (2t,)*] cos(—2 x 45) 





CO 
+ 
Ss 
Seco” 
w 
co 


+ [(2tp)® — (0)°] cos(2 x 0)} 
= = {37 x cos(2 x 45) + 19 x cos(—2 x 45) + 8 x cos(2 x 0)} = 0.125 


The two laminates only differ by their stacking sequence, but their lay-up parameters are 
very different. 

If the laminate possesses mid-plane symmetry, the laminate constitutive laws reduce to 
(10.93), which, in a reduced form becomes 


6 12Dh 
zt Se = age (10.102) 
If the material were homogeneous through the thickness, the stress would be linearly dis- 
tributed through the thickness of the laminate, with a maximum value a” at the top 
of the laminate. On the other hand, due to the assumed linearity of the in-plane strains 
(10.87) through the thickness of the laminate, the strains at the top and at the bottom of 
the laminate are 


h 


h 
top ee € ts afi gen = = aft (10.103) 
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Figure 10.23: Test set-up for the measurement of the bending stiffness matrix components. 


When the laminate is in pure bending ¢4°? = <29'te™ = hx/2. The reduced constitutive laws 
now write: i, 
max 12 O} 


These reduced constitutive laws express a proportionality between the stresses and strains 
at the top of the laminate for an equivalent, homogeneous material. Inverting eq. (10.102) 
yields the constitutive laws in compliance form as: 

2] "6 


=a | zeit (10.105) 


h 
a 
where [12D / h3)-* is the laminate bending compliance matrix which can be experimentally 
measured by performing the tests depicted in fig. 10.23. A four point bending test set-up is 
used to put the laminate in pure bending. Fig. 10.23 depicts an applied bending moment /,, 
and the resulting curvature is measured by means of strain gauges as Ky = (€%P — eettom) /p,, 
It is interesting to note that a balanced laminate construction does not imply the vanishing 
of the bending matrix components Dg and Dog. Indeed the lay-up parameters y? and x? 
depend on the orientation angle, but also on the stacking sequence. In other words, the 
contributions of two adjacent plies, at angles 0 and —8, respectively, do not cancel because 
the two plies are at a different position in the stacking sequence. However, it often happens 
that the bending stiffness matrix components Dg and Dg are very small compared to the 
others. For such laminates, called specially orthotropic laminates, no coupling exists between 
bending and twisting. 


10.9.4 Problems 
Problem 10.3 


The strain states at the upper and lower surfaces of a laminated composite plate have been measured 
by means of strain gauges. Fig. 10.24 depicts the arrangment of the three gauges on the upper 
surface of the plate, noted cf, e4, and e¥. The corresponding gauges on the lower surface of the 
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Figure 10.24: Configuration of the three strain gauges at the upper surface of the plate. 


plate are e4, <4, and 4. The following strains were measured 


ev = 3561 ef = 2804 ef =5011 pu 
ef = 1069p eh =-464.1 p ef = -1603 p ’ 


The material properties are as follows: FE, = 140 GPa, Ep = 9.0 GPa, E,2 = 6.0 GPa, 4 = 0.3. 
The ply thickness is t, = 125 wm and the lay-up is [05, £45°].. 





1. Compute the axial forces F' and bending moments M in the laminate. 


2. Compute the stresses in the 45° ply, in the axes aligned with the fiber. 
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